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Abstract

In this paper, we presen algorithms and lower bounds for the Longest Increasing Subse-
quence(LIS) and Longest Common SubsequencéLCS) problemsin the data streaming model.
For the problem of deciding whether the LIS of a given stream of integers drawn from

space,with update time either O(log k) or O(loglogm). For the problem of returning the actual
longest increasing subsequencdtself, we give a diog(1 + 1=")e-pass streaming algorithm with
update time O(logk) or O(loglogm) that usesspaceO(k'*" logm), for any " > 0. We also
prove a lower bound of ( k) on the spacerequired for any streaming algorithm for LIS, even

We discussa simple LIS-based algorithm for LCS, and we also give se\eral lower bounds
on this problem, of which the strongest is the following: when the elemerts of two n-elemen
streamsare presened in an adversarial order, we needspace ( n= 2) to approximate the length
of their LCS to within a factor of , evenwhen the two streamsare permutations of ead other.

1 Intro duction

Longest increasing and common subsequences. Let S = Xj;X2;:::;Xn be a sequenceof
n integers. A subsguene of S is a sequencexi,; Xi,;:::;Xj, With i1 < iz < < ix. Such a
subsequences said to be increasing if xj, Xi, Xi.. In this paper, we consider two

fundamertal problemsrelated to subsequences:

Longest Increasing Subsequence (LIS). Given a sequenceS, nd a maximum-length
increasingsubsequencef S (or nd the length of such a subsequence).

Longest Common Subsequence (LCS). Giventwo sequencesS and T, nd a maximum-
length sequencex which is a subsequencef both S and T (or nd the length of x).

Both LIS and LCS are fundamertal combinatorial questionswhich have beenwell-studied in the
computer sciencecommunity [4, 6, 11, 16, 17, 22, among many others].
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Among a large number of important applications of both of these problems, we highlight a few
that arisein computational biology. The BLAST (Basic Local Alignment Seard Tool) [3] database
supports queriesof the following form: for a sequence of amino acids, for example,what segmeits
of known proteins have high local similarity to ? Zhang [25] has proposed ltering the results
of a BLAST query with an approad that usesan LIS algorithm as a black box to assenble the
BLAST information about local similarity into a coheren picture of global similarity. An LIS step
is also part of the MUMmer system for aligning ertire genomes[8], and a straightforward LCS
computation givesthe value of the optimal alignment of two sequence®f DNA [21].

The data streaming model. In the past few years, as we have witnessedthe proliferation of
truly massiwe data setsasdiverseasfully sequencedgenomesand the World Wide Web, traditional
notions of e ciency have begun to appear inadequate. A polynomial-time algorithm|what is
normally seenasthe theoretical holy grail for a problem|ma y simply not be fast enoughwhen run
on an input like the multi-billion basepairs of the human genome.

The theoretical computer sciencecommunity hasthus begunto explore new models of compu-
tation, with new notions of e ciency, that more realistically capture when an algorithm is \fast
enough."” The data streaming model [15] is one sudh well-studied model. In this model, an algo-
rithm must make a small number of passesover the input data, processingead input elemen as
it passes.Once the algorithm has seenan elemen, it is gone forever; thus we must compute and
store a small amourt of useful information about the previously read input. We are interested in
algorithms that use a sublinear amount of additional space. (With a linear amount of space,a
streaming algorithm can simply store the ertire input and then run a traditional algorithm.) We
typically aim for a polylogarithmic amournt of spaceand a polylogarithmic amourt of processing
time for ead elemen of the input. Ideal data streaming algorithms make only a single passover
the data, but we are alsointerestedin multipass streaming algorithms, in which the algorithm can
make a small number (typically constart) of passesover the input data.

Our results: LIS and LCS in the data streaming model. In this paper, we study the
di cult y of nding longestincreasing subsequenceand longestcommon subsequence# the data
streaming model. We are motivated in our exploration by the fact that LIS and LCS are both
fundamental combinatorial questions;we believe that a solid characterization of the tractabilit y of
basic questionslike LIS and LCS will lead to a greater understanding of the power and limitations
of the data streaming model.

One notable obstaclethat we facein the LIS problem is that, unlike many problemsthat have
been previously consideredin the streaming model, the LIS of a stream is an essetially global
order-basel property. Many of the problemsthat have beenconsideredin the streaming model|
for example, nding the most frequertly occurring items in a stream [7, 9], clustering streaming
data [14], or nding order statistics for a given stream [2, 19]|are ertirely independert of the order
of the elemens preseried in S; permuting the order of the items in the stream doesnot a ect the
correct answers to these questions. The problem of counting inversions in a stream [1]]i.e., the
number of pairs of indicesh; ji sudh that i < j but X; > Xx;lis aninherertly order-basedproblem,
but much more local than that of LIS in the sensethat an inversionis a relation between exactly
two items in the stream, whereasan increasingsubsequencef length  is a relation among " items.

In this sense,the LIS problem is more closely aligned to estimating the histogram of the
stream [12, 13]. Howewer, the solution to the LIS may be incredibly sensitive to small changes
in the data. For instance, consideran LIS that consistsprimarily of the samerepeated value. If
we changethe data stream so that many occurencesof this value are slightly smaller, it radically



changesthe LIS. Similar notions apply to LCS as well. While this does not preclude e cien t
streaming algorithms for LIS or LCS, it doessuggestsomeof the di culties.

In this paper, we rst presen positive results on (1) computing the length of the LIS of a
giveninput stream, and (2) outputting a maximum-length increasingsequence.We give a one-pass
streaming algorithm that usesO(k logm) spaceto compute the length of the longest increasing
subsequencdor a given input stream, wherem maxXx; is an upper bound on the largest elemern
in the stream, and k is the length of the LIS. (This algorithm was also discovered independertly
by Fredman [11] and again by Bespanyatnikh and Segal[6], though not in the cortext of the

smallest possiblelast elemen of all increasing subsequencesf length i in the part of the stream
that has already beenread, and k®is the length of the LIS for the stream sofar. As we read eat

elemen, we canupdate the array A in time O(log k). This algorithm canalsobe implemented using
van Emde Boas queuesor y-fast treesto achieve an update time of O(loglogm) [23, 24]. For the

problem of returning the length-k LIS of a given stream, we give a one-passstreaming algorithm

that usesO(k?logm) space.In the context of multipass streaming algorithms, we reducethe space
requiremert to O(k*" logm) by using dog(1 + 1=")e passesover the data. This is nearly optimal,

since simply storing the LIS itself requires ( k) space.

We also presert lower bounds on the LIS problem in the streaming model. In the comparison
model, Fredman [11] has proven that nlogn nloglogn + ( n) comparisonsare necessaryand
su cien t to compute the LIS of an n-integer sequenceyia a reduction from sorting. To the best
of our knowledge, however, no lower bounds on LIS in the streaming model have been shavn
previously. As with many lower bounds on problems in the streaming model, our results are
basedupon the well-obsened connection betweenthe spacerequired by a streaming algorithm and
communication complexity. Speci cally, a space-e cient streaming algorithm A to solve a problem
givesriseto a solution to the corresponding two-party problem with low communication complexity;
one party runs A on the rst part of the input, transmits the small state of the algorithm to the
other party, who then continuesto run A on the remainder of the input. We prove a lower bound
of ( k) for computing the LIS of a stream whenewer n = ( k?), by giving a reduction from the
Set-Disjointness  problem, which is known to have high communication complexity.

For the LCS problem, we discussa simple LIS-based algorithm requiring O(nlogm) spaceto
compute the LCS of two n-elemen sequencegpreseried as streams. If we want to compute the LCS
of onen-elemern reference sequen® against any number of test sequenceswe can achieve the same
spacebound, independen of the number of test sequencesOur main results on LCS, however, are
lower bounds. We prove that, if the two streamsare generalsequencesthen we need ( n) spaceto

-approximate the LCS of two streamsof length ( n) to within any factor . If the given streams
are n-elemern permutations, we prove that we need ( n= 2) spaceto -approximate the LCS.

2 Algorithms for Longest Increasing Subsequence

We begin by presering positive results on the LIS problem, both for computing the length of an
LIS, and for actually producing an LIS itself. We use a dynamic-programming style algorithm,
maintaining the last elemen of the \b est" increasing subsequenceof length i seenso far, for each
i lessthan or equal to the length of the LIS seensofar.

The algorithm preserted here to calculate the length of the LIS was also discovered indepen-
dently by Fredman [11] and by Bespanyatnikh and Segal[6] in a context other than the data
streaming model; we include the algorithm here becauseour multipass algorithm to produce the
LIS is an extension of it.



compute-LI$X)

1 A[0]:= 1

2 All]l=1

3 k%:=0

4 WHILE there are elemers left in the stream X
5 Readin the next elemen x; from X

6 Find * such that A['] x; < A[ + 1].
7 SetA[ + 1]:= X

8 IF ~+ 1> kO°

9 Setk%:= k%+ 1

10 SetAk%+ 1]:= 1

11 Output k°

Figure 1: Pseudaode to compute the length of the LIS in a given stream X .

2.1 Computing the Length of an LIS

Let S = Xxi;X2;:::;X;::: be a stream of data, and consider a length-" increasing subsequence
= XipiXips i X of S. Write last( ) := x;.. Let ; denotesthe ith elemern in a subsequence
For instance, last( ) := ;. We sa that is h;ji-minimal if last( ) is minimized over all

length-" increasing subsequence®f the substreamxy; X2;:::;X;. We will say that such a is an

h'; ji-minimal increasing sequene, or simply an h’; ji-MIS.
Our algorithm for computing the length of the LIS is based on maintaining h’;ji-minimal

subsequenceén the stream sofar. Speci cally, the streaming algorithm works as follows: we main-
tain an array A[1:::kY, where, after we have scannedthe rst j elemens of the stream, A['] will
storelast( ) foranh’;ji-MIS . The algorithm updatesead A[ ] asnhew elemeris from the stream
arrive, and increasesk® as appropriate. SeeFigure 1 for the pseudaode.

Lemma 2.1 After i iterations of the while loop in compute-LIg), we have

Al] = last( ) for anh;ii-MIS if ©  LIS(x1;::::%)).
~ 1 or uninitialized otherwise

Proof. We proceedby induction oni, after strengthening the stated property by adding the following
to the induction hypothesis:

()A[il] A[j9forallj < j%sud that A[j];A[j 9 are initialized.

For i = 0, the property is vacuously true. For the inductive case,assumethe desired properties
were maintained after we read in the elemen x; 1 from the stream. Now considerthe momert at
which we read the next elemen x; from the stream. Let ~ be such that A['] x; < A[ + 1], as
in the algorithm. It is clear that only subsequence®f length ~ + 1 or higher might have a new
smallestlast elemen. That is, X; is only goingto a ect valuesin A with indices™ + 1 or higher.

On the other hand, note that x; can only extend a previous increasingsubsequence if ends
with some element | ; Xj. For all such subsequences, j | Xi < A[  + 1]. Henceby the
induction hypothesis, is of length ~ or shorter. This implies that the sequence °= :x; is of
length at most ™ + 1. Thus x; canonly a ect valuesin A with indices™ + 1 or lower.



Indeed, we now have a new subsequence °of length ~ + 1 with x; asthe last elemen. (We can
extend the subsequenceof length ~ with last element A[']). Soit is necessaryand su cien t that
we update A[" + 1]. It is also clear that the new A[j ]'s respect the ordering constraint. 2

length at least a given number k, or compute the length k of the LIS of the given stream, with a one-
pass streaming algorithm that usesO(k logm) space and has update time O(log k) or O(log logm).

Proof. By Lemma 2.1, the length is correctly computed by LIS. Clearly, the decision problem can
also be solved with a minor changeto the output of this algorithm.

ead. The only non-constart step in the update operation is to nd the * suc that A['] X <
A[ + 1]. This canbe donein O(logk) time by binary seard; alternativ ely, we can usea van Emde
Boas queue[23] or y-fast trees [24] to support updatesin O(loglogm) time. 2

2.2 Finding an LIS

The algorithm described in the previous section only computes the length of the LIS, but does
not nd sud a sequence.We now presernt a multipass streaming algorithm that actually nds a
longestincreasingsubsequence Speci cally, our algorithm nds the length-k LIS of a stream using
O(k'* " logm) spacein dog(l + 1=")e passesover the data. We rst explain the one-passversion
of the algorithm, and then subsequetly generalizeit to multiple passes.

A one-pass algorithm. Consider an iteration in the decision algorithm in which we update,
sa&, A[ + 1] to x;. In other words, we have A['] < x; < A[ + 1]. Then at this point, there
is an increasing subsequence of length ~ + 1 whoselast two elemerns are A['] and x;, sincex;
appearslater in the stream than A[j]. Unfortunately, at somefuture time the value A[j] may also
be updated, and thus the old value is lost. (Thus, sincethe new AJj] is later in the stream than x;
was, we can no longer reconstruct the last two elemerns of )

The straightforward x for this dicult y is, for eah °, to store the subsequence of length

O(k?logm) space. When we update A[ + 1] := x;, we reset *1 = ;x;. This adds only
a constart amount of extra running time per update, so the update time per elemen remains
O(log k) or O(loglogm), and the spacerequiremert is O(k?logm).

A two-pass algorithm. We now describe a two-passalgorithm that requireslessspace.The key
modi cation is that during the rst passover the data, the algorithm only rememnbers part of eac
, speci cally every gth elemen (for a value of g to be speci ed below). For ead °, we maintain

€ = 15 g1y 2g#li--

' b2cqrl ;
where . = A['], asbefore. The update rule for the rst passof the algorithm is then
o eX if * 1 (mod q)

€ all-but-last(e ); x; otherwise,

where all-but-last(e ) denotesthe sequencee with the last elemen of the sequence A['] = -,
omitted. Note that the spacerequired for this entire passis O(k?logm=q) when the length of the
LIS is k.



of space. Thus the only information we retain is the subsequence

ek_ k. k . k ..... k .k
- 1» gtle 29+l b%cq+1’ k

where K is alength-k LIS of the input. Write ek = z[1];z[2];:::;z[b(k  2)=cc]; K.

In the secondpass, we want to \Il in the blanks" of the subsequenceeX to produce
Speci cally, wewant to nd an increasingsubsequence that starts with z['] and endswith z[" + 1]
for eadh *. Notice that we can do this sequetially (for one ™ at a time), sincetwo consecutive
subsequenceslo not overlap except at the endpoints. Thus ead desired subsequencéhas length
exactly g+ 1, and the total spacerequired for the ertire secondpassis O(g?logm + k logm).

Overall, the total spacerequired by our algorithm is O(max(k?logm=q; g?logm) + k logm).
This is minimized at q= k=3, giving us a spacebound of O(k**1=3logm) for two passes.

k

Generalizing to a p-pass algorithm. We can generalizethis ideato a larger number of passes
by computing the ~ subsequencesecursively. As before,in the rst passthe algorithm remenbers
only every gth elemert in the subsequenceand discardsall stored subsequencegxcept ek. Then
the algorithm usesp 1 passesto nd the roughly k=qsubsequences?; 2;:::; Xk 2= \yhere
eah  haslength q.

Let S(k;p) denote the spacerequired by a p-passalgorithm to nd a subsequenceof length
k. We then have the following recurrence: S(k; p) = max(O(k?logm=q);S(g;p 1)) + O(k logm).
Solving the recurrence,we nd that the spacerequiremerts are optimized at q= k! =2° 1 and
where S(k; p) = O(k1*1=C" 1 jogm).

Theorem 2.3 Fix any " > 0. For a given k, we can nd a lengthk increasing subsguene of
usesO(k'* " logm) space and has update time O(logk) or O(loglogm). We can nd the longest
increasing subsguene of a stream evenwhenits length k is not known in advane, using the same
numker of passes,the sameupdate time, and space O(+k*" logm).

Proof. Given" > 0, we choosep = dog(1+ 1=")e. Then the p-passalgorithm described above uses
spaceO(k!*" logm) to compute the LIS of the given stream.

If k is unknown, then we modify the algorithm described above slightly. De ne a recursive
sequenceby go = land g+ = g + g foralli 0. Then for the rst passonly, change the
update rule to the following:

1 e X if > = ¢ for somei

e . s
all-but-last(e );x; otherwise

So after the rst pass,we have retained the sequence

wheret is the largestindex such that g < k.

By the recursion, the gap between adjacert indicesi;i + 1  t for elemens of * we have
retainedisg+1 g = ¢° k! ". In the standard algorithm where k is known in advance, we
alsohave a gap of k! . Sowe can resumethe standard algorithm from the secondpasson, using
the sametime and spacerequiremerts.



Now, for the rst passof the algorithm, the update time is identical to the standard algo-
rithm. Howewer, the spaceusedis O(ktlogm). We now bound t. To this end, dene | =

fi:2 G<2*™g Leti bethe smallestindex in | . Then for all j 0, we seeq +j
G +jq g +j2@ D Hencejl j 2% 2)=2¢79 2
Let | = fi:qg < kg. By denition, t jlj. From the above, we have
i 59"“ j 59“2.. _K2 1 K2
- - 2" 1 "In2

where the last inequality follows sincee* 1+ x for all x. Sothe total spaceusedin the rst pass
is O(:k*" logm), aswe wanted. 2

3 Lower Bounds for LIS

We now turn our attention to a lower bound on the spacerequired for streaming algorithms solving
the longestincreasingsubsequenceroblem. In this section, we prove that ( k) bits of storageare
required to decideif the LIS of a stream of N elemeris has length at least k, for any N = ( k?).
Our proof is basedon a reduction from the set disjointness problem, which is known to have high
communication complexity:

De nition 3.1 (Set Disjoin tness) In the Set-Disjointness  problem, there are two parties A
and B who wish to solve the following problem. Party A holds an n-bit string sa, and Party B
holds another n-bit string sg. They must decide whetherthere is at least one "1' in the bitwise-and
sa & sg of sp and sg (i.e., decide if sp and sg both havea "1' in at least one position) while
minimizing the number of bits communicated betwesn the parties.

We will say that sy and sg intersect for a \y es" instance of Set-Disjointness

Lower bounds for the set disjointness problem are of fundamenal importance, and have been
studied extensiwely (e.g., [5, 18, 20]). The most recert results show that even in the randomized
setting, Set-Disjointness  requires a large number of bits of communication:

Prop osition 3.2 ([5]) Let 2 (0;1=4). Any randomizel pfptiocol solving the Set-Disjointness
problemwith protability at least1  requiresat least 3(1 2 ) bits of communication, evenwhen
sa and sg both contain exactly n=4 ones. 2

We now reduce Set-Disjointness  to the problem of determining if an increasing subsequence
of length = N exists in a stream of N elemens. This reduction shows thatlev en if we allow
randomization and some chance of error|deciding whether there is an increasing subsequenceof
length k requires ( k) spacein the streaming model.

Supposewe are givenan instancehsp ; sgi of the Set-Disjointness  problem, wheren = jsaj =
jssj. Wewill construct a stream lis-strean{sa; sg ) whoselongestincreasingsubsequencdiaslength
n+ 1if and only if Isa;sgi are non-disjoint. Further, the rst half of lis-streanfsa;sg) depends

the sequencgn+ 1) (i 1)+ 1;:::;(n+ 1) i, divided into two parts: the rst i integersform the
sequenceA-pat(i) = (n+1) (i D+ 1L;(n+1) (i 1)+2;:::;(n+1) (i 1)+ i andthe remaining
n i+ 1integersform the sequenceB-part(i) = (n+1) (i L+i+ L (n+1) (i D+i+2:::;(n+1)1i.



Let lis-stream-Asp) be the sequenceconsisting of A-part(i) for every i 2 fi : sa(i) = 1g,
in decreasing order of the index i. Similarly, let lis-stream-Esg) be the sequenceconsisting of
B-part(i) for every i 2 fi : sg(i) = 1g, also listed in decreasingorder of the index i. Clearly,
lis-stream-Asa) (and lis-stream-Bsg ), respectively) only dependson sa (Sg, respectively). Then
we de ne the stream lis-streanfsa; sg) to be lis-stream-Asp) followed by lis-stream-Bsg).

As an example (which we will return to throughout the paper), consider the 9-bit vectors
exa = [0;1;0;1;1;0;0;0;0] and exs = [1,0;0; 1;0;0;1,0;0]. Thenn = 9 and

lis-streanfexa;exg) = 41,42, 43,44, 45, 31;,32,33,34; 11,12,
68;69; 70; 35;36;37;38,39;40; 2;3:4.5;6;7;8;9;10:

Lemma 3.3 The vectors sa and sg intersect if and only if LIS(lis-strean{sa;sg)) haslengthn+ 1.

Proof. We prove the obvious direction rst. If sa(i) = sg (i) = 1 for someparticular i, then obsene
that lis-streanfsa;sg) contains the increasingsubsequencé-part(i) B-pat(i) = (n+ 1) (i 1)+
L(n+1) (i 1)+ 2;:::;(n+ 1) i which contains n + 1 increasingintegers.

For the conversedirection, we proveits contrap ositive form. Supposesa and sg do not intersect.
Obsene that whenewer i < j we have that (1) A-part(i) follows A-part(j) in lis-stream-Asa), and
(2) the integersin A-part(i) are all smallerthan thosein A-pat(j). Thusany increasingsubsequence
within lis-stream-Asp)|or lis-stream-Esg), similarly|lhas length at most n, and can contain only
the integers from A-part(i) for only a singlei. Thus the only potential increasing subsequences
of length n + 1 must be subsequenceof A-part(i) B-pat(j) for someindicesi and j so that
sa(i) = sg(j) = 1. (By assumption, then, we must have i 6 j.) Furthermore, unlessi < j,
all the integersin A-part(i) are larger than the integersin B-part(j). Thus the longestincreasing
subsequencen lis-streangsa; sg) is of length at most jA-part(i)j+ jB-part(j)j=i+n j+1 n.2

We can improve the construction so that the resulting stream LIS(lis-streanfsa;sg)) is a per-
mutation, i.e., a stream corntaining ead of the numbersof f0; 1;:::; g exactly once. We will shawv
that a suitable * = ( n?) suces. Our construction is an extension of the above. We modify
lis-stream-Aand lis-stream-Bas follows: we include the integersfrom A-part(i) and B-pat(i) even
whensa(i) = 0 or sg(i) = 0, but sothat only two of these elemens can be part of an LIS:

Let Up = fx :x 2 A-part(i) for somei such that sa(i) = 0g. Then we de ne pad-A(sa) to be
the sequenceconsisting of integersin Up listed in decreasingorder, followed by 0. We de ne
lis-stream-@rm-A(Sa) to be pad-A(sa) followed by lis-stream-Asa).

Similarly, let Ug = fx : x 2 B-part(i) for somei sudc that sg(i) = 0g. Then we de ne
pad-B(sg) to be the sequenceconsisting of (n + 1) n + 1, followed by the integersin Ug
listed in decreasingorder. We de ne lis-stream-@rm-B(Sg) to be lis-stream-Esg ) followed by

pad-B(sg).
Now de ne lis-stream-@rm(sa;sg) = lis-stream-@rm-A(sp) lis-stream-grm-B(sg). This stream
consists of the \missing" elemers of sp in decreasingorder, followed by 0, then followed by the
\present" elemers; then the \present" elemers of sg, followed by (n+ 1) n+ 1, followed by the
\missing" elemerns of sg. In our previous example, then,
lis-stream-rm(exa;exg) = 89 ;8L,78 ;7167 ;6156 ;51,23 ;2L 10;
41, ;45 31, ;34 11,12
68, ;70, 35 ;40 2; ;10
91;90;80;, 79,60, ;5750 :46; 30; 024,20, ::::13:



Lemma 3.4 The vectors sy and sg intersect if and only LIS(lis-stream-grm(sa;sg)) has length
at leastn + 3.

Proof. Obsene that the pre x of lis-stream-grm(sa; sg) ending with the elemer 0 is a decreasing
sequenceasis the su x starting with the elemen (n+ 1) n+ 1. Thus any increasingsubsequence
of lis-stream-@rm(sa; Sg) can cortain at most one elemen from ead of these segmens. Thus the
following sequencanust be a longestincreasingsubsequencef lis-stream-@rm(sa;sg): rst 0, then
a longest increasing subsequenceof lis-streanfsa;sg), then (n + 1) n+ 1. By Lemma 3.3, then,
the length of the longestincreasingsubsequencef lis-stream-@rm(sa;sg) is n+ 3 if and only if sa
and sg intersect. 2

Theorem 3.5 For any lengthk and for any N  k (k 1)+ 2, any streaming algorithm which
decideswhetherLIS(S) k for a stream S which is a permutation of f1;:::; N g with probability at
least 3=4 requires ( k) space.

Proof. Supposethat an algorithm A(S) decideswith probability at least 3=4 whether stream S,
whereSj = N, cortains an increasing subsequencef length k. We showv how to solve an instance
Fea;sgi Of the Set-Disjointness  problem with jspj = k 1= jsgj with probability at least 3=4
by calling A. The stream we consideris

S:=|\l 1N 2;:{-Z:;k (k 1)+?;hs-stream-rerm(sA;sB):

Extra Numbers

Note that, asin the proof of Lemma 3.4, the longestincreasing subsequenceof S has exactly the
samelength as the longest increasing subsequenceof lis-stream-grm(sa; sg) sincethe prepended
elemerns of S are all larger than those in lis-stream-@rm(sa; sg), and are preseried in descending
order. Thus, by Lemma 3.4, the LIS of S haslength kland A(S) returns true with probability at
least 3=4|if and only if sp and sg do not intersect.

This immediately implies a lower bound on the spacerequired by A by Proposition 3.2: to
solve the instance tsa; sgi of the Set-Disjointness  problem, Party A simulates the algorithm A
on the stream Extra Numbers lis-stream-grm-A(sa ), then sendsall stored information to Party B,
who cortinuessimulating A on the remainder of the stream S. By Proposition 3.2, then, Party A
must transmit at least ( k) bits in this protocol, and thus A must use ( k) space. 2

4 Longest Common Subsequence

In this section, we turn to the LCS problem. Recall that for LCS we are given two streamsS; and
Sy, consisting of ny and n» integers, respectively, drawn from the setf1;2;:::;mg. Throughout
this section, we considerthe adversarial streaming model, in which elemeris from the two streams
can be preseried in any order of interleaving. Speci cally, in the lower bounds that we construct
in this section, the algorithm is given accesgo all of S; before having accesgo any of S,.

First, aswith all streaming problems, obsene that there is a trivial streaming algorithm that
solvesLCS using ( nilogm + nylogm) space:we simply store both streamsin their ertirety, and
then run a standard (non-streaming) LCS algorithm on the stored sequencesWe can give another
algorithmic upper bound for a version of LCS, basedupon a simple connection between LIS and



LCS. Supposethat we are rst givenonereferene segquene R and then given a large number of test
seuen®@s Sy; Sp; 11 Sq; wewant to computethe LCSof R and S; forall 1 i g. Our streaming
algorithm storesthe permutation R asa lookup table, and then, for ead S;, runs the LIS algorithm
from Section2, wherewe interpret two elemeris x andy to bein orderedx < y if x appearsbeforey
in R. If theseare n-elemen sequencesthen this algorithm requiresspaceO(n logm) total space|
O(nlogm) to store R, and O(klogm) = O(nlogm) for the LIS computation. Note that this bound
is independert of g.

In the remainder of this section, we present somelower bounds for LCS, again using the Set-
Disjointness  problem. We rst show an easylower bound when S; and S, are not necessarily
permutations, and then shonv a more involved bound for exact or approximate computation of the
LCS for permutations.

4.1 Lower Bound on Exact and Appro ximate LCS for General Sequences

It is straightforward to seethat if we allow the streamsS; and S, not to be permutations of ead
other, then the lower bound is trivial, even for approximation:

Theorem 4.1 For any length N and any approximation ratio , any streaming algorithm which -
approximatesthe LCS of two streams S1; S, (in adversarial order) each of length N with prokability
at least 3=4 requires ( N) space, evenwhen the algorithm is presentel all of S; followed by all of
S,.

Proof. Let S be a sequenceconsisting of sequences; followed by sequenceS,, and supposethat an
algorithm A (S) decideswith probability at least 3=4 whether streamsS; and S, contain a common
subsequenceof length 1. We shov how to solve an instance tsa;sgi of Set-Disjointness  with
jsaj = 4N = jsgj, wheresp and sg both contain exactly N ones,with probability at least 3=4 by
using A.

Let stream S; consistof all i suc that sa(i) = 1, and let S, consistof all i suc that sg (i) =
1. Thus S; and S; have a common subsequenceof length 1 if sa and sg have at least one
elemen in commonand of length 0 otherwise. Thus, if A(S) outputs the correct answer within any
approximation ratio, it must distinguish betweenthe 0 caseand the length 1 case. This implies the
desiredlower bound, sincewe can solve the Set-Disjointness using A. The rst party simulates
A on stream Sy, then passesdts state to the secondparty. The secondparty nishes simulating A
on the rest of S, namely on S,. By Proposition 3.2, this state must therefore use ( N) space.

To show that we still require ( N) spacewhen one or both of the streams has length strictly
larger than N, we simply add arbitrary new elemers to ead of the above streams. 2

Although the above construction is for multiplicativ e approximation, a simple variation also shavs
that any data streaming algorithm solving this problem within additive takes spaceat least
( N=); simply repeat eath elemert in the streams2 times.

4.2 Lower Bound on Exact LCS for Permutations
We now improve the construction to show a lower bound on the spacerequired for an LCS algorithm
Givenaninstancetsa;sgi of the Set-Disjointness  problem wherethere are exactly n=4 ones
in eah sp and sg, we construct two streams as follows:
Ics-perm-A(sa) consistsof the sequenceR followed by the sequenceR, where R, cortains

fi :sa(i) = 1gin increasingorder of i and Ra cortains fi : sa(i) = Og in decreasingorder.
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Ics-perm-B(sg ) consistsof the sequenceRg followed by the sequenceRg, where Rg cortains
fi :sg(i) = 1gin increasingorder and Rg cortains fi : sg (i) = Og in decreasingorder.

Lemma 4.2 The vectors sa and sg intersect if and only if LCYlcs-perm-A(sa);lcs-perm-B(sg))
has length at least n=2 + 2.

Proof. If sp and sg intersect, then we can construct a common subsequencef Ics-perm-A(sa) and
Ics-perm-B(sg) as follows. First choosethe common elemen from Ry and Rg. Sincesa and sg
intersect, the setfi : sa(i) = sg(i) = 0g must contain at least n=2+ 1 elemers, sincethere are
exactly n=4 onesin eat sp and sg. This implies a common subsequencef Ry and Rg of length
n=2+ 1, and thus an overall common subsequencewith total length n=2+ 2.

On the other hand, if A and B have no common elemen, then none of the elemeris in Ry can
be matched up with Rg. Of course,someelemens in Ry might be matched with elemerns in Rg
(or vice versa), but Ry is in increasingorder while Rg is in decreasingorder, so at most one such
elemert can be matched. Also Ra and Rg have exactly n=2 common elemens, soRa can at best
be matched with at most n=2 elemernts in Rg. Thus LCYlcs-perm-A(sp); lcs-perm-B(sg)) can have
length at most n=2+ 1. 2

Theorem 4.3 For any lengthk and for any N 2k 4, any streaming algorithm which decides
whether LCSS;;Sp)  k for streams S;; S, which are permutations of f1;:::; N g with probability
at least 3=4 requires ( k) space.

Proof. The theorem follows analogouslyto Theorem 4.1 when N = 2k  4: deciding whether
Ics-perm-A(sa) and Ics-perm-B(sg) have a common subsequenceof length N=2 + 2 = k requires
( K) = ( N) space,by Lemma 4.2.

For larger N, we pad the streams, asin Theorem 3.5. Add the decreasingsequenceN ;N
LN 2:::;2k 4+ 1to the beginning of lcs-perm-A(sa) and add the increasing sequence2k
4+ 1;2k 4+ 2;:::;N to the end of lcs-perm-B(sg). Then any common subsequence®f these
extended sequencesre either (1) contained ertirely in the unextended portions of Ics-perm-A(sa)
and Ics-perm-B(sg ), or (2) have length at most one. Then, as before, the LCS haslength k if and
only if s and sg intersect, and thus we require ( k) spaceto compute the LCS. 2

4.3 Lower Bound on Appro ximating LCS for Permutations

We now presert lower bounds for the spacerequired for approximation algorithms for LCS on
permutations. Supposethat is the desired approximation ratio. For ead i, we will construct
sequences -appox-A(i,sa) and -appox-B(i,sg) sothat the two sequencesiave a common subse-
quenceof length 2 if sa(i) = sg(i) = 1, and sothat the longest common subsequencéas length
at most otherwise. For eadhi  n, both sequencesare of length 2, and consist of integers from
f(i 1) 2+14(G 1) 2+2:::;( 1) ?+ 29 Wedene them asfollows:

For sa(i) = 1, dene -appox-A(i,sa) to bethe increasingsequence(i 1) 2+ L (i 1)
2+ 2;:00:(0 1) 2+ 2 0f sa(i) = 0, then de ne -appox-A(i,sa) to be the decreasing
sequencei 1) 2+ (i 1) 2+ 2 1;::5;(0 1) 2+ 1.

For sg(i) = 1, de ne -appox-B(i,sg) to be the increasingsequence(i 1) 2+ 1;(i 1)
24 2::5;(0 1) 2%+ 2 Whensg(i) = 0, we usea more complicated ordering of the 2
numbers. Speci cally, we usewhat we call the median sqquen@ of these 2 numberssothat
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the longest increasing subsequenceand the longest decreasingsubsequenceof both have
length exactly . In this case,we de ne -appox-B(i,sg) to be the sequence

i 1) ?+;( 1) 2+ Lo 1) %+ 1
(G 1) 2+2;(@( 1) 2+2 L@ 1) 2+ +1
G 1) %+ %G 1) 2+ 2 L@ 1 %2+( 1) +1
Givenaninstanceltsa;sgi of the Set-Disjointness  problem wherethere are exactly n=4 ones
in eah sp and sg, we construct two streams as follows:

Ics- -approx-perm-A(sa) = -approx-A(1,sa); -appox-A(2,sa);:::; -appox-A(n,sa) and
Ics- -approx-perm-B(sg) = -approx-B(n,sg); -appox-B(n  1,sg);:::; -appox-B(1,s5):

Returning to our examplefrom Section 3 wheren = 9, we have

4,3;2,1; 56;7;8;, 12,11,10,9; 13 14;15,16; 17,18, 19; 20;
24, 23,22 21; 28, 27;26;25;, 32;31;30;29; 36; 35, 34; 33
34; 33,36, 35, 30;29;32;31; 25;26;27;28;, 22 21;24,23;
18,17;20;19; 13,14;15,16;, 10;9;12;11; 6;5;8;7; 1;2;3; 4.

lcs2-approx-perm-A(exa )

Ics2-approx-perm-B(exg )

Lemma 4.4 If sp and sg intersect, then LCYIcs- -approx-perm-A(sa); Ics- -approx-perm-B (sg))
haslength at least 2. If sa and sg do not intersect, then the length of the LCS is at most .

Proof. If sa and sg intersect, say with sa(i) = sg(i) = 1, then we seethat -appox-A(i,sa) =

-appox-B(i,sg). Hencethe sequencegi 1) 2+ 1;:::;i 2haslength 2 and is a subsequencef
both Ics- -appox-perm-A(sa) and Ics- -approx-perm-B(sg). (In our example,13; 14; 15; 16 is suc a
subsequence.)

On the other hand, supposesa and sg do not intersect. Recallthat Ics- -approx-perm-A(sa) lists
the -appox-A(,sa) in increasingorder, while Ics- -approx-perm-B(sg) lists the -appox-B( ,sg) in
decreasingorder. Thus any common subsequencean only have numbers that are a subsequence
corresponding to exactly oneindex i. Sincesa and sg do no intersect, we know that for any index
i one of the three following casesholds:

1. sa(i) = 1;sg(i) = 0. Then -appox-A(i,sa) and -appox-B(i,sg) have a longest common
subsequenceof length , since one is an increasing sequencewhile the other is a median
sequence.

2. sa(i) = 0;sg(i) = 1. Then -appox-A(i,sa) and -appox-B(i,sg) have a longest common
subsequenceof length 1, since one is a decreasingsequencewhile the other is an increasing
sequence.

3. sa(i) = 0;sg(i) = 0. Then -appox-A(i,sa) and -appox-B(i,sg) have a longest common
subsequenceflength , sinceoneis a decreasingsequencend the other is a median sequence.

Thus the LCS haslength at most when s, and sg do not intersect. 2

Theorem 4.5 For any approximation ratio , and for any N, any streaming algorithm which de-
cideswhether(i) LCHS;; Sy) 2 or (i) LCYS1;Sy) for streams S;; S, which are permutations
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Proof. Asin our previouslower-bound theorems,we can solve an instance of the Set-Disjointness

problem with jsaj = N= 2 = jsgj as follows. By Lemma 4.4, deciding whether the constructed
streams Ics- -appox-perm-A(sa) and Ics- -appox-perm-B(sg) have an LCS of length (i) at least
2 or (i) at most corresponds to deciding whether sy and sg intersect. So a data stream
algorithm A can be usedto solve the Set-Disjointness  problem. The rst party simulates A on
Ics- -approx-perm-A(sa), then passesthe state of the algorithm to the secondparty. The second
party nishes the simulation of A on Ics- -approx-perm-B(sg). Again, by Proposition 3.2, this
implies that we need ( N= 2) spacefor this LCS decision procedure. 2

Corollary 4.6 To -approximate the LCS of N -element permutations, we need ( N= 2) space. 2

5 Conclusion and Future Work

A classic theorem of Erdos and Szeleres follows from an elegant application of the pigeonhole
principlg: for any sequenceS of n + 1 numbers, therepis either an increasing subsequenceof S of
length * n or a decreasingsubsequencef S of length = n [10]. One of our original motivations for
looking at the LIS problem was to cons'kgieLthe di cult y of deciding, given a stream S, whether
(1) the length of the LIS of S is at least |Sj, (2) the length of the longest decreasing sequencds
at least  |Sj, or (3) both. To do this, one needsan exact streaming algorithm for LIS; aB"linor
modi c%tign to the median sequencan Section4 shaws that orlgzgan have an LLS of length * n or
length " n 1 with alongestdecreasingsubsequencef length = n or length = n + 1, respectively.

Of course,in the streaming model one is usually interested in approximate algorithms using,
s&, polylogarithmic space. Our lower bounds for LCS show that one needsa large amount of
spacefor any reasonableapproximation. However, our lower boundsfor the LIS problem say that a
streaming algorithm that distinguishesbetweenan LIS of length k and one of length k + 1 requires
( k) space. It is an interesting open question whether one can use a small amourt of spaceto
approximate LIS in the streaming model.
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