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An NQTHM Mechanization of
“An Exercise in the Verification of Multi-Process Programs”

Misao Nagayama Carolyn Talcott
Stanford University St anford University
misao@cs.stanford.edu clt@sail.stanford.edu

Introduction

This report presents a formal verification of the local correctness of a mutex algorithm
using the Boyer-Moore theorem prover [ 1, 23. The project arose out of a challenge given by
Amir Pnueli, in a lecture at Stanford, to obtain a computer checked version of a proof of
correctness presented in the lecture (cf. [4]).

The mutex algorithm is the following.

mutex  :: fZag : array[l..n]  of O..4 where flu&n]  = 0

where each process I’[;], < i 5 n, is given by:

local j : [l..n]where  j = 0

lo :loop forever do
begin

21 : Non Critical
12 : flag[i]  := 1
Z3 : wait until Vj : 1 5 j 5 n : (flag [j] < 3)
Z4 : flag[i]  := 3
15 : if 3j : 15 j 2 n : (‘ag[j] = 1) then

begin
Z6 :Jag[i]  := 2
Z7 :wait until 3j : 1 2 j < n : (&g[j]  = 4)

end
Zg : flag[i]  := 4
Z9 : wait until Vj : 1 5 j < i : (&g[j] < 2)
Zro :Critical
111 :wait  until Vj : i < j 5 n : (Jlug[j]  < 2 V Jag[j] > 3)
112 $ag[i]  := 0

end

The correctness property to be proved is the mutual exclusion property that at any given
time in the execution of mutex at most one process is executing the statement Zru. The proof
method of Manna and Pnueli is to first extract from the program a set of states and induced
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transition system. One then formulates correctness in terms of invariants-properties that
must hold of states reachable from the initial state via any sequence of allowed transitions.
Using the INV rule of [4],  h k’ gc ec in correctness is reduced to checking local invariance, i.e.
that the initial state satisfies the invariants and that all allowed transitions preserve the
invariant s. As usual with inductive proofs, to prove the mutex property it is necessary
to analyse the transition system and discover a stronger invariant that implies the mutex
property. There are two variants of the proof. In the first (atomic) variant, compound tests
involving quantification over a finite set, for example (Zs), are viewed as atomic operations.
In the second (molecular) variant, this assumption is removed, making the transitions and
proof somewhat more complicated.

Our formalization follows closely the proof given in [4].  We proceed as follows. We first
define a representation of states, the transistion relation, and the invariants to be proved in
the Boyer-Moore logic. The original Manna-Pnueli proof was formulated in terms of finite
sets. This led to a concise and elegant informal proof, however one that is not easy to
mechanize. Thus we use a dual isomorphic representation of program states based on finite
sequences. Then we outline the formal proof of each invariant, making explicit the case
analyses, assumptions and properties of operations used. The outline served as our guide
in developing the formal proof. What was required was to figure out how to state each
lemma in the Boyer-Moore logic. Most lemmas are presented in the form Al A . . . A A, --+  B
as that is the form required by the theorem prover for rewriting, and is the most natural
form for communicating with the theorem prover. There are, however, still a number of
technical difficulties in writing lemmas provable by the theorem prover. They are mainly
due to difficulty in controlling the rewriting process that is inference engine of the theorem
prover. This is done by use of hints, and controlling the set of rewrite lemmas available for
consideration.

The remainder of this report is organized as follows. In section 2. we present our
formalization of the atomic variant and section 3. contains our formalization of the non-
atomic variant. The complete formal proofs (input to the Boyer-Moore prover) appear as
appendices. The proof outlines include names of the corresponding events (lemmas) used in
the Boyer-Moore proof and are intended to serve as a reading guide for the fully formalized
proof. Event names have been chosen systematically to reflect the lemma, case, or property
being proved. Some comments on formalization techniques, difficulties, and alternatives are
included as comments in the theorem prover input.

The Boyer-Moore logic is a quantifier-free first-order logic of tree structured data and
functions defined by recursion on well-founded orderings. Properties are represented by
boolean valued functions, and existential statements must be represented using functions
that compute the quantity claimed to exist. A proof is a sequence of events. The events
of interest here are definition events and prove-lemma events. Lemmas are proved by using
propositional reasoning, rewriting, and induction on well-founded orderings. The user may
provide guidance in the form of hints for prove-lemma events. The Boyer-Moore prover is
implemented in Lisp and uses Lisp notation. We present several definitions and lemmas first
in ordinary mathematical notation, then in the Boyer-Moore notation. For more details we
refer the reader to [l, 21.
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2. Formalization of the Atomic Variant in the Boyer-Moore Logic

2.1. States-Atomic Case

We let Lots  be the set of program counters, FZgs  be the set of flag values, and for n
a positive integer, N, is the set of positive integers less than or equal to n. An n process
state is a pair (Z,g) such that Z maps N, to Lots-Z(i) is the location (PC) of process i, and
g maps N, to FZgs-g(i)  is the flag value of process i. VVs[n] is the set of n-process states.

Lots  = (0,.  . . ) 12)

Figs  = (0,  1,2,3,4}

N, = (l,...,n)

Ws [n] = [N, --+ Lots] x [N, -+ FZgs]

We let n denote the number of processes. We will use i, j, h to range over N,, and I, I’, . . .
to range over location maps, aad g, g’, . . . to range over flag maps.

In the Boyer-Moore logic, finite sets are represented as lists and the membership relation
is represented by its characteristic function member. Thus N,, Lots,  and FZgs  are represented
as particular lists of numbers. Maps from N, are represented as lists. Application is
represented both as a relation at and as a function nth. Updating is accomplished by
move. We also define various forms of bounded quantification. Letting 2 be the function
represented by 1, s be the set represented by s etc. we have (at 1 i k) is true iff (equal
(nth 1 i) k) is true iff Z(i) = i?. ( move 1 i k) represents the function Z modified to have
value k at i. (union-at-n 1 i s) is true just if Z(i) E s and (all-union 1 n s) is true
just if (Vi E N,)(Z(i) E s). ( exists-union 1 n s> returns some i E N, such that Z(i) E s,
if such an i exists, and returns false otherwise. Thus states are recognized by the function
ws.

(defn ws (n 1 g)
(and (numberp n>

(listp 1)
(listp g)
(equal (length  1) n>
(equal (length  g) n>
(all-union 1 n ‘(0 1 2 3 4 5 6 7 8 9 10 11 12))
(all-union g n ‘(0 1 2 3 4))))

The initial state (Zinit 7 ginit ) has each process at location 0 with flag value 0.

2.2. Transition Relation-Atomic Case

A transition is the execution of a local transition (statement) by one of the processes.
The local transition relation p and the global transition relation R corresponding to the
mutex program with quantification treated as an atomic opera.tion are defined as f01lows.~

1 Although  the number  of processes  is fixed,  we include  this  as an explicit  parameter  of the transition
relation and invariants  to avoid  having  a free  variable in the definition  bodies. An alternative  would  be to
introduce  a constant,  constrained  to be a number,  but otherwise  uninterpreted.
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Definition (transitions):

R[n](Z,g,  I’, $7’) ++ pi E KJp[nl(i,  b9,~‘7  s’>
p[n](iJ,gJ’,g’)  * v PcC~l(GLW)

CEC
where C = (0, la, lb, 2,3a, 3b, 4,5a,5b,6,7a,  7b, 8,9,10, lla, llb, 12) and the component
transitions p,[n](i,  I, g, I’, g’) are defined by

po[n](i,Z,g,Z’,g’) u Z(i) = 0 A g’ = g A I’ = Z{i := 1)

p1a[n](i,Z,g,Z’,g’)  u Z(i) = 1 A g’ = g A I’ = z

Plb[n](i,z,g,z’,g’)  U i(i) = 1 A g' = g A 1' = l{i := 2)

p&](i,  z,g,?,g’)  e z(i) = 2 A g' = g{i := 1) A I' = Z{i := 3)

Ps&](i,z,g,z',g') U z(i) = 3 A &[n](!,g)  A g' = g A I’ = Z{i := 4)

p3b[n](i,  l,g,  z’,g’) W l(i) = 3 A l&[n](z,g)  A g' = g A I’ = Z

awd) * (b (2 W(d.9 # 3 A s(j)  # 4) e (b- E KJ(g(j)  E {0,1,2})
p&](i,z,g,z',g')  M z(i)=  4 A g' = g{i := 3) A I' = Z{i:= 5}

Ps&](i,z,g,z’,g’)  U z(i) = 5 A &[n](z,g)  A g' = g A I’ = Z{i := 6)

p5b[n](id,g,z’,g’)  G l(i) = 5 A l&[n](z,g)  A g' = g A I’ = z{i := S}

45blW  * ($ E ~&IO)  = 1)

p6[n](i,z,g,z’,g’)  H l(i)  = 6 A g' = g{i := 2} A I' = Z(i := 7)

p&](i,z,g,z’,g’)  U z(i) = 7 A &[n](z,g)  A g' = g A I' = Z{i:= 8)

p7b[n](i,z,g,z’,g’)  * z(i)  = 7 A l&[n](z,g)  A g' = g A I' = 1

47bl(hI)  e (3 E KJs(.i)  = 4)

p&](i,z,g,Z',g')  M z(i)= 8 A g'= g{i:= 4) A I'= Z{i:= 9}

,%[n](i,z,g,z’,g’) U z(i) = 9 A &[n](z,g)  A g' = g A 1' = z{i := lo}

pSb[n](i&d,g’)  @ l(i) = 9 A -&[n](z,g)  A g' = g A I’ = Z

#9[4(4  4s)  e (\dj E N&7(j)  E (41))

plo[n](i,z,g,z',g')  W z(i) = 10  A g'= g A 1' = z{i := 11)

Pdn](i,kd’,g’)  e l(i) = 11 A &l[n](l,g)  A g' = g A I’ = Z{i := 12)

pllb[n](i,  l,g,  z’,g’) e z(i)  = 11  A -&l[n](!,g)  A g' = g A I’ = Z

#ll[nl(i~~,s>  -s (‘Jj E Nn - Ni+l>(g(j>#  2 A g(j)#  3 )

* (b E NJ(i < j * s(j)  E {0,1,4})

p&](i,z,g,?,g')  U l(i)  = 12  A g' = g(i := 0} A Z'= Z{i := 1)
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Representation of the transition relation in the Boyer-Moore logic is a direct translation of
the above definition. For example, letting lp represent I’, etc., the components 2, and 3b
are given by:

(defn rhoi (n i 1 g lp gp)
(and (at 1 i 2)

(equal lp (move 1 i 3))
(equal gp (move g i 1))))

(defn rhoi3b (n i 1 g lp gp)
(and (at 1 i 3)

(equal gp g)
(equal lp 1)
(exist-union g n '(3 4))))

A key property of the transition model is that each transition involves only one process.
Since the flag for each process can only be modified by that process we have the following
useful lemma.

Lemma (rho!):

Ws[n](Z,g)  A j, k E N, A p[n](k,  Z,g,  Z’,g’)  A i # k * Z(j) = Z’(j) A g(j) = g’(j))

This lemma is conveyed to the Boyer-Moore theorem prover using the prove-lemma corn-
mand as follows. To facilitate use of the lemma as a rewriting rule the two conjuncts of the
conclusions are presented as separate lemmas.

(prove-lemma 1-rholemma (rewrite)
(implies (and (ws n 1 g)

(member j (nset n)>
(member k (nset n>>
(rhoi n k 1 g lp gp)
(not (equal k j>)>

(equal (nth 1 j> (nth lp j>>>>
(prove-lemma g-rholemma (rewrite)

(implies (and (ws n 1 g)
(member j (nset n)>
(member k (nset n>>
(rhoi n k 1 g lp gp)
(not (equal k j>)>

(equal (nth g j> (nth gp j))>>

2.3. Invariants -Atomic Case

We say that a state is accessible if it can be reached from the initial state by a finite
number (possibly zero) of transitions. The goal is to prove that in any accessible state at
most one process has location 10.

(‘di,j E N,)(Z(i) = 10 A i # j 3 l(j) { 10)

To do this we prove a much stronger invariant composed of three parts. The first part says
that transitions preserve the property Ws[n](Z,g)  of b ’ gem an n-state. In a strongly typed
world this is a consequence of typing (and can’t even be directly expressed), but in most
theorem provers it will be necessary to verify something depending on the representation
of the sets Lots,  FZgs, N, and the finite maps from N, to Lots  and FZgs.
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In the second part the possible flag values at each program point are analyzed. This is
expressed by the invariant Lg.

Definition (Lg):

Lg[n](z,g)  * (vi  E N&W(iJ,g)

Lgi(i,Z,g)  w l(i)  = 0 A g(i) = OV
Z(i) = 1 A g(i) = 0 V
Z(i) = 2 A g(i) = 0 V
Z(i) = 3 A g(i) = 1 V
Z(i) = 4 A g(i) = 1 V
z(i) = 5 A g(i) = 3 V
Z(i) = 6 A g(i) = 3 V
z(i) = 7 A g(i) = 2 V
l(i) = 8 A g(i) = 2 V
z(i) = 8 A g(i) = 3 V
z(i) = 9 A g(i) = 4V
l(i) = 10 A g(i) = 4V
z(i) = 11 A g(i) = 4V
z(i) = 12 A g(i) = 4

This definition has a direct representation in the Boyer-Moore logic. The third part contains

OEi

the main invariants which refine the mutex constraints.

Definition (Atomic Invariants):

A&](Z,g)  a (3i E N&Z(i)  E (8,. . . ,12}) =+ (Vi E N,)(z(i) # 4)

Al[n](Z,g)  ++ (Ii E N,)(Z(i)  E (8,. . . ,12})  =+ (3i E N,)(Z(i) E (8,. . . ,12} A g

Az[n](Z,g)  w (Vi E N,)(Vk E Ni)(Z(i) E {10,11, la} + z(k) 6 (5,.  . . ,12})

Az[n](Z,g)  H (Vi, k E N,)(Z(i)  = 12 A Z(k) E (5,. . . ,12} =+ g(k) = 4)

From A2 we conclude the desired mutex property.

(Vi, k E N,)(Z(i)  = 10 A Z(k) = 10 + k = i)

07 41

The representation of these invariants in the Boyer-Moore logic is given by the following
definitions, where the invariants with universal quantifiers are reduced to predicates with
free-variables (which are implicitly universally quantified in the Boyer-Moore logic). To
represent Au we note that Au [n]( I, g) is logically equivalent to

(Vk E N,)((3i  E N,)(Z(i)  E (8,. . . ,12})  + Z(k) # 4).

The universal quantifier is represented by the free variable k and the existential quantifier
is expressed by the predicate (exist-union 1 n ’ (8 9 10 11 12) ) which is defined by
recursion.
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(defn a0 (n 1 k)
(implies (and (member k (nset n>)

(exist-union 1 n '(8 9 10 II 12)))
hot (at 1 k 4))))

To represent Al, the two existential quantifiers are expressed by predicates defined by
recursion.

(defn al (n 1 g>
(implies (exist-union 1 n '(8 9 10 11 12))

(exist-intersect-8-12-3-4 n 1 g>)>

If (Z(i) E {10,11,12}  + Z(k) 6 (5,. . ., 12)) is !P(i, k,Z),  then

&[n](Z,g)  * (Vi E N,)(Vk E N@(i, k).

a2-at-n1-n2  (nl n2 1) below expresses IP(nl,n2,  I). We obtain A2 from as-at-nI-n2
via a2-at-n2  by two recursions on nl and n2, each of which corresponds to a universal
quantifier.

(defn a2-at-ni-n2 hi n2 1)
(if (union-at-n 1 nl '(10 11 12))

(not (union-at-n 1 n2 '(5 6 7 8 9 IO 11 12))) T))
(defn a2-at-n2 (nl n2 1)

(if (zerop n2) T
(if (not (lessp n2 nl))

(a2-at-n2 nl (sub1 n2) 1)
(and (a2-at-nl-n2  nl n2 1)

(a2-at-n2 nl (sub1 n2) 1)))))
(defn a2 (nl n2 1)

(if (zerop nl> T
(and (a2-at-n2 nl n2 1)

(a2 (sub1 nl> n2 1))))

Sj.milarly we obtain A3.
(defn a3-at-nl-n2 hi n2 1 g>

(if (and (at 1 nl 12)
(union-at-n 1 n2 '(5 6 7 8 9 10 11 12)))

(at g n2 4) T))
(defn a3-at-n2 hl n2 1 g>

(if (zerop n2) T
(and (a3-at-nl-n2  ni n2 1 g)

(a3-at-n2 nl (sub1 n2) 1 g))))
(defn a3 (nl n2 1 g>

(if (zerop nl> T
(and (a3-at-n2 nl n2 1 g)

(a3 (sub1 ni> n2 1 g>>>)>

2.4. Proving the Invariants-Atomic Case

According to the Manna-Pnueli proof rules, to prove invariance of some property
I[n](Z,g)  it suffices to prove

(i) l[n](zinit,  $&nit)7 and

(ii) I[n](z, s) A R[n](z,  d’, 9’) * ~bl(& 9’)

From the definition of R it is clear that it suffices to prove



(ii’) I[n](z,g) A k E Nn A p[n](k, 4gJ’, d) * r[nl(z’, d>
For our case I is the conjunction of the three parts.

I[n](Z,g) = Ws[n](Z,g)  A Lg[n](Z,g)  A Ao[n](Z,g)  A Al[n](Z,g)  A Az[n](ZTg)  A A3[n](zyg)

We focus on the proof of (ii’). We assume

(4 Jwnl(4 s>

(k) kIblV7 s>
(4 A0 [nl(l,  9)
(al> Al bl(4 s>
(a2) A2  [4(4  s>
Ca3) A3bKZ7g)

(kh) k E N,
(rho) Pbl(k, 4 g, I’, s’>
and prove each of the conjuncts of 1[n]( Z’, g’). Since the Boyer-Moore logic is quantifier-
free, we cannot directly express the quantified invariants in the hypothesis. We note that
when proving a formula of the form Q(Z, I’) A (Vj)P(j, Z) 3 (Vj)P(j, I') it suffices to prove
Q(Z, I’) A P(jl,Z) A . . . A P(j,, Z) + P(j,Z’). Thus in for each quantified invariant we
submit to the Boyer-Moore prover a suitable lemma of the latter form. In the case analyses
for the main invariants we include a list of names of the main Boyer-Moore events for each
case. The indentation indicates dependence in outline form-each lemma depends on those
of lesser indentation listed just above it. Note that these events follow the informal outline
quite closely.

Proving Ws[n](Z’,g’) Th pe roof for Ws is straightforward. The corresponding Boyer-
Moore event is

(prove-lemma rho-preserves-ws (rewrite)
(implies (and (ws n 1 g)

(member k (nset n>>
(rhoi n k 1 g lp gp>>

(ws n lp gp>>
((use (lm-rho-preserves-us))))

Proving Lg[n] (I’, g’) The proof for Lg is also relatively simple straighforward. The
corresponding Boyer-Moore event is

(prove-lemma rho-preserves-lg (rewrite)
(implies (and (as n 1 g)

(member k (nset n>>
(rhoi n k 1 g lp gp)
(lg n 1 g))

(lg n lp gp))
((disable rhoi rhoila rhoilb rhoi rhoi3a rhoi3b rhoi rhoi5a rhoi5b

rhoi rhoi7a rhoi7b rhoi rhoi9a rhoi9b rhoi rhoilla rhoillb
rhoil2)

(enable rhoi)))

Proving A0 [n]( I’, g’) We further assume
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(aOh) (3 E Nn)(Z’(i) E (8,. . . ,12})

and show (Vj E N,)(Z’(j) # 4). Thus we assume

(jh) j E N,
and show Z’(j) # 4. Let i' be a witness for (aOh).  Thus

(iph) i' E N, A Z'(ip) E (8,. . . ,12}.

We consider two cases.

Case (i): (3 E N,)(Z(i) E (8,. . . , 12)). Then j # k + Z’(j) # 4 by (i), (rho!), and (a0).
If Z’(k) = 4 then by definition of p Z(k) = 3 and +3(g), i.e. (Vj E N,)(g(j)  E {O,l, a}),
which contradicts (al) and (i).

int-8-12-3-4-then-un34
day-lckd

j-eq-k-18-112-nonemp
j-neq-k-18-112-nonemp

18-112-nonemp

Case (ii): (Vi E N,Z(i)  g! {8,..., 12)). Then i’ = k by (rho!), (ih). By definition of p
Z(k) = 5 and 145 or Z(k) = 7 and ~$7. But $7 = (3 E Nn)(g(i) = 4) contradicts (lg) and
(ii) and 33 * s(j)  # 1 * z(j) # 4 by (lg).

exist-18-12
ex-lp8-12-in-lp8-12

k-in-lp8-12
k-not-in-18-12-then-157
j-ex-18-12

k-in-157
ex-k-in-157

j-ex-18-12
ex-lp8-12-in-lp8-12

exist-18-12
cond-rhoi
k-in-lp8-12

ex-cond-rhoi
cond-rhoi
k-in-lp8-12

ex-cond-rhoi
ex-if4

15-only-lp8
lp4-then-un34

j-neq-k-j-not-in-lp4
j-eq-k-j-not-in-lp4

lp4-empty
134-empty

18-112-empty

The corresponding Boyer-Moore event is
(prove-lemma rho-preserves-a0 0

(implies (and (ws n 1 g)
(member j (nset n>>
(member k (nset n)>
(rhoi n k 1 g lp gp)
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(lg n 1 g)
(a0 n 1 j>
(al n 1 g))

(a0 n lp j>)
((use (18-112-nonemp)  (18-112-empty))))

Proving Al [n](Z’,  g’) We further assume

(alh) (3 E N,)(Z’(i)  E (8,. . . ,12})

and show (3j E N,)(Z’(j) E (8,. . ., 12) A g’(j) E {3,4}).  Thus we want to find some j’
such that (Z’(j’) E (8,. . . ,12} A g’(j’) E {3,4}). Let i’ be a witness for (alh). Thus

(iph) i’ E N, A Z’(ip)  E (8,. . . ,12}

Again we consider two cases.

Case (i): (3i E N,)(Z(i) E (8,. . ., 12)). Then by (al) we can choose j E N, such that
W E @, . - - 7 12) A g(j) E {3,4}. If j # k let j’ = j and we are done by (rho!).

int-wtn
intersect-8-12-3-4-then-8-12
intersect-8-12-3-4-then-3-4
un8-i2-and-un34-then-int

int-k-not-ex-int
intersect-8-12-3-4-then-8-12

al-k-not-in-18-12-nep-18-12

If j = k and Z(k) E (8,. . . , 11} let j’ = j and we are done by definition of p.
if4
lp4-then-un34

lm-al-k-in-18-ii-nep-18-12
un8-12-and-un34-then-int
int-wtn

al-k-in-18-11-nep-18-12

If j = k and Z(k) = 12 then Z’(k) =
(rho!).

1 and k # i’ and g(i’)  = g’(i’)  = 4 by (a3) and

k-in-lp9-12-or-lp8
un8-ll-then-un5-12
lp9-12-k-in-18-11

k-in-lp9-12-then-15-12
un57-then-un5-12
lp8-k-in-157

k-in-lp8-then-15-12
k-in-15-12

un8-12-then-un5-12
k-neq-ex-lp8-12-in-15-12

ex-lp8-12-then-15-12
ex-lp8-12-in-gp4

ex-lp8-i2-not-in-lp0
k-in-lp0

k-not-ex-lp8-12
lp4-then-un34
ex-lp8-12-in-lp8-12

lm-al-k-in-112-nep-18-12
un8-12-and-un34-then-int
int-wtn



al-k-in-112-nep-18-12
lml-al-nep-18-12
a3-ex-a3-at-nl-n2

lm-al-nep-18-12
al-nep-18-12

Case (ii): (Vi E N,)(Z(i) @ (8,. . . ,12}). Then i' = k by (rho!) and (ih). By definition
of p either Z(k) = 5 and --& or Z(k) = 7 and $7. Z(k) # 7 since 47 contradicts (lg) and (ii).
Thus we take j’ = i’ and note that g(k) = g’(k) = 3 by (lg) and definition of p.

gp-rhoi
k-in-lp8-12
lg-15-g3

ex-gp-rhoi
ex-cond-rhoi
ex-if4
k-in-157
gp3-then-un34
exist-18-12

k-in-gp34
ex-lp8-12-in-lp8-12
un8-12-and-un34-then-int
exist-18-12
int-wtn

al-ep-18-12
rho-preserves-al

The corresponding Boyer-Moore event is
(prove-lemma rho-preserves-al 0

(implies (and (ws n 1 g)
(member k (nset n)>
(rhoi n k 1 g lp gp)
(lg n 1 g)
(al n 1 g>
(a3 n n 1 g)>

(al n lp gp))
((use (al-nep-18-12))
(use (al-ep-18-12))))

Proving A2 [n](Z’,  g’) We further assume

(a2h) i, j E N, A j < i A Z'(i) E {lO,ll, 12)

and show Z’(j) 6 (5,. . . ,12}. We consider cases according to the relation of i, j, k.

Case (i): i, j # k follows by (a2) and (rho!).
lm-i-j-neq-k
a2-i-j-a2-at-nl-n2

i-j-neq-k

Case (ii): i # k, j = k. Then Z(i) = Z'(i) E {lO,ll, 12) by (rho!), Z(k) 6 (5,. . ., 12) by
(4, w # 4 bY (4, and by definition of p we are done.

k-in-lp5-7-not-14-then-15-7
un5-7-then-un5-11

k-in-lp5-7-or-lp8-or-lp9-12
un57-then-un5-11
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lp8-k-in-157
k-in-lp8-then-15-11

lp9-12-k-in-18-11
un8-II-then-un5-II

k-in-lp9-12-then-15-11
k-in-lp5-7-then-15-11

k-in-15-11
un5-II-then-un5-12

k-not-in-14
unlO-12-then-un8-12

k-not-in-lp5-12
lml-i-neq-k-j-eq-k

lm-i-neq-k-j-eq-k
a2-i-j-a2-at-nl-n2

i-neq-k-j-eq-k
i-neq-k

Case (iii) : j # k, i = k. Then Z(k) E {9,10,11}  by definition of p. If Z(k) E (10, 11} we
are done by (a2) and (rho!). If Z(k) = 9 then qSg[n](i,  Z,g), i.e. (Vj E Ni)(g(j) E {O,l}) and
we are done by (lg).

phi9-j-in-g01
if1

case-k-in-phi9
unlO-ll-then-unlO-12

case-k-in-110-11
k-in-llO-ii-or-phi9

lml-i-eq-k-j-neq-k
lm-i-eq-k-j-neq-k
a2-i-j-a2-at-nl-n2

i-eq-k-j-neq-k
i-eq-k

rho-preserves-a2

The corresponding Boyer-Moore event is
(prove-lemma rho-preserves-a2 0

(implies (and (ws n 1 g)
(member k (nset n>>
(member i (nset n)>
(member j (nset n>)
(rhoi n k 1 g lp gp)
(lessp j i>
(lg n 1 g)
(a0 n 1 k)
(a2 n n 1))

(a2-at-nl-n2  i j IpI)
((use (i-neq-k) (i-eq-k))))

Proving A3 [n]( Z’, g’) We further assume

(a3h) i, j E N, A Z’(i) = 12 A Z'(j) E (5,. . ., 12)

and show g’(j) = 4. We consider cases according to the relation of i, j, k.

Case (i): i, j # k follows by (a3), (rho!).
lm-a3-i-j-neq-k
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a3-i-j-a3-at-nl-n2
a3-i-j-neq-k

Case (ii): i = j follows by (lg).
if4
112-then-un9-12

lm-a3-i-j-eq-k
a3-i-j-a3-at-nl-n2

a3-i-j-eq-k

Case (iii): i # k, j = k. Then Z(k) E {4,5,. . . , 11) by definition of p and (a3h), and
Z(i) = Z'(i) = 12 by (rho!). Z(k) # 4 by (a0) and g(k) = 4 by (a3). Thus Z(k) E {9,10,11}
by (la). Z’(k) E {9,10,11,12}  and g’(k) = 4 by definition of p.

un5-ll-then-un5-12
k-in-15-ii-g4-then-19-11

lm-k-in-19-11
112~then-un8-12
k-in-15-11

k-in-19-11
k-in-lp9-12
if4

lml-a3-i-neq-k-j-eq-k
lm-a3-i-neq-k-j-eq-k
a3-i-j-a3-at-nl-n2

a3-i-neq-k-j-eq-k
a3-i-neq-k

Case (iv): j # k, i = k. We need only show g(j) = 4. By (a3h) and definition of p,
Z(i) = 11 and &l[n](i,Z,g),  i.e. (Vj E N, - Ni+i>(S(j> # 2 A s(j) # 3). X.9 = V> E

( 5 .‘T 12) by (rho!). If Z(j) E (9,. . . ,
&j E {2,3} soj < -

12) then g(j) = 4 by (lg). If Z(j) E (5,. . .,8} the
2, which contradicts (a2).

k-lt-j
phill-j-not-in-g23

lml-j-not-in-g23
ill-then-unlO-12
cond-rhoili

lm2-j-not-in-g23
a2-n-a2-at-n2

j-not-in-g23
if4
15-12-eq-15-8-or-19-12
if3

j-in-g4
a3-j-in-15-12
k-in-111

lml-a3-i-eq-k-j-neq-k
lm-a3-i-eq-k-j-neq-k
a3-i-j-a3-at-nl-n2

a3-i-eq-k-j-neq-k
a3-i-eq-k

rho-preserves-a3

The corresponding Boyer-Moore event is
(prove-lemma rho-preserves-a3 0
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(implies (and (ws n 1 g>
(member k (nset n>>
(member i (nset n)>
(member j (nset n>)
(rhoi n k 1 g lp gp)
(lg n 1 g)
(a0 n 1 k)
(a2 n n 1)
(a3 n n 1 g))

(a3-at-nl-n2  i  j  lp gp))
( ( u s e  (a3-i-neq-k)  (a3-i-eq-k))))

3. Formalization of the Molecular Variant in the Boyer-Moore Logic

In the molecular case, we introduce an additional map h, called a counter map. If a
condition at location Z(i) given by a universal or an existential sentence, which is involved
the states of all processes, then it is no longer evaluated in one transition. In each transition
the truth of such a sentence is examined for only h(i)‘s precess. Thus an n-process state
is a triple (I, g, h) where (Z,g) is as for the atomic case, h maps N, to N,+l-h(i)  is the
counter value of process i, and Ws”[n]  is the set of n-process states.

Wsm[n]  = [N, -+ Lots] x [N, --+ FZgs]  x [N,  + N,+l]

We fix the number of processes n, and we will use i, j, k to range over N,, and I, I’, . . . to
range over location maps, and g,g’, . . . to range over fla,g maps, and h, h’, . . . to range over
counter maps.

3.1. Transition Relation-Molecular Case

The transition relation for molecular case corresponding to the mutex program is
defined as follows.

Definition (transitions for molecular case):

R”[n](z, g, I’, s’) u (3i E Nn)pm[n](i, 4 g, h, z’, g’, h’)
pm[n](i,z,g,h,z’,g’,h’)  * V Pcm[nl(i,Z,g,h,Z’,g’,h’)

CEC
where C = (0, la, lb,2,3a,3b,4,5a,  5b,5c, 6,7a,  7b,8,9a,  9b, 10, lla, lib, 12) and the com-
ponent transitions pF[n](i,  I, g, h, I’, g’, h’) are defined by

Pom[4(i, 4 g, h, I’, g’, h’) e Z(i) = 0 A g’ = g A h’ = h A I’ = z{i := 1)

pl”,[nl(i,  Z, !l, 4 Z’, g’, h’) e Z(i) = 1 A g’ = g A h’ = h A I’ = Z

p;Zb[n](i,Z,g,  h,Z’,g’,  h’) M Z(i) = 1 A g’ = g A h’ = h A I’ = Z{i := 2)

Pzm[nl(i,bLv', g’, h’) M Z(i) = 2 A g’ = g{i := 1) A h’ = h{i := 1) A 1’ = Z{i := 3)

pg[n](i,  Z,g,  h, Z’,g’, h’) H Z(i) = 3 A h(i) = n + 1 A g’ = g A h’ = h A I’ = z(i := 4)

pg[n](i,Z,g,  h,Z’,g’,  h’) e Z(i) = 3 A h(i) < n + 1 A g(h(i)) E {O,l, 2) A g’ = g
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A h’ = h(i  := h(i) + 1) A 1’ = 1

P,mbl(i, 4 g, h, 1’7 g’, h’) u l(i) = 4 A g’ = g(i  := 3) A h’ = h(i  := I> A 1’ = l(i := 5>

Pg&l(i, 6 97 h, 1’7 g’, h’) e l(i) = 5 A h(i) < n + 1 A g(h(i)) = 1 A g’ = g A h’ = h

A 1’ = l(i := 6)

pL$,[n](i, l,g, h, l’,g’, h’) + l(i) = 5 A h(i) = n + 1 A g’ = g A h’ = h A 1’ = l(i := 8>

/m4(i, 4 9, h7 1’7 g’, h’) e l(i) = 5 A h(i) < n + 1 A g(h(i)) + 1 A g’ = g

Ah’ = h{i := h(i) + 1} A 1’ = 1

P;,“bl(i,  4 !J, h7 1’7 g’, h’) u l(i) = 6 A g’ = g(i := 2} A h’ = h{i := 1) A 1’ = l{i := 7)

pc[n](i,  l,g, h, l’,g’, h’) u l(i) = 7 A g(h(i)) = 4 A g’ = g A h’ = h A 1’ = l(i := 8)

pG[n](i,l,g,h,l’,g’,h’)  w l(i) = 7 A g(h(i))  # 4 A g’= g

Ah’ = h{i := (h(i) - 1 mod n) + 1} A 1’ = 1

pc[n](i,  l,g,h,  l’,g’, h’) e l(i) = 8 A g’ = g{i := 4) A h’ = h{i := 1) A 1’ = l{i := 9)

Pam 1, !I, h, 1’7 g’, h’) H l(i) = 9 A h(i) = i A g’ = g A h’ = h A 1’ = l{i := lo}

p&[n](i,l,g,  h,l’,g’,  h’) H l(i) = 9 A h(i) < i A g(h(i)) E {O,l}  A g’ = g

A h’ = h(i  := h(i) + I} A 1’ = 1

p;“o[n](i,l,g,  h, l’,g’, h’) u l(i) = 10 A g’ = g A h’ = h(i  := i + 1} A 1’ = l{i := 11}

pg,[n](i,l,g,  h, l’,g’, h’) ti l(i) = 11 A h(i) = n+ 1 A g’ = g A h’ = h A 1’ = l{i := 12)

p;nl,,[n](i,l,g,  h, l’,g’, h’) H l(i) = 11 A g(h(i)) $! {2,3}  A h(i) < n + 1 A g’ = g

A h’ = h(i  := h(i) + 1) A 1’ = 1

pz[n](i,  l,g, h, l’,g’, h’) u l(i) = 12 A g’ = g{i := 0} A h’ = h A I’ = l{i := 0}

The lemma for molecular case corresponding to (rho!) is the following.

Lemma (mrho!):

Wsm[n](l,g,  h) A i, k E N, A p”[n](k,  l,g, h,l’,g’,  h’) A i # k

+ l(i) = l’(i) A g(i) = g’(i) A h(i) = h’(i))

3.2. Invariants -Molecular Case

As in the atomic case, the invariants decompose into three parts. The first part says that
statehood is preserved, i.e. Ws”[n](l,  g, h) is invariant. The second part is the analysis of
possible flag values at each location and is identical to the atomic case. The main invariants
refine those of the atomic case as follows.

&[n](l,h)  u (V&j  E N,)(l(i)  = 5 A j < h(i) + l(j) # 4)

@[n](l,h)  u (Vi,j E N,)(l(i)  = 5 A j < h(i) A l(j) = 3 =+ h(j) 5 i)

B,“[n](l) u (Vi,j E N,)(l(i)  E (8,. . . ,12} + l(j) # 4)
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&‘[n](l,g,h)  u (V&j E N,)(l(i)  E (8,. . . ,12} A l(j) = 3 =s-

(3~ E Nn)(l(r)  E (8,. . . 7 12) A s(r) E (374)  A h(r)  5 i)

(Vi E N,)(l(i)  E (8,. . . ,12}  A g ( i )  4 {3,4}  3 (h(i)  E Nn A g@(i))  =  4))

B,d[n](l,h)  u (Vi E N,)@(i)  = 7 a h(i) E N,)

h%](l) * (vi,.i E &)(j < i A l(i) E {lO,ll, 12) + l(j) # (5,. . ., la)>

Bi![n](l, h) * (vi, j E N,)(j < i A l(i) = 9 A j < h(i) + l(j) 4 (5,. . . , ID})

Bc[n](l,g)  u (vi,  j E N,)(l(i)  = 12 A l(j) E (5,. . ., 12) =+- g(j) = 4)

@bl(ldbh) * (vi,j E &)(1(i) = 11 A j < h(i) A l(j) E (5,. . ., 12)  + g(j) = 4)

As before, from BT we conclude

(vi,k  E N,)(l(i)  = 10 A l(k) = 10 3 k = i).

We note that the invariants I3f and Bf turned out to be necessary, though they do not ap-
pear in [4]. B;” and I?: are used in the proofs of Bt and B-f  respectively. The representation
of these invariants in the Boyer-Moore logic is given by the following definitions.

(defn boa (n 1 h i j)
(implies (and (at 1 i 5)

(lessp j (nth h i>>>
(not (at 1 j 4))))

(defn bob (n 1 h i j)
(implies (and (at 1 i 5)

(lessp j (nth h i>>
(at 1 j 3))

(not (lessp i (nth h j>>>>>
(defn bla (1 i j>

(implies (union-at-n 1 i '(8 9 10 11 12))
(not (at 1 j 4))))

(defn hint-8-12-3-4-at-n (n 1 g h j>
(and (intersect-8-12-3-4-at-n n 1 g)

(not (lessp n (nth h j>>>))
(defn exist-hint-8-12-3-4 (n 1 g h j)

(if (zerop n> F
(if (hint-8-12-3-4-at-n n 1 g h j> n

(exist-hint-8-12-3-4 (sub1 n> 1 g h j)>>>
(defn bib (n 1 g h i j)

(implies (and (union-at-n 1 i '(8 9 10 11 12))
(at 1 j 3))

(exist-hint-8-12-3-4 n 1 g h j>>>
(defn blc (n 1 g h i)

(implies (and (union-at-n 1 i '(8 9 10 Ii 12))
(not (union-at-n g i '(3 4))))

(and (member (nth h i> (nset n>>
(at g (nth h i> 4))))

(defn bid (n 1 h i)
(implies (at 1 i 7)

(member (nth h i) (nset n>>>>
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(defn b2a (1 i j>
(implies (and (lessp j i>

(union-at-n 1 i ) (10 II 12)) >
(not (union-at-n 1 j ‘(5 6 7 8 9 10 11 12)))))

(defn b2b (1 h i j>
(implies (and (lessp j i>

(at 1 i 9)
(lessp j (nth h i)) >

(not (union-at-n 1 j ‘(5 6 7 8 9 10 11 12)))))
(defn b3a (1 g i j)

(implies (and (at 1 i 12)
(union-at-n 1 j ‘(5 6 7 8 9 10 11 12)))

(at g j 4)))
(defn b3b (1 g h i j)

(implies (and (at 1 i Ii>
(lessp j (nth h i>>
(union-at-n 1 j ‘(5 6 7 8 9 10 Ii 12)))

(at g  j  4)))

3.3. Proving the invariants

As in the atomic case, to prove invariance of some property I[n](l,  g, h) it suffices to
prove:

(i) I[n](linit,  hit7  hinit),  and

(ii) I[n](l,g)  A k E N, A pm[n](b,  l,g, h, l’,g’h’)  * r[n](l’,g’,  h’)

For our case I[n](l,g,  h) is the following conjunction.

Ws”[n](l,g)  A Lg[n](l,g) A B,“[nl(l,hj  A BobbW~  h) A
B,“[nl(lj  A B;bl(hI, h) A &%1(4g?  h) A 4%l(l7 4 A
wqlj A B2b[n3(4  hj A B3a[4(I,gj A @bl(4zL hj

We focus on the proof of (ii). Thus we assume

(molws) Ws”[n](l,  g, h)

(W hM4 s>
(boa) B,“[nl(l, h)
(bob)  4$1(4 h)
wj Blab1 (1)
W) B16[4(4  g, h)
WC) B,c[nl(l,  9, h)
(bldj B-f[17,1(4 h)
(bw B2a 14 (0
(b2b)  @[nl(l, h)
(W B3aEnl(4  9)
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Wb) mw~ g, 4
(kh) k E N,
(mrhoj P”bl(k 4 s7, f-b 1’7 d, h’)
and prove each of the conjuncts. The proofs for Ws” and Lg are just as for the atomic
case. As in the atomic case we replace the quantified invariants in the hypothesis by a
suitable finite collection of instances. B-f is the hardest invariant to prove, since it involves
an existential statement in a fundamental way.

Proving Bt[n](l’,  h’, i, j) We further assume

(bOah) l’(i) = 5 A h’(i) > j

and show l’(j) # 4. Thus we assume

(ih) i E N, A l’(i) = 5 A h’(i) > j.

(jh)  j E &.
We consider four cases according to the relation of i, j, k.

Case (i): i = k, j = k. Obvious.
boa-i-j-eq-k

Case (ii): i, j # k. The case follows by (mrho!) and (boa).
boa-i-j-neq-k

Case (iii): i # k, j = k. Then h’(i) = h(i) > k by definition of (bOah)  and (mrho!)
and l(i) = l’(i) = 5 by (mrho!). l(k) # 3 or h(k) 5 i by (bob). Hence by definition of pm,
l’(k) # 4.

cond-lp4
not-13-then-lp4

i-in-15
lm-boa-i-neq-k-j-eq-k

boa-i-neq-k-j-eq-k
boa-i-neq-k

Case (iv): i = k,j # k. We need only show l(j) # 4. Then l’(k) = 5 A h’(k) > j
by (boah) and (mrho!). l(k) # 4 since otherwise h’(k) 5 j by definition of pm. Hence
l(k) = 5 A h’(k) = h(k) + 1 A g(h(k)) # 1.

If h(k) = j, then g(j) # 1, hence l(j) # 4 by (lg).

If h(k) > j, then l(j) # 4 by (boa).
boa-if1

ifl-nth-h-k
15-not-g1

15-nth-h-k-eq-j
15-j-lt-nth-k
nth-k-lt-j-or-eq-j

lm-j-not-in-14
cond-15

j-not-in-14
k-in-15

lm-boa-i-eq-k-j-neq-k
boa-i-eq-k-j-neq-k

boa-i-eq-k
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The corresponding Boyer-Moore event is
(prove-lemma rho-preserves-boa 0

(implies (and (molws n 1 g h)
(member i (nset n>>
(member j (nset n>)
(member k (nset n)>
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(boa n 1 h i j)
(bob n 1 h i j))

(boa n lp hp i j>>
((use (boa-i-neq-k)  (boa-i-eq-k))))

Proving B,b[n](Z’,  h’, i, j) We further assume

(bobh) Z’(i) = 5 A h’(i) > j A Z’(j) = 3

and show h’(j) < i. Thus we assume

(ih) i E N, A Z’(i) = 5.

(jh) j E N, A Z'(j) = 3.

We consider four cases according to the relation of i, j, k.

Case (i): i = k, j = k. Obvious.
bob-i-j-eq-k

Case (ii): i, j # k. The case follows by (mrho!) and (bob).
bob-i-j-neq-k

Case (iii): i # k, j = k. Then Z(i) = Z’(i) = 5 and h’(i) = h(i) > k by definition of
(bOah)  and (mrho!). S’
or Z(k) = 3 holds.

mce Z’(k) = 3 by (bObh),  definition of pm implies that either Z(k) = 2

If Z(k) = 2, then h’(k) = 1 5 i, hence the claim holds.
k-in-12-imp

If Z(k) = 3, then g(h(k)) < 3 A h(k) 5 i A h’(k) = h(k) + 1. By (lg) h(k) # i because
Z(i) = 5. Now h’(k) 5 i follows from h(k) 5 i A h(k) # i A h’(k) = h(k) + 1.

bob-if3
lm-i-neq-h-k
h-k-g02

i-neq-h-k
n-k-leq-subl-i

lml-k-in-13-imp
lm-k-in-13-imp
cond-13

k-in-13-imp
bob-i-in-15

lm-bob-i-neq-k-j-eq-k
bob-i-neq-k-j-eq-k

bob-i-neq-k

Case (iv):
and (bObh).

i = k, j # k. We need only h(j) 5 k. Then Z(j) = Z’(j) = 3 by (mrho!)
S ince Z(k) # 4 by definition of pm and h’(k) > j, Z’(k) = 5 implies Z(k) =

5 A g@(k)) # 1 A h(k) i n A h’(k) = h(k) + 1 A h’(k) > j. By (lg), g(h(k)) # 1 and
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‘(k) = 5 A h(k) > j A Z(j) = 3 impliesZ(j) = 3 imply h(k) # j, and so h(k) > j. Finally 2
h(j) 5 k by (bob).

bob-if1
lm-j-neq-h-k
h-k-not-g1

j-neq-h-k
lml-j-in-13
cond-15

lm-j-in-13
k-in-15

j-in-13
lm-bob-i-eq-k-j-neq-k

bob-i-eq-k-j-neq-k
bob-i-j-eq-k

bob-i-eq-k
rho-preserves-bob

ObOb

The corresponding Boyer-Moore event is
(prove-lemma rho-preserves-bob 0

(implies (and (molws n 1 g h)
(member i (nset n>>
(member j (nset n>)
(member k (nset n>>
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(bob n 1 h i j>)

(bob n lp hp i j>>
((use (bob-i-neq-k)  (bob-i-eq-k))))

Proving Bf[n](Z’,  i, j) We further assume

(blah) Z’(i) E (8,. . . ,l2}

and show Z’(j) # 4.

(ih) i E N, A Z’(i) E (8,. . . ,12}

We consider four cases according to the relation of i, j, k.

Case (i): i = k, j = k. Obvious.
bla-i-j-eq-k

Case (ii): i, j # k. The case follows by (mrho!) and (bla).
bla-i-j-neq-k

Case (iii): i # k, j = k. Z(i) E (8,. . . ,12} by (mrho!).

If h(k) # n + 1, then Z’(k) # 4 because of definition of pm.
h-k-neq-addl-n

If h(k) = n + 1, then there is no T such that h(k) = n+ 1 5 T, hence by (blb), Z(k) # 3.
By definition of pm, I’( k j # 4.

lm-h-k-eq-addl-n-nex-hint
h-k-eq-addl-n-nex-hint

h-k-eq-addl-n-k-not-in-13
not-13-then-not-lp4

h-k-eq-addl-n



21

lm-bla-i-neq-k-j-eq-k
bla-i-neq-k-j-eq-k

bla-i-neq-k

Case (iv): i = k, j # k. We only need show Z(j) # 4. Z’(k) E (8,. . ., 12) by (blbh),
hence there are three cases: Either Z(k) E (8,. . ., 12}, Z(k) = 5 or Z(k) = 7.

If Z(k) E (8,. . . , 12}, then Z(j) # 4 by (bla).
lp9-12-k-in-18-12

k-in-lp9-12-then-j-not-14

If Z(k) = 5, then h(k) = n + 1. Hence Z(k) = 5 A h(k) > j implies Z(j) # 4 by (boa).
15-j-lt-h-k

k-in-15-then-j-not-14
k-not-in-17-then-lp9-12-or-15

k-in-not-17-imp
lm-bla-i-eq-k-j-neq-k

bla-i-eq-k-j-neq-k
bla-i-eq-k

mrho-preserves-bla

If Z(k) = 7, then h(k)  < n A g(h(k)) = 4 by definition of pm. By (lg), Z(h(k)) E
(9, lo, 11,12}, hence by (bla), Z(j) # 4.

cond-17
bla-if4

k-in-17-imp
lm-bla-i-eq-k-j-neq-k

bla-i-eq-k-j-neq-k

The corresponding Boyer-Moore event is
(prove-lemma mrho-preserves-bla 0

(implies (and (molws n 1 g h)
(member i (nset n>>
(member j (nset n))
(member k (nset n>)
(mrhoi n k 1 g h lp gp hp)
(bid n 1 h i>
(lg n 1 g)
(boa n 1 h i j>
(bla 1 i j>
(bla 1 (nth h i) j>
(bib n 1 g h i j))

(bla lp i j>)
((use (bla-i-neq-k) (bla-i-eq-k))))

Proving B:[n](Z’,g’,  h’, i, j) We further assume

(blbh) Z’(i) E (8,. . . ,12} A Z’(j) = 3

and show (3r E N,)(Z’(r)  E (8,. . ., 12) A g’(r) E {3,4}  A h’(j) 5 r).

(ih) i E N, A l’(i) E (8,. . . ,12}.

(jh) j E N, A Z’(j) = 3.

We consider four cases according to the relation of i, j, k.
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Case (i): i = k, j = k. Obvious.
bib-i-j-eq-k

Case (ii): i, j # k. Then Z(i) E (8,. . . ,12} A Z(j) = 3 by (blbh) and (mrho!). Hence by
(blb), there exists r such that Z(T) E (8,. . . ,12} A g(r) E {3,4}  A h(j) 5 r.

If Z(r) # 12, then the same T satisfies Z’(T) E (8,. . . ,12} A g’(r) E {3,4}  A h’(j) 2 r
by (mrho!) and definition of pm.

hint-wtn
ex-hint-not-in-112
ex-hint-l-g-h

i-neq-k-ex-hint-not-in-112
lml-bib-i-j-neq-k
j-neq-k-then-hp-eq-h

lm-blb-i-j-neq-k
blb-i-j-neq-k

If Z(r) = 12, then by (b3a)  g(i) = 4. Hence by (mrho!) Z'(i) E (8,. . . , la) A g’(i) E
{3,4}. Moreover T 5 i by (b2a) since Z(T) E {lO,ll,  12) A Z(i) E (5,. . . ,12}. Hence
h(j) 5 T 5 i by definition of T, which implies h’(j) = h(j) 2 i by (mrho!). It shows that i
satisfies Z’(i) E (8, . . . ,12> A g’(i) E {3,4} A h’(j) 5 i.

k-neq-u-in-lp8-12
lm-i-neq-k-in-int-8-12-3-4
un8-12-then-un5-12

i-neq-k-in-int-8-12-3-4
112-then-unlO-12
un8-12-then-un5-12
ex-hint-l-g-h

h-j-leq-i
hint-wtn

i-neq-k-ex-hint-in-112

Case (iii): i  # k,j = k. Z(i) E (8,. . . , 12) by (mrho!). S ince (blb) implies Z’(k) = 3,
either Z(k) = 2 or Z(k) = 3.

If Z(k) = 2, then h’(k) = 1. There are two cases:

If Z(i) E (8,. . . ,12} A g(i) E {3,4}, then by (mrho!), Z'(i) E (8,. . . ,121 A g’(i) E {3,4}.
Let T = 2.

hint-wtn
i-in-int-8-12-3-4
hp-k-leq-i

i-in-g34

If Z(i) E (8,. . . , 12) A g(i) @ {3,4}, then by (blc) g(h(i)) = 4. By (lg), Z(h(i))  E
18 .‘7 12) A g@(i)) E {3,4}.
HeLce let T = h(i).

S ince h(i) # k, Z’(h(i))  E (8,. . ., 12} A g’(h(i))  E {3,4}.

u-if4
bib-u-neq-k

lm-u-in-int-8-12-3-4
bla-if4

k-neq-u-in-lp8-12
lml-u-in-int-8-12-3-4

u-in-int-8-12-3-4
hint-wtn
hp-k-leq-i
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h-i-in-g34-imp
i-not-in-g34

k-in-12
lp3-then-13-or-12

lm-k-not-in-13
k-not-in-13

If Z(k) = 3, then g(h(k)) < 3 A h’(k) = h(k)+1  by definition of pm. On the other hand,
by (blb) there exists T such that Z(T) E (8,. . . ,12} A g(r) E {3,4} A h(k) 5 r. Since k # r,
by (mrho!) the same T satisfies Z’(r) E (8,. . . ,12} A g’(r) E {3,4}. Moreover h(k) # r
since g(r) E {3,4}  A g(h(k)) < 3. Combined h’(k) = h(k) + 1 A h(k) 2 T, it implies that
h’(k) 2 r. Hence the same T works.

ex-hint-not-in-g02
h-k-g02

ex-hint-neq-h-k
ex-hint-leq-h-k

h-k-leq-subl-ex-hint
lm-hp-k-leq-ex-l-g-h

cond-13
ex-cond-13
hint-member

hp-k-leq-ex-l-g-h
ex-hint-in-18-12

ex-hint-neq-k-in-13
ex-hint-neq-k-imp

ex-hint-1-g-h-in-int-8-12-3-4
hint-wtn

ex-l-g-h-k-in-13
lm-k-in-13

k-in-13
bib-i-neq-k-j-eq-k

Case (iv): i = k, j # k. First of all, we have Z(j) = 3 by (mrho!). Since Z’(k) E
(8 7’“7 12))  there are three cases: Either Z(k) E {8,9,10,11},  Z(k) = 5 or Z(k) = 7.

If Z(k) E {8,9,10,11},  then by (blb) tlrere exists T such that Z(r) E (8,. . ., 12) A g(r) E
-@,4) A h(j) I T. This generates the following two cases:

If there exists T such that Z(T) E {8,9,10,11}  A g(T) E {3,4}  A h(j) 5 T, then by
definition of pm, Z’(r) E (8,. . .12}  A g’(r) E {3,4} A h(j) 5 r. Since j # k, h’(j) 5 r
follows from (mrho!).

r-eq-k-18-II-k-in-lp8-12
un8-II-then-un8-12
r-eq-k-18-II-k-in-lp8-12

18-II-k-in-lp8-12
18-II-k-in-gp34

hint-in-18-11
ex-hint-in-18-12
case-k

ex-hint-not-in-112

If there exists T such that Z(r) = 12 A g(r) E {3,4}  A h(j) < T, then Z’(r) = (8,. . . ,12} A
g’(r) E {3,4}  A h’(j) < T by (mrho!) since r‘ # k and j # k.

r-neq-k
ex-hint-neq-k-imp
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ex-hint-in-112
ex-hint-in-int-8-12-3-4-18-11
ex-hint-l-g-h
hint-wtn

ex-hint-wtn-18-11
un8-II-then-un8-12

k-in-18-II-imp
m-lp9-12-k-in-18-11

k-in-lp9-12-imp

If Z(k) = 5, then by definition of pm, h(k) = n+ 1 > j. By (bob)  h(j) < k. Since j # k,
by (mrho!) h’(j) < k. Moreover g’(k) = 3 by (lg) and definition of pm. Hence let T = k.

lm-lp8-then-k-in-g34
lp8-then-k-in-g34
lp9-12-then-k-in-g34
un8-12-then-18-or-19-12

lm-k-in-g34
mrho-preserves-lg

k-in-g34
k-in-int

15-j-lt-h-k
h-j-leq-k
hint-wtn

k-in-15-imp
k-not-in-17-then-lp9-12-or-15

k-not-in-17-imp

If Z(k) = 7, then by definition of pm , g(h(k)) = 4. By (lg) Z(h(k))  E {9,10,11,12}.  Now
by @lb) there  exists  r such that Z(r) E (8,. . ., 12) A g(r) E {3,4} A h(j) 5 r. Because
r # k and j # k, the same r satisfies Z’(r) E (8,. . . ,12}  A g’(r) E {3,4}  A h,‘(j) < r.

ex-hint-in-g34
ex-hint-in-18-12

ex-hint-neq-k-imp
ex-hint-in-18-12

ex-hint-neq-k-in-17
ex-hint-in-int-8-12-3-4-17
ex-hint-l-g-h
hint-wtn

ex-hint-wtn-17
cond-17
bla-if4

lm-k-in-17-imp
bib-k-in-17-imp

lml-bib-i-eq-k-j-neq-k
ex-hint-lp-gp-h-leq-h-j

ex-hint-lp-gp-h-leq-hp-j
ex-hint-lp-gp-h-in-int-8-12-3-4
hint-wtn

j-neq-k-then-hp-eq-h
lm-bib-i-eq-k-j-neq-k

bib-i-eq-k-j-neq-k
blb-i-eq-k

mrho-preserves-blb

Oblb
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The corresponding Boyer-Moore event is
(prove-lemma mrho-preserves-bib 0

(implies (and (molws n 1 g h)
(member i (nset n>>
(member j (nset n>>
(member k (nset n>>
(mrhoi n k 1 g h lp gp hp)
(bid n 1 h k)
(lg n 1 g)
(bob n 1 h i j)
(bib n 1 g h (nth h k) j>
(bib n 1 g h i j)
(blc n 1 g h i>
(b2a 1 (exist-hint-8-12-3-4 n 1 g h j) i)
(b3a 1 g
(exist-hint-8-12-3-4 n 1 g h j) i))

(bib n lp gp hp i j))
((use (bib-i-neq-k)  (bib-i-eq-k))))

Proving Bt[n](Z’,  g’, h’, i) We further assume

(blch) Z’(i) E (8,. . . ,12} A g’(i) @ {3,4}

and show h’(i) E N, A g’( h’(i)) = 4.

(ih) i E N, A l’(i) E (8,. . ., 12) A g’(i) # {3,4}.

We consider four cases according to the relation of i, h(i), k.

Case (i): i = k, h(i) = k. By definition of pm, Z(k) = 7 A g(h(i)) = g(k) = 4. This
contradicts (lg) since g(k) = 4 is equivalent to Z(k) E (9, . . . ,12}.

contra-if4
lml-i-eq-k-then-h-k-neq-k
h-k-g4

lm-i-eq-k-then-h-k-neq-k
k-in-17
h-k-g4

i-eq-k-then-h-k-neq-k

Case (ii): i # k, h(i) # k. By (blch) and (mrho!), Z(i) E (8,. . ., 12} A g(i) $! {3,4}.
(blc) implies h(i) E N,, hence h’(i) E N, by (mrho!) since i # k. Similarly (blc) implies
g@(i)) = 4, hence g’( h’( i)) = 4 by (mrho!) since i # k, h(i) # k.

lm-blc-i-h-i-neq-k
blc-i-h-i-neq-k

Case (iii): i # k, h(i) = k. By (blch) and (mrho!), Z(i) E (8,. . ., 12) A g(i) $! {3,4}.
(blc) implies k E N,. Since i # k and (mrho!) imply h’(i)  = h( i )  = k ,  h’(i)  E N,.
Moreover (blc) implies g(k) = 4. On the other hand Z(k) # 12 by (b3a), hence Z(k) E
{9,10, ll} by (lg). By definition of p’” g’(k) E (9,. . . ,12}, which, by (lg), is equivalent to
g’(k) = g’(h’(i))  = 4.

contra-if4
19-II-then-in-lp9-12

k-in-lp9-12
if4

lm-k-not-in-112-imp
mrho-preserves-lg

k-not-in-112-imp
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un8-12-then-un5-12

Case (iv): i = k,h(i)  # k. By (blch), Z’(k) E (8,. . ., 12 1 A d(k) 4 -KM. BY
definition of pm and (mrho!), Z(k) = 7 A g’(h(k))  = g(h(k)) = 4 A h’(k) = h(k). Clearly
g’(h’(k))  = g’(h(k))  = 4 follows. (bld) implies h(k) E N,, hence h’(k) E N,.

lp8-not-15-then-17
lp8-then-k-in-g34

lp8-not-g34-then-k-in-17
un8-12-then-18-or-19-12
lp9-12-then-k-in-g34

lm-k-in-17

not-g34-then-not-g4
k-not-in-112

lml-blc-i-neq-k-h-i-eq-k
lm-blc-i-neq-k-h-i-eq-k
b3a-h-rholemma

blc-i-neq-k-h-i-eq-k
blc-i-neq-k

mrho-preserves-lg
k-in-17
cond-17
h-k-cond-17

lm-h-k-g4
k-in-17
cond-17

h-k-g4
blc-i-eq-k-hp-k-neq-k

blc-i-eq-k
mrho-preserves-blc

The corresponding Boyer-Moore event is
(prove-lemma mrho-preserves-blc 0

(implies (and (molws n 1 g h)
(member i hset n>>
(member k (nset n>>
(mrhoi n k 1 g h lp gp hp)
(bid n 1 h k)
(lg n 1 g)
(blc n 1 g h i>
(b3a 1 g (nth h i> i>>

(blc n lp gp hp i>)
((use (blc-i-neq-k))
(use (blc-i-eq-k))))

Proving @[n](Z’,  h’, i) We further assume

(bldh) Z'(i) = 7

and show h’(i) E N,.

(ih) i E N, A Z'(i) = 7.

We consider cases according to the relation of i, k.

Case (i): i # k. Obvious.
17-th-i-neq-k
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Case (ii): i = k. By (bldh) and definition of pm, either Z(k) = 6 or Z(k) = 7.

If Z(k) = 6, then h’(k) = 1 E N,.

If Z(k) = 7, then by (bld) h(k) E N, and by definition of pm h’(k) = (h(k)- 1 mod n)+
1. By elementary number theory, h’(k) E N,.

remainder-quotient
lml-member-remainder

lm-member-remainder
member-remainder
one-nset

lm-bid-i-eq-k
bld-i-eq-k
bid-i-neq-k

mrho-preserves-bld

Obld

The corresponding Boyer-Moore event is
(prove-lemma mrhoi-preserves-bid (rewrite)

(implies (and (molws n 1 g h)
(member i (nset n))
(member k (nset n>>
(mrhoi n k 1 g h lp gp hp)
(bid n 1 h i))

(bid n lp hp i)>
((disable bid)
(use (bid-i-neq-k))
(use (bid-i-eq-k>)>>

Proving B$[n](Z’,  i, j) We further assume

(b2ah) j < i A Z'(i) E {lO,ll,  12)

and show Z’(j) 4 (5,. . . ,12}. We consider cases according to the relation of i, j, k.

Case (i): i,j# k follows by (b2a), (mrho!).
b2a-i-j-neq-k

Case (ii): i # k, j = k. Then k < i A Z(i) E {10,11,12}  by (mrho!). By (b3a)
Z(k)  # (5,  - ’ ’ 7 12). Since by (bla) Z(k) # 4, by definition of pm Z’(k) 6 (5,. . ., 12).

un57-then-un5-11
m-lp8-k-in-157

m-k-in-lp8-then-15-11
m-k-in-lp5-7-not-14-then-15-7
un5-7-then-un5-11

m-k-in-lp5-7-then-15-11
lp9-12-k-in-18-11
un8-II-then-un5-11

m-k-in-lp9-12-then-15-11
k-in-lp5-7-or-lp8-or-lp9-12

m-k-in-15-11
unlO-12-then-un8-12
m-k-not-in-14
un5-II-then-un5-12

m-k-not-in-lp5-12
lm-b2a-i-neq-k-j-eq-k

b2a-i-neq-k-j-eq-k
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b2a-i-neq-k

Case (iii): j # k, i = k. We need only show Z(j) 4 (5,. . . ,12}. By (b2ah) j < k A Z’(k) E
(10, 11,12}, hence by definition of pm, either Z(k) = 9 or Z(k) E (10, ll}.

If Z(k) = 9, then by definition of pm h(k) = k. Since j < k, j < h(k). By (b2b)
Ki> B (5, -. - 7 12).

If Z(k) E {lO,ll}, then by (b2a)  Z(j) $! (5,. . ., 12).
j-lt-h-k
lm-case-k-in-19

case-k-in-19
k-in-llO-II-or-19
case-k-in-110-11

lm-b2a-i-eq-k-j-neq-k
b2a-i-eq-k-j-neq-k

b2a-i-eq-k
mrho-preserves-b2a

The corresponding Boyer-Moore event is
(prove-lemma mrho-preserves-b2a (>

(implies (and (molws n 1 g h)
(member i (nset n>>
(member j (nset n)>
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lessp j i>
(lg n 1 g)
(bla 1 i j>
(b2a 1 i j>
(b2b 1 h i j>)

(b2a lp i j>>
((use (b2a-i-neq-k)  (b2a-i-eq-k))))

Proving B~[n](Z’,  h’, i, j) We further assume

(b2bh) j < i A Z'(i) = 9 A h’(i) > j

and show Z’(j) @ { 5, . . . , 12). We consider cases according to the relation of i, j, k.

Case (i): i, j # k follows by (b2b), (mrho!).
b2b-i-j-neq-k

Case (ii): i # k,j = k. Then by (mrho!) k < i A Z(i) = 9 A h(i) > k. (b2b)
implies k # { 5, . . . , 12). On the other hand (bla) implies Z(k) # 4. by definition of pm,
Z’(k) # (5,. . . ,12}.

19-then-un8-12
m-k-not-in-14

not-k-in-15-12-imp
lm-b2b-i-neq-k-j-eq-k

b2b-i-j-neq-k
b2b-i-neq-k-j-eq-k

b2b-i-neq-k

Case (iii): j # k,i = k. We need only show Z(j) 4 (5,. . ., 12}. Since Z’(k) = 9 by
definition of pm, either Z(k) = 8 or Z(k) = 9.
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If Z(k) = 8, then h’(k) = 1 by definition of pm, and so it contradicts h’(k) > j.

If Z(k) = 9, t hen by definition of pm, g(h(k)) < 2 A h’(k) = h(k) + 1. Since h’(k) > j
by (b2bh), there are two cases:

If h(k) > j, then (b2b) implies Z(j) $ (5,. . . , 12) because j < k follows from (b2bh).

If h(k) = j, then g(j) < 2. By (lg) Z(j) $ (5,. . ., 12).
if1

lg-nth-h-k
19-go1

19-nth-h-k-eq-j
nth-k-lt-j-or-eq-j

lm-j-not-in-15-12
cond-19

j-not-in-15-12
k-in-19

lm-b2b-i-eq-k-j-neq-k
b2b-i-eq-k-j-neq-k

b2b-i-eq-k
mrho-preserves-b2b

The corresponding Boyer-Moore event is
(prove-lemma mrho-preserves-b2b 0

(implies (and (molws n 1 g h)
(member i (nset n)>
(member j (nset n>>
(member k (nset n>>
(mrhoi n k 1 g h lp gp hp)
(lessp j i)
(lg n 1 g)
(bla 1 i j>
(b2b 1 h i j>>

(b2b lp hp i j>>
((use (b2b-i-neq-k)  (b2b-i-eq-k))))

Proving B;[n](Z’,  g’, i, j) We further assume

(b3ah) i, j E N, A l'(i) = 12 A l'(j) E (5,. . ., 12)

and show g’(j) = 4. We consider cases according to the relation of i, j, k.

Case (i): i, j # k follows by (b3a), (mrho!).
b3a-i-j-neq-k

Case (ii): i = j follows from (lg).
if4
112-then-un9-12

b3a-i-j-neq-k

Case (iii): i # k,j = k.

Then Z(k) f {4,5,. . . ,111 by definition of pm and (b3ah), and Z(i) = Z'(i) = 12 by
(mrho!). Since Z(k) # 4 by (bla) and g(k) = 4 by (b3a), Z(k) E {9,10,11}  by (lg). I1y
definition of pm, z’(k)  E {9,10,11,12}, and so g’(k) = 4 by (lg).

un5-II-then-un5-12
k-in-15-II-g4-then-19-11
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lm-b3a-k-in-19-11
112-then-un8-12
m-k-in-15-11

b3a-k-in-19-11
m-k-in-lp9-12
if4

lm-b3a-i-neq-k-j-eq-k
mrho-preserves-lg

b3a-i-neq-k-j-eq-k
b3a-i-neq-k-j-eq-k

b3a-i-neq-k

Case (iv): j  # k,i = k. We need only show g(j) = 4. By (b3ah) and definition of pm,
Z(k) = 11 and h(k) = n + 1 > j. Z(j) = Z’(j) E (5,. . . ,12} by (mrho!). By (b3b) g(j) = 4.

cond-lpi2
b3a-j-in-15-12
m-k-in-111

lm-b3a-i-eq-k-j-neq-k
b3a-i-eq-k-j-neq-k
b3a-i-j-eq-k

b3a-i-eq-k
mrho-preserves-b3a

The corresponding Boyer-Moore event is
(prove-lemma mrho-preserves-b3a 0

(implies (and (molws n 1 g h)
(member i (nset n>>
(member j (nset n)>
(member k (nset n>)
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(bla 1 i j>
(b3a 1 g i j>
(b3b 1 g h i j>>

(b3a lp gp i j>)
((use (b3a-i-neq-k)  (b3a-i-eq-k))))

Proving @[n](Z’,g’,  h’, i, j) We further assume

(b3bh) i, j E N, A Z'(i) = 11 A h’(i) > j A Z'(j) E (5,. . . ,121
and show g’(j) = 4. We consider cases according to the relation of i, j, k.

Case (i): i, j # k follows by (b3b), (mrho!).
b3b-i-j-neq-k

Case (ii): i = j follows from (lg).
if4
ill-then-un9-12

b3b-i-j-eq-k

Case (iii): i # k,j = k. Then Z(i) = 11 A h(i) > k by (mrho!). Since (bla) implies
Z(k) # 4, by definition of pm Z(k) E (5,  . . . , 11). Hence by (b3b) g(k) = 4. It follows from
(lg) that Z(k) E {9,10,11}.  Again by definition of pm, Z’(k) E {9,10,11,12},  which is, by
(lg), equivalent to g’(k) = 4.
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un5-II-then-un5-12
k-in-15-II-g4-then-19-11

lm-b3b-k-in-19-11
ill-then-un8-12
m-k-in-15-11

b3b-k-in-19-11
m-k-in-lp9-12
if4

lm-b3b-i-neq-k-j-eq-k
mrho-preserves-lg

b3b-i-neq-k-j-eq-k
b3b-i-neq-k

Case (iv): j # k, i = k. We need only show g(j) = 4. By (b3bh) and definition of pm,
Xi> E C% - - - y 12). Since Z’(k) = 11, by definition of pm, either Z(k) = 10 or Z(k) = 11.

If Z(k) = 10, then by definition of pm, h’(k) = k + 1 > j. Since k # j, k > j. This
contradicts (b2a).

llO-then-unlO-12
j-leq-addlk-then-k-not-in-110
not-j-leq-addlk-then-k-not-in-110

k-not-in-110

If Z(k) = 11, then by definition of pm, h’(k) = h(k) + 1 A g(h(k)) E {0,1,4}.  Since
(b3bh) implies h’(k) > j, there are two cases:

If h(k) = j, then g(j) E {0,1,4}  A Z(j) E (5,. . ., 12). It follows form (lg) that g(j) = 4.
if4
15-12-eq-15-8-or-19-12
if3

j-in-g4
ill-g14

ill-nth-h-k-eq-j

If h(k) > j, then by (b3b) g(j) = 4.
nth-k-lt-j-or-eq-j

lm-j-in-15-12
cond-111

j-in-15-12
k-not-in-110
lpll-then-ill-or-110

b3b-k-in-111
lm-b3b-i-eq-k-j-neq-k

b3b-i-eq-k-j-neq-k
b3b-i-eq-k

mrho-preserves-b3b

q  b3b
The corresponding Boyer-Moore event is

(prove-lemma mrho-preserves-b3b 0
(implies (and (molws n 1 g h)

(member i (nset n))
(member j (nset n>>
(member k (nset n>>
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
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(bla 1 i j>
(b3b 1 g h i j>
(b2a 1 i j>>

(b3b lp gp hp i j>>
((use (b3b-i-neq-k)  (b3b-i-eq-k))))

4. Remarks

The formalization of the Manna-Pnueli proof in the Boyer-Moore logic is fairly direct
modulo small details of quantifier manipulation. The informal outline was developed prior
to attempting to present the proof to the theorem prover. The resulting sequence of events
follows the informal plan quite closely. The main difficulties encountered were in discovering
the precise form of the lemmas and hints necessary for the theorem prover.

This experiment was carried out entirely in the basic quantifier free logic. Since many
of the quantifiers involved are bounded (for example (Vi E N,)) it is possible that a more
compact formalization could be obtained by using the bounded quantifier facilities of the
latest version of the theorem prover. A further experiment would be to use the full quantifier
extension of the prover developed by Kaufmann [3] to formalize and prove Ziveness properties
of the algorithm, such as “a process waiting at Z9 to enter the critical section Zru will
eventually do so”.
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6. Appendix-Listing of Events

This appendix contains a listing of the input to the Boyer-Moore prover. The page-
header is the event set name. Below is a list of the event-sets and a brief description of the
contents. Comments in the input are signaled by one or more ;s.

Common Events

com.ev Definitions and lemmas common to atomic and molecular cases-manipulation of
finite sets and arrays, flag invariants.

Atomic Case Events

defn.ev Definitions of transition relation and invariants.

basic.ev Properties of well-formed states are turned into rewrite rules. Several formulations
of the rho! lemma are proved for use in different circumstances. Basic properties of
the A-invariants are proved.

ws.ev Proof that transitions preserve the well-formedness invariant Ws.

lg.ev Proof that transitions preserve the flag invariant Lg.

aO.ev Proof that transitions preserve Ao.
al.ev Proof that transitions preserve Al.

a2.ev Proof that transitions preserve AZ.
a3.ev Proof that transitions preserve Aa.

Molecular Case Events

moldefn.ev Definitions of molecular transition relation and invariants.

molbasic.ev More properties of finite sets. Properties of well-formed states are turned into
rewrite rules. Several formulations of the molecular rho! lemma are proved for use in
different circumst antes.

mollg.ev Proof that molecular transitions preserve the flag invariant Lg.

bO.ev Proof that molecular transitions preserve B,“, Bob.

bl.ev Proof that molecular transitions preserve Bf, Bt, Bf, B-f.
b2.ev Proof that molecular transitions preserve B,“, B,b.

b3.ev Proof that molecular transitions preserve BT, Bi.
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:*sequence  and finite set utilities

::; The ith entry in 1.
(defn nth (1 i)

(if (listp 1)

(and (lg-at-n n 1 g)
(lg (sub1 n) 1 g))))

(disable lg)

(if (equal i 1) (car 1) (nth (cdr 1) (sub1 i))) **The set (l...n).,
(if (numberp 1)

(if (equal i 1) 1 F) F)))
(disable nth)

;;:update ith entry of 1 to be k
(defn move (1 i k)

(if (equal i 0) 1
(if (nlistp 1)

(if (equal i 1) k 1)
(if (equal i 1)

(cons k (cdr 1))
(cons (car 1)

(disable move)
(move (cdr 1) (sub1 i) k))))))

(defn at (1 i k)
(equal (nth 1 i) k))

(disable at)

(defn length (1)
(if (listp 1) (add1 (length (cdr 1))) (zero)))

(disable length)

:;: The nth entry in 1 is in the list i.
(defn union-at-n (1 n i)

(member (nth 1 n) i))
(disable union-at-n)

::;Any entry in 1 is in the list i.
(defn all-union (1 n i)

(if (zerop n) T
(and (union-at-n 1 n i)

(all-union 1 (sub1 n) i))))
(disable all-union)

::: There exists an entry in 1 which belongs to
:::the list i, moreover when exists, some such
:;; j is returned.
(defn exist-union (1 n i)

(if (zerop n) F
(if (union-at-n 1 n i) n

(exist-union 1 (sub1 n) i))))
(disable exist-union)

:;; n is in the intersection of 18-12 and g34.
(defn intersect-8-12-3-4-at-n (n 1 g)

(and (union-at-n 1 n '(8 9 10 11 12))
(union-at-n g n '(3 4))))

(disable intersect-8-12-3-4-at-n)

:;; There exists n in the intersection of 18-12 and g34
(defn exist-intersect-8-12-3-4 (n 1 g)

(if (zerop n) F
(if (intersect-8-12-3-4-at-n  n 1 g) n

(exist-intersect-E-12-3-4 (sub1 n) 1 g))))
(disable exist-intersect-8-12-3-4)

:*Flag invariant.

(defn lg-l-at-n (n 1 g)
(or (and (at 1 n 0) (at g n 0))

(and (at 1 n 1) (at g n 0))
(and (at 1 n 2) (at g n 0))
(and (at 1 n 3) (at g n 1))
(and (at 1 n 4) (at g n 1))))

(disable lg-l-at-n)

(defn lg-2-at-n (n 1 g)
(or (and (at 1 n 5) (at g n 3))

(and (at 1 n 6) (at g n 3))
(and (at 1 n 7) (at g n 2))
(and (at 1 n 8) (at g n 3))
(and (at 1 n 8) (at g n 2))))

(disable lg-2-at-n)

(defn lg-3-at-n (n 1 g)
(or (and (at 1 n 9) (at g n 4))

(and (at 1 n 10) (at g n 4))
(and (at 1 n 11) (at g n 4))
(and (at 1 n 12) (at g n 4))))

(disable lg-3-at-n)

(defn lg-at-n (n 1 g)
(and (lg-l-at-n n 1 g)

(lg-2-at-n n 1 g)
(lg-3-at-n n 1 g)))

(disable lg-at-n)

(defn lg (n 1 g)
(if (zerop n) T

(defn nset (n)
(if (zerop n) NIL

(cons n (nset (sub1 n)))))
(disable nset)

:;: n belongs to nset.
(prove-lemma n-in-nset (rewrite)

(implies (not (zerop n))
(member n (nset n)))

((enable nset)))

;::Any element in nset is a number.
(prove-lemma nset-number (rewrite)

(implies (member k (nset n))
(numberp k))

((enable nset)))

;;; If a nonzero  number plus one belongs to nset,
:::then so does the nonzero  number itself.
(prove-lemma addl-nset (rewrite)

(implies (and (not (zerop k))
(member (add1 k) (nset n)))

(member k (nset n)))
((enable nset)))

;::Any list has its length at least nonzero.
(prove-lemma list-ln (rewrite)

(implies (listp 1)
(not (equal (length 1) 0)))

((enable length)))

;;; (move 1 k i) is again a list if 1 is a list.
(prove-lemma move-is-list (rewrite)

(implies (listp 1)
(listp (move 1 k i)))

((enable move)))

(enable length)

:;; (move 1 k i) has i as its kth entry.
::: (enable length) is critical to prove this lemma.
(prove-lemma move-nth (rewrite)

(implies (and (listp 1)
(member k (nset (length 1))))

(equal (nth (move 1 k i) k) i))
((enable nth move nset)))

(prove-lemma zero-not-member-nset (rewrite)
(not (member 0 (nset n)))
((enable nset)))

;:; Lists 1 and (move 1 k i) have the same length.
(prove-lemma move-unchange-length (rewrite)

(implies (and (listp 1)
(member k (nset (length 1))))

(equal (length (move 1 k i)) (length 1)))
((enable move nset)))

:;; Lists 1 and (move 1 k i) have the same entries
:;; except kth one.
(prove-lemma move-unchange-other-than-nth (rewrite)

(implies (and (listp 1)
(member k (nset (length 1)))
(not (equal j k)))

(equal (nth (move 1 k i) j) (nth 1 j)))
((enable move nth nset)))

(prove-lemma member-ex-union (rewrite)
(implies (exist-union 1 n i)

(member (exist-union 1 n i) (nset n)))
((enable nset exist-union)))

::: (exist-union 1 n i) is a number.
(prove-lemma number-ex-union (rewrite)

(implies (exist-union 1 n i)
(numberp (exist-union 1 n i)))

((enable exist-union)))

;;: (exist-intersect-E-12-3-4 n 1 g) belongs to nset.
(prove-lemma member-intersect (rewrite)

(implies (exist-intersect-E-12-3-4 n 1 g)
(member (exist-intersect-E-12-3-4 n 1 g) (nset n)))

((enable nset exist-intersect-8-12-3-4
intersect-8-12-3-4-at-n )))

::: (exist-intersect-E-12-3-4 n 1 g) is a number.
(prove-lemma number-intersect (rewrite)

(implies (exist-intersect-E-12-3-4 n 1 g)
(numberp (exist-intersect-E-12-3-4 n 1 g)))

((enable exist-intersect-8-12-3-4) ))

::: any member of nset is nonzero.
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(prove-lemma k-not-O (rewrite)
(implies (member k (nset n))

(not (zerop k)))
((enable nset)))

;*lemmas for a0

::; If j's entry in 1 is between 8..12 then
;;: (exist-union 1 n '(8 9 10 11 12)) holds.
(prove-lemma j-ex-18-12 (rewrite)

(implies (and (member j (nset n))
(union-at-n 1 j '(8 9 10 11 12)))

(exist-union 1 n '(8 9 10 11 12)))
((enable nset exist-union union-at-n at)))

:;;Witness  of (exist-union lp n '(8 9 10 11 12))
;;; has in lp its entry between 8...12.
(prove-lemma ex-lp8-12-in-lp8-12  (rewrite)

(implies (exist-union lp n '(8 9 10 11 12))
(union-at-n lp (exist-union lp n
'(8 9 10 11 12)) '(8 9 10 11 12)))

((enable exist-union union-at-n at)))

::; If (not (exist-union 1 n '(8 9 10 11 12)))
::;holds, then (not (exist-union g n '(4))) by lg.
(prove-lemma ex-if4 (rewrite)

(implies (and (not (exist-union 1 n '(8 9 10 11 12))
(lg n 1 g))

(not (exist-union g n '(4))))
((enable exist-union union-at-n lg

lg-at-n lg-2-at-n at)))

::: If (not (exist-union g n '(1))) holds,
;:; then there is no entry either 3 or 4.
(prove-lemma 134-empty (rewrite)

(implies (and (member j (nset n))
(lg n 1 g)
(not (exist-union g n ' (1))))

(not (union-at-n 1 j '(3 4))))
((enable at nset exist-union union-at-n lg

lg-at-n lg-l-at-n)))

::: If j's entry in lp is 4, then (certainly)
::;it is either 3 or 4.
(prove-lemma lp4-then-un34  (rewrite)

(implies (at lp j 4)
(union-at-n lp j ' (3 4)))

((enable union-at-n at)))

::: If (exist-intersect-E-12-3-4 n 1 g) holds,
:;; then so does (exist-union g n ' (3 4)).
(prove-lemma int-8-12-3-4-then-un34  (rewrite)

(implies (exist-intersect-E-12-3-4 n 1 g)
(exist-union g n '(3 4)))

((enable exist-intersect-8-12-3-4
intersect-8-12-3-4-at-n
union-at-n exist-union at)))

:*lemmas for al

::;i is the witness of
;;; (exist-intersect-E-12-3-4 n lp gp).
(prove-lemma int-wtn (rewrite)

(implies (and (member j (nset n))
(intersect-8-12-3-4-at-n  j lp gp))

(exist-intersect-E-12-3-4 n lp gp))
((enable nset exist-intersect-E-12-3-4)))

::: If there exists j such that j's entry in lp
;;:is between 8.. 12 and entry in gp is either 3 or 4
:::then (intersect-8-12-3-4-at-n  j lp gp) holds.
(prove-lemma un8-12-and-un34-then-int (rewrite)

(implies (and (union-at-n lp j '(8 9 10 11 12))
(union-at-n gp j '(3 4)))

(intersect-8-12-3-4-at-n  j lp gp))
((enable intersect-8-12-3-4-at-n)))

;:; By the two lemmas above,
::; (exist-intersect-E-12-3-4 n lp gp) holds provided
::: that there exists j such that j's entry in lp is
;;:between  8.. 12 and entry in gp is either 3 or 4.

:* ep-18-12

;;: If the k's entry in 1 is 5, then the k's entry
;;: in g is 3 by lg.
(prove-lemma lg-15-g3 (rewrite)

(implies (and (member k (nset n))
(lg n 1 g)
(at 1 k 5))

(at g k 3))
((enable lg lg-at-n lg-2-at-n nset at)))

::: If the k's entry in gp is 3 then certainly
:::it is either 3 or 4.
(prove-lemma gp3-then-un34  (rewrite)

(implies (at gp k 3)
(union-at-n gp k '(3 4)))

((enable union-at-n at)))

::: nep-18-12

;;: If the k's entry in 1 is between 8..12 then
;::it is either between 8..11 or equal to 12.
(prove-lemma case-k (rewrite)

(implies (and (union-at-n 1 k '(8 9 10 11 12))
(not (union-at-n 1 k ' (8 9 10 11))))

(at 1 k 12))
((enable union-at-n at)))

;:::;k-not-18-12

::: If (exist-intersect-E-12-3-4 n 1 g) holds
:;;then the witness has its entry in g either equal
;::to 3 or 4.
(prove-lemma intersect-8-12-3-4-then-3-4  (rewrite)

(implies (exist-intersect-E-12-3-4 n 1 g)
(union-at-n g
(exist-intersect-E-12-3-4 n 1 g) '(3 4)))

((enable exist-intersect-8-12-3-4
intersect-8-12-3-4-at-n
union-at-n at)))

::: If (exist-intersect-E-12-3-4 n 1 g) holds,
;;: then the witness has its entry in g between 8 and 12.
(prove-lemma intersect-8-12-3-4-then-E-12  (rewrite)

(implies (exist-intersect-E-12-3-4 n 1 g)
(union-at-n 1 (exist-intersect-E-12-3-4 n 1 g)
'(8 9 10 11 12)))

((enable exist-intersect-8-12-3-4
intersect-8-12-3-4-at-n
union-at-n at)))

:;;k-in-18-11

;:: If k's entry in lp is between 9 and 12,
;:: then it is certainly between 8 and 12.
(prove-lemma un9-12-then-un8-12  (rewrite)

(implies (union-at-n lp k '(9 10 11 12))
(union-at-n lp k '(8 9 10 11 12)))

((enable union-at-n at)))

:;: If the i's entry in 1 is between 9 and 12,
:;: then the k's entry in g is 4.
(prove-lemma if4 (rewrite)

(implies (and (member j (nset n))
(lg n 1 g)
(union-at-n 1 j '(9 10 11 12)))

(at g j 4))
((enable nset union-at-n at lg lg-at-n lg-3-at-n)))

:;;k-in-112

::: If (exist-union lp n '(8 9 10 11 12)) holds then
;;:its witness does not have its entry in lp equal to 1.
(prove-lemma ex-lp8-12-not-in-lp0  (rewrite)

(implies (exist-union lp n '(8 9 10 11 12))
(not (at lp (exist-union lp n ‘(8 9 10 11 12)) 0)))

((enable exist-union union-at-n at)))

::; If kDs entry in lp is between 8 and 12,
::: then it is either between 8 and 11 or 12.
(prove-lemma k-in-lp9-12-or-lp8 (rewrite)

(implies (and (union-at-n lp k '(8 9 10 11 12))
(not (union-at-n lp k '(9 10 11 12))))

(at 1~ k 8))
((enable union-at-n at)))

::; If the k's entry is either 5 or 7.
:::then it is between 5 and 7.
(prove-lemma un57-then-un5-12  (rewrite)

(implies (union-at-n 1 k '(5 7))
(union-at-n 1 k '(5 6 7 8 9 10 11 12)))

((enable union-at-n at)))

'*-If the k's entry in 1 is between 8 and 11,.P,
::;then it is between 5 and 12.
(prove-lemma un8-11-then-un5-12  (rewrite)

(implies (union-at-n 1 k '(8 9 10 11))
(union-at-n 1 k '(5 6 7 8 9 10 11 12)))

((enable union-at-n at)))

:;; If the k's entry in 1 is between 8 and 12,
:::then it is between 5 and 12.
(prove-lemma un8-12-then-un5-12  (rewrite)

(implies (union-at-n 1 k ' (8 9 10 11 12))
(union-at-n 1 k '(5 6 7 8 9 10 11 12)))

((enable union-at-n at)))

;*lenunas  for a2

:;;i-eq-k-j-neq-k

;;: If the k's entry in 1 is either 10 or 11,
;;:then the k's entry in 1 is between 10 and 12.
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(prove-lemma unlO-11-then-unlO-12 (rewrite)
(implies (union-at-n 1 k '(10 11))

(union-at-n 1 k '(10 11 12)))
((enable union-at-n at)))

::: If the j's entry in g is either 0 or 1 then
::: the j's entry in 1 is not between 5 and 12.
(prove-lemma if1 (rewrite)

(implies (and (member j (nset n))
(lg n 1 g)
(union-at-n g j '(0 1)))

(not (union-at-n 1 j
'(5 6 7 8 9 10 11 12))))

((enable nset union-at-n at lg lg-at-n
lg-l-at-n)))

;;:j-eq-k-i-neq-k

;;: If the k's entry in 1 is between 5 and 7.
::;then it is certainly between 5 and 12.
(prove-lemma unS-7-then-un5-11  (rewrite)

(implies (union-at-n 1 k '(5 6 7))
(union-at-n 1 k '(5 6 7 8 9 10 11)))

((enable union-at-n at nset)))

::; If the k's entry in lp is between 5 and 7 then
:;:it is certain between 5 and 11.
(prove-lemma un57-then-un5-11  (rewrite)

(implies (union-at-n 1 k '(5 7))
(union-at-n 1 k '(5 6 7 8 9 10 11)))

((enable union-at-n at)))

;:; If the k's entry in 1 is between 8 and 11,
:;; then it is certainly between 5 and 11.
(prove-lemma un8-11-then-un5-11  (rewrite)

(implies (union-at-n 1 k '(8 9 10 11))
(union-at-n 1 k '(5 6 7 8 9 10 11)))

((enable union-at-n at)))

::: If the k's entry in lp is between 5 and 12 and
;;; the k's entry in lp is between 5 and 7. then
;;: the k's entry in lp in fact is between 9 and 12.
(prove-lemma k-in-lp5-7-or-lp8-or-lp9-12 (rewrite)

(implies (and (union-at-n lp k '(5 6 7 8 9 10 11 12))
(not (union-at-n lp k '(5 6 7)))
(not (at lp k 8)))

(union-at-n lp k '(9 10 11 12)))
((enable union-at-n at)))

::; If the k's entry in 1 is between 5 and 11,
::: then it is certainly between 5 and 12.
(prove-lemma un5-11-then-un5-12  (rewrite)

(implies (union-at-n 1 k '(5 6 7 8 9 10 11))
(union-at-n 1 k '(5 6 7 8 9 10 11 12)))

((enable union-at-n at)))

;;; If the k’s entry in 1 is between 10 and 12,
::: then it is certainly between 8 and 12.
(prove-lemma unlO-12-then-un8-12  (rewrite)

(implies (union-at-n 1 i '(10 11 12))
(union-at-n 1 i '(8 9 10 11 12)))

((enable union-at-n at)))

:;; j-eq-k-i-neq-k

::: If (exist-union 1 n '(8 9 10 11 12)) does not hold,
:;; then the i's entry in 1 is not between 10 and 12.
(prove-lemma i-not-110-12 (rewrite)

(implies (and (member i (nset n))
(not (exist-union 1 n '(8 9 10 11 12))))

(not (union-at-n 1 i '(10 11 12))))
((enable exist-union union-at-n at nset)))

;*lenuuas  for a3

:::j-eq-k-i-neq-k

::; If the k's entry in 1 is between 5 and 11,
::: then the k's entry in 1 is between 9 and 11.
(prove-lemma un5-ll-eq-un58-or-un8-11  (rewrite)

(implies (and (union-at-n 1 k '(5 6 7 8 9 10 11))
(not (union-at-n 1 k '(5 6 7 8))))

(union-at-n 1 k '(9 10 11)))
((enable union-at-n at)))

;:: If the k's entry in g is 4,
;:; then the k's entry in 1 is between 5 and 8.
(prove-lemma a3-if4 (rewrite)

(implies (and (member k (nset n))
(lg n 1 g)
(at g k 4))

(not (union-at-n 1 k '(5 6 7 8))))
((enable nset union-at-n at lg lg-at-n lg-3-at-n)))

::: If the k's entry in 1 is between 5 and 11,
;:: and the k's entry in 1 is between 5 and 12,
;;; then the k's entry in 1 is 9 and 11.

(prove-lemma k-in-15-11-g4-then-19-11 (rewrite)
(implies (and (member k (nset n))

(lg n 1 g)
(union-at-n 1 k '(5 6 7 8 9 10 11))
(at g k 4))

(union-at-n 1 k '(9 10 11)))
((use (a3-if4))
(use (un5-11-eq-un58-or-un8-11))))

***If the i's entry in 1 is 12,, , ,
::; then the i's entry in 1 is between 8 and 12.
(prove-lemma 112-then-un8-12  (rewrite)

(implies (at 1 i 12)
(union-at-n 1 i '(8 9 10 11 12)))

((enable at union-at-n)))

***If (exist-union 1 nI # * '(8 9 10 11 12)) does not hold,
::;then the i's entry in 1 is 12.
(prove-lemma i-not-in-112 (rewrite)

(implies (and (member i (nset n))
(not (exist-union 1 n '(8 9 10 11 12))))

(not (at 1 i 12)))
((enable exist-union nset at union-at-n)))

:;; j-neq-k-i-eq-k

*..If the k's entry in 1 is 11,,*,
:;: then the k's entry in 1 is between 10 and 12.
(prove-lemma Ill-then-unlO-12  (rewrite)

(implies (at 1 k 11)
(union-at-n 1 k '(10 11 12)))

((enable union-at-n at)))

:;: If the j's entry in g is either 2 or 3,
:::then the j's entry in 1 is between 5 and 8 by lg.
(prove-lemma if3 (rewrite)

(implies (and (member j (nset n))
(lg n 1 g)
(not (union-at-n g j '(2 3))))

(not (union-at-n 1 j '(5 6 7 8))))
((enable union-at-n at nset lg lg-at-n lg-2-at-n)))

;:: If the j's entry in 1 is between 5 and 12 and
::;the j's entry in 1 is between 5 and 8, then
;;: the j's entry in 1 is 9 and 12.
(prove-lemma 15-12-eq-15-8-or-19-12  (rewrite)

(implies (and (union-at-n 1 j '(5 6 7 8 9 10 11 12))
(not (union-at-n 1 j '(5 6 7 8))))

(union-at-n 1 j '(9 10 11 12)))
((enable union-at-n at)))

;:: i-j-eq-k

::: If the k's entry in lp is 12,
:;: then it is certainly between 5 and 12.
(prove-lemma 112-then-un9-12  (rewrite)

(implies (at lp k 12)
(union-at-n lp k '(9 10 11 12)))

((enable union-at-n at)))

:*lemmas for bla

:;: If the u's entry in g is 4,
:;; then the u's entry in 1 is between 8 and 12 by lg.
(prove-lemma bla-if4 (rewrite)

(implies (and (member u (nset n))
(lg n 1 g)
(at g u 4))

(union-at-n 1 u '(8 9 10 11 12)))
((enable nset union-at-n at lg lg-at-n

lg-3-at-n)))

;*lemmas for blb

::: If the k's entry in lp is between 9 and 12,
::: then the k's entry in gp is iether 3 or 4 by lg.
(prove-lemma lp9-12-then-k-in-g34  (rewrite)

(implies (and (member k (nset n))
(union-at-n lp k ' (9 10 11 12))
(lg n lp gp))

(union-at-n gp k '(3 4)))
((enable nset at union-at-n lg lg-at-n

lg-3-at-n)))

:;: If the k's entry in lp is between 8 and 12, and
:::it is not 8. then it is certainly between 9 and 12.
(prove-lemma un8-12-then-18-or-19-12  (rewrite)

(implies (and (union-at-n lp k '(8 9 10 11 12))
(not (at lp k 8)))

(union-at-n lp k ' (9 10 11 12)))
((enable at union-at-n)))
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;;;Well-formed-state.
(defn ws (n 1 g)

(and (numberp n)
(listp 1)
(listp g)
(equal (length 1) n)
(equal (length g) n)
(all-union 1 n

'(0 1 2 3 4 5 6 7 8 9 10 11 12))
(all-union g n '(0 1 2 3 4))))

(disable us)

:::Transitions.

(defn rhoi (n i 1 g lp gp)
(and (at 1 i 0)

(equal gp g) (equal lp (move 1 i 1))))

(defn rhoila (n i 1 g lp gp)
(and (at 1 i 1)

(equal gp gl
(equal lp (move 1 i 2))))

(defn rhoilb (n i 1 g lp gp)
(and (at 1 i 1)

(equal 4 gp)
(equal lp 1)))

(defn rhoi (n i 1 g lp gp)
(and (at 1 i 2)

(equal lp (move 1 i 3))
(equal gp (move g i 1))))

(defn rhoi3a (n i 1 g lp gp)
(and (at 1 i 3)

(equal gp g)
(equal lp (move 1 i 4))
(not (exist-union g n '(3 4)))))

(defn rhoi3b (n i 1 g lp gp)
(and (at 1 i 3)

(equal gp g)
(equal lp 1)
(exist-union g n '(3 4))))

(defn rhoi (n i 1 g lp gp)
(and (at 1 i 4)

(equal gp (move g i 3))
(equal lp (move 1 i 5))))

(defn rhoi5a (n i 1 g lp gp)
(and (at 1 i 5)

(equal gp g)
(exist-union g n '(1))
(equal lp (move 1 i 6))))

(defn rhoi5b  (n i 1 g lp gp)
(and (at 1 i 5)

(equal gp g)
(not (exist-union g n '(1)))
(equal lp (move 1 i 8))))

(defn rhoi (n i 1 g lp gp)
(and (at 1 i 6)

(equal gp (move g i 2))
(equal lp (move 1 i 7) )))

(defn rhoi'la (n i 1 g lp gp)
(and (at 1 i 7)

(exist-union g n '(4))
(equal lp (move 1 i 8))
(equal gp g)))

(defn rhoi7b (n i 1 g lp gp)
(and (at 1 i 7)

(not (exist-union g n '(4)))
(equal lp 1)
(equal gp g)))

(defn rhoi (n i 1 g lp gp)
(and (at 1 i 8)

(equal gp (move g i 4))
(equal lp (move 1 i 9))))

(defn phi9 (i n g)
(if (or (nlistp g)

(not (numberp i))
(not (numberp n))) F

(if (equal n 0) T
(or (and (not (lessp n i))

(phi9 i (sub1 n) g))
(and (union-at-n g n '(0 1))

(phi9 i (sub1 n) g))))))

(disable phi9)

(defn rhoi9a (n i 1 g lp gp)
(and (at 1 i 9)

(equal gp g)
(phi9 i n g)
(equal lp (move 1 i 10))))

(defn rhoi9b (n i 1 g lp gp)
(and (at 1 i 9)

(equal gp g)
(not (phi9 i n g))
(equal lp 1)))

(defn rhoi (n i 1 g lp gp)
(and (at 1 i 10)

(equal lp (move 1 i 11))
(equal gp g)))

(defn phi11 (i n g)
(if (or (nlistp g)

(not (numberp i))
(not (numberp n))) F

(if (equal n 0) T
(or (and (not (lessp i n))

(phi11 i (sub1 n) g))
(and (not (union-at-n g n '(2 3)))

(phi11 i (sub1 n) g))))))

(disable phill)

(defn rhoilla (n i 1 g lp gp)
(and (at 1 i 11)

(equal gp g)
(phi.11 i n g)
(equal lp (move 1 i 12))))

(defn rhoillb (n i 1 g lp gp)
(and (at 1 i 11)

(equal gp g)
(not (phi11 i n g))
(equal lp 1)))

(defn rhoil2 (n i 1 g lp gp)
(and (at 1 i 12)

(equal gp (move g i 0))
(equal lp (move 1 i 0))))

::: The transition operates on i'th.
(defn rhoi (n i 1 g lp gp)

(or (rhoi n i 1 g lp gp)
(rhoila n i 1 g lp gp)
(rhoilb n i 1 g lp gp)
(rhoif n i 1 g lp gp)
(rhoi3a  n i 1 g lp gp)
(rhoi3b n i 1 g lp gp)
(rhoi n i 1 g lp gp)
(rhoi5a  n i 1 g lp gp)
(rhoi5b n i 1 g lp gp)
(rhoi n i 1 g lp gp)
(rhoi7a  n i 1 g lp gp)
(rhoi7b n i 1 g lp gp)
(rhoi n i 1 g lp gp)
(rhoi9a  n i 1 g lp gp)
(rhoi9b n i 1 g lp gp)
(rhoi n i 1 g lp gp)
(rhoilla n i 1 g lp gp)
(rhoillb n i 1 g lp gp)
(rhoil2  n i 1 g lp gp)))

(disable rhoi)

:;; Propositions
;;:a0

(defn a0 (n 1 k)
(implies (and (member k (nset n))

(exist-union 1 n '(8 9 10 11 12)))
(not (at 1 k 4))))

(disable a0)

:::a1

(defn al (n 1 g)
(implies (exist-union 1 n '(8 9 10 11 12))

(exist-intersect-E-12-3-4 n 1 g)))
(disable al)

;::: a2

(defn a2-at-nl-n2  (nl n2 1)
(if (union-at-n 1 nl '(10 11 12))

(not (union-at-n 1 n2
'(5 6 7 8 9 10 11 12))) T))

(disable a2-at-nl-n2)

(defn a2-at-n2 (nl n2 1)
(if (zerop n2) T

(if (not (lessp n2 nl))
(a2-at-n2 nl (sub1 n2) 1)
(and (a2-at-nl-n2 nl n2 1)

(a2-at-n2 nl (sub1 n2) 1)))))
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(disable a2-at-n2)

(defn a2 (nl n2 1)
(if (zerop nl) T

(and (a2-at-n2 nl n2 1)
la2 (sub1 nl) n2 1))))

(disable a2)

(defn a3-at-nl-n2  (nl n2 1 g)
(if (and (at 1 nl 12)

(union-at-n 1 n2
'(5 6 7 8 9 10 11 12)))

(at g n2 4) T))

(disable a3-at-nl-n2)

(defn a3-at-n2  (nl n2 1 g)
(if (zerop n2) T

(and (a3-at-nl-n2 nl n2 1 g)
(a3-at-n2 nl (sub1 n2) 1 g))))

(disable a3-at-n2)

(defn a3 (nl n2 1 g)
(if (zerop nl) T

(and (a3-at-n2 nl n2 1 g)
(a3 (sub1 nl) n2 1 g)))))

(disable a3)

2
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::: us implies that n is a number.
(prove-lemma us-num-n (rewrite)

(implies (us n 1 g)
(numberp n))

((enable us)))

;:: us implies that 1 is a list.
(prove-lemma us-list-l (rewrite)

(implies (us n 1 g)
(listp  1))

((enable us)))

::: us implies that g is a list.
(prove-lemma us-list-g(rewrite)

(implies (us n 1 g)
(listp g))

((enable us)))

::: us implies that length of 1 is n.
(prove-lemma us-ln-l(rewrite)

(implies (us n 1 g)
(equal (length 1) n))

((enable us)))

;:: us implies that length of g is n.
(prove-lemma us-ln-g(rewrite)

(implies (us n 1 g)
(equal (length g) n))

((enable us)))

;;: us and rho imply that lp is a list.
(prove-lemma us-ln-lp (rewrite)

(implies (and (us n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp))

(listp lp) 1
((enable us rhoi)))

::; us and rho imply that gp is a list.
(prove-lemma us-ln-gp  (rewrite)

(implies (and (us n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp))

(listp gp))
((enable us rhoi)))

::: us implies that n is nonzero.
(prove-lemma us-n-not-0 (rewrite)

(implies (us n 1 g)
(not (zerop n)))

((enable us)))

(prove-lemma n-not-O (rewrite)
(implies (us n 1 g)

(member n (nset n)))
((use (n-in-nset))
(use (us-n-not-o))))

:*the rho! lemmas

;::Auxiliary  lemma.
(prove-lemma lm-1-rholemma (rewrite)

(implies (and (listp 1)
(member j (nset (length 1)))
(member k (nset (length 1)))
(rhoi n k 1 g lp gp)
(not (equal k j)))

(equal (nth 1 j) (nth lp j)))
((enable rhoi)))

(disable lm-1-rholemma)

;;;Rholemma  for list 1.
(prove-lemma 1-rholemma (rewrite)

(implies (and (us n 1 g)
(member j (nset n))
(member k (nset n))
(rhoi n k 1 g lp gp)
(not (equal k j)))

(equal (nth 1 j) (nth lp j)))
((enable lm-1-rholemma)
(use (lm-1-rholemma))))

:::Auxiliary  lemma.
(prove-lemma lm-g-rholemma (rewrite)

(implies (and (listp g)
(member j (nset (length g)))
(member k (nset (length g)))
(rhoi n k 1 g lp gp)
(not (equal k j)))

(equal (nth g j) (nth gp j)))
((enable rhoi)))

(disable lm-g-rholemma)

::: Rholemma  for list g.
(prove-lemma g-rholemma (rewrite)

(implies (and (ws n 1 g)

(member j (nset n))
(member k (nset n))
(rhoi n k 1 g lp gp)
(not (equal k j) ) 1

(equal (nth g j) (nth gp j)))
((enable lm-g-rholemma)
(use (lm-g-rholemma))))

;:: lp-gp-same-l-g

;::Another  version of Rholemma  for 1.
;:: It applies to (union-at-n 1 j m) in
::; (nth 1 j).
(prove-lemma lp-same-l (rewrite)

(implies (and (us n 1 g)
(listp m)
(member j (nset n))
(member k (nset n))
(rhoi n k 1 g lp gp)
(not (equal j k))
(union-at-n 1 j m))

(union-at-n lp j m))
((enable union-at-n at)
(use (1-rholemma))))

:;;Contrast  to the one above,
::; the order of 1 and lp is reversed.
(prove-lemma 1-same-lp (rewrite)

(implies (and (us n 1 g)
(listp m)
(member j (nset n))
(member k (nset n))
(rhoi n k 1 g lp gp)
(not (equal j k))
(union-at-n lp j m))

(union-at-n 1 j m))
((enable union-at-n at)
(use (1-rholemma))))

stead of

(prove-lemma lp-same-l-not (rewrite)
(implies (and (us n 1 g)

(listp m)
(member j (nset n))
(member k (nset n))
(rhoi n k 1 g lp gp)
(not (equal j k))
(not (union-at-n 1 j m)))

(not (union-at-n lp j m)))
((use (l-same-lp))))

;:: Another version of Rholemma  for g.
(prove-lemma gp-same-g (rewrite)

(implies (and (us n 1 g)
(listp m)
(member j (nset n))
(member k (nset n))
(rhoi n k 1 g lp gp)
(not (equal j k))
(union-at-n g j m))

(union-at-n gp j m))
((enable union-at-n at)
(use (g-rholemma))))

:;; It applies to (at 1 j m) in stead of
::; (nth 1 j).
(prove-lemma 1-same-lp-at (rewrite)

(implies (and (us n 1 g)
(member j fnset n))
(member k (nset n))
(numberp m)
(rhoi n k 1 g lp gp)
(not (equal j k))
(at lp j m))

(at 1 j m))
((enable at)
(use (l-rholemma) 1))

(prove-lemma gp-same-g-at (rewrite)
(implies (and (us n 1 g)

(member j (nset n))
(member k (nset n))
(numberp m)
(rhoi n k 1 g lp gp)
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(not (equal j k))
(at g j m))

(at gp j m))
((enable at)
(use (g-rholemma))))

(prove-lemma 1-same-lp-at-not (rewrite)
(implies (and (us n 1 g)

(numberp m)
(member j (nset n))
(member k (nset n))
(rhoi n k 1 g lp gp)
(not (equal j k))
(not (at 1 j ml))

(not (at lp j rn)))
((use (l-same-lp-at))))

-*basic properties of a2,
::; Auxiliary lemma.
(prove-lemma lm-a2-at-n2-a2-at-nl-n2  (rewrite)

(implies (and (numberp n)
(numberp k)
(member j (nset n))
(lessp  j k)
(a2-at-n2 k n 1))

(a2-at-nl-n2 k j 1))
((enable nset a2-at-n2  a2-at-nl-n2)))

(disable lm-a2-at-n2-a2-at-nl-n2)

(prove-lemma a2-at-n2-a2-at-nl-n2  (rewrite)
(implies (and (we n 1 g)

(member k (nset n))
(member j (nset n))
(lessp j k)
(a2-at-n2 k n 1))

(a2-at-nl-n2 k j 1))
((enable lm-a2-at-n2-a2-at-nl-n2)
(use (lm-a2-at-n2-a2-at-nl-n2))))

(prove-lemma lm-a2-a2-at-n2  (rewrite)
(implies (and (numberp n)

(numberp i)
(member k (nset n))
(a2 n i 1))

(a2-at-n2 k i 1))
((enable nset a2)))

;::;:::a1 a2 and a3.

::: (a2 n n 1) and (a3 n n 1 g) are involved
;;;in double bounded quantifiers
;::\forall  i \leq n \forall j \leq n,
:::with their quantifier-free formulas
;:: (a3-at-nl-n2  i j 1 g) and (a2-at-nl-n2  i j 1)
::: respectively. What follows are all instances of
:::the following type: If (a3 n n 1 g) holds, then
;;; in particular, so its instance
***(a3-at-nl-n2  i j 1 g) does.I a #

:::The instances are i and j.
(prove-lemma a3-i-j-a3-at-nl-n2  (rewrite)

(implies (and (us n 1 g)
(member i (nset n))
(member j (nset n))
(a3 n n 1 g) 1

(a3-at-M-n2  i j 1 g))
((use (a3-a3-at-n2 (u i) (i n )))
(use (a3-at-n2-a3-at-nl-n2  (u i)))))

::;The instances are k and
;:: (exist-union lp n ' (8 9 10 11 12)).
(prove-lemma a3-ex-a3-at-nl-n2  (rewrite)

(implies (and (us n 1 g)
(member k (nset n))
(a3 n n 1 g)
(exist-union lp n '(8 9 10 11 12)))

(a3-at-nl-n2 k
(exist-union lp n ' (8 9 10 11 12)) 1 g))

((use (a3-a3-at-n2 (u k) (i n)))
(use (a3-at-n2-a3-at-nl-n2  (u k)

(j (exist-union lp n ‘(8 9 10 11 12)))))))

(prove-lemma a2-n-a2-at-n2  (rewrite)
(implies (and (us n 1 g)

(member k (nset n))
(a2 n n 1))

(a2-at-n2 k n 1))
((use (a2-a2-at-n2  (i n)))))

::: The instances are i and j.
(prove-lemma a2-i-j-a2-at-nl-n2  (rewrite)

(implies (and (us n 1 g)
(member i (nset n))
(member j (nset n))
(a2 n n 1)
(lessp j i))

(a2-at-nl-n2 i j 1))
((use (a2-a2-at-n2 (i n)))
(use (a2-at-n2-a2-at-M-n2  (k i)))))

(prove-lemma a2-a2-at-n2  (rewrite)
(implies (and (us n 1 g)

(member i (nset n))
(member k (nset n))
(a2 n i 1))

(a2-at-n2 k i 1))
((use (lm-a2-a2-at-n2))))

;*basic properties of a3

(prove-lemma lm-a3-at-n2-a3-at-nl-n2  (rewrite)
(implies (and (numberp n)

(numberp u)
(member j (nset n))
(a3-at-n2 u n 1 g))

(a3-at-nl-n2  u j 1 g))
((enable nset a3-at-n2  a3-at-nl-n2)))

(disable lm-a3-at-n2-a3-at-nl-n2)

(prove-lemma a3-at-n2-a3-at-nl-n2  (rewrite)
(implies (and (us n 1 g)

(member u (nset n))
(member j (nset n))
(a3-at-n2 u n 1 g))

(a3-at-nl-n2 u j 1 g))
((enable lm-a3-at-n2-a3-at-nl-n2)
(use (lm-a3-at-n2-a3-at-nl-n2))))

(prove-lemma lm-a3-a3-at-n2  (rewrite)
(implies (and (numberp n)

(numberp i)
(member u (nset n))
(a3 n i 1 g))

(a3-at-n2 u i 1 g))
((enable nset a3)))

( d i s a b l e  lm-a3-a3-at-n2)

(prove-lemma a3-a3-at-n2  (rewrite)
(implies (and (us n 1 g)

(member i (nset n))
(member u (nset n))
(a3 n i 1 4) 1

(a3-at-n2 u i 1 g))
((enable lm-a3-a3-at-n2)
(use (lm-a3-a3-at-n2))))

:::::;: Instances used in the proofs of
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(prove-lemma j-eq-k-move-member-g (rewrite)
(implies (and (listp g)

(listp m)
(member i m)
(member k (nset (length g))))

(member (nth (move g k i) k) m)))

(prove-lemma j-neq-k-move-member-g (rewrite)
(implies (and (listp g)

(listp m)
(member k (nset (length g)))
(not (equal j k))
(member i m)
(member (nth g j) m))

(member (nth (move g k i) j) m)))

(prove-lemma move-member-g (rewrite)
(implies (and (listp g)

(listp m)
(member i m)
(member k (nset (length g)))
(member (nth g j) m))

(member (nth (move g k i) j) m))
((use (j-neq-k-move-member-g) (j-eq-k-move-member-g))))

(prove-lemma move-member-l (rewrite)
(implies (and (listp 1)

(listp m)
(numberp j)
(member i m)
(member k (nset (length 1)))
(member (nth 1 j) m))

(member (nth (move 1 k i) j) m)))

(prove-lemma us-union-g (rewrite)
(implies (us n 1 g)

(all-union g n '(0 1 2 3 4)))
((enable us)))

(prove-lemma us-union-l (rewrite)
(implies (us n 1 g)

(all-union 1 n '(0 1 2 3 4 5 6 7 8 9 10 11 12)))
((enable us)))

(prove-lemma rhoO-preserves-union-g (rewrite)
(implies (and (us n 1 g)

(member k (nset n))
(rhoi. n k 1 g lp gp))

(all-union gp n '(0 1 2 3 4))))

(prove-lemma rhola-preserves-union-g (rewrite)
(implies (and (us n 1 g)

(member k (nset n))
(rhoila n k 1 g lp gp))

(all-union gp n '(0 1 2 3 4))))

(prove-lemma rholb-preserves-union-g (rewrite)
(implies (and (us n 1 g)

(member k (nset n))
(rhoilb n k 1 g lp gp))

(all-union gp n '(0 1 2 3 4))))

(prove-lemma lm-rho2-preserves-union-g (rewrite)
(implies (and (listp g)

(equal (length g) n)
(member k (nset n))
(all-union g j ' (0 1 2 3 4))
(rhoi n k 1 g lp gp))

(all-union gp j '(0 1 2 3 4)))
((enable nset all-union union-at-n at)))

(prove-lemma rho2-preserves-union-g (rewrite)
(implies (and (us n 1 g)

(member k (nset n))
(rhoi n k 1 g lp gp))

(all-union gp n '(0 1 2 3 4)))
((disable rhoi2)
(use (lm-rho2-preserves-union-g  (j n)))))

(prove-lemma rho3a-preserves-union-g (rewrite)
(implies (and (us n 1 g)

(member k (nset n))
(rhoi3a  n k 1 g lp gp))

(all-union gp n '(0 1 2 3 4))))

(prove-lemma rho3b-preserves-union-g (rewrite)
(implies (and (us n 1 g)

(member k (nset n))
(rhoi3b n k 1 g lp gp))

(all-union gp n '(0 1 2 3 4))))

(prove-lemma lm-rho4-preserves-union-g (rewrite)
(implies (and (listp g)

(equal (length g) n)
(member k (nset n))
(all-union g j '(0 1 2 3 4))
(r-hoi4  n k 1 g lp gp))

(all-union gp j '(0 1 2 3 4)))

((enable nset all-union union-at-n at)))

(prove-lemma rho4-preserves-union-g (rewrite)
(implies (and (us n 1 g)

(member k (nset n))
(rhoi n k 1 g lp gp))

(all-union gp n '(0 1 2 3 4)))
((disable rhoi4)
(use (lm-rho4-preserves-union-g  (j n)))))

(prove-lemma rhoSa-preserves-union-g (rewrite)
(implies (and (us n 1 g)

(member k (nset n))
(rhoi5a  n k 1 g lp gp))

(all-union gp n '(0 1 2 3 4))))

(prove-lemma rhoSb-preserves-union-g (rewrite)
(implies (and (us n 1 g)

(member k (nset n))
(rhoi5b n k 1 g lp gp))

(all-union gp n '(0 1 2 3 4))))

(prove-lemma lm-rho6-preserves-union-g (rewrite)
(implies (and (listp g)

(equal (length g) n)
(member k (nset n))
(all-union g j '(0 1 2 3 4))
(rhoi n k 1 g lp gp))

(all-union gp j '(0 1 2 3 4)))
((enable nset all-union union-at-n at)))

(prove-lemma rho6-preserves-union-g (rewrite)
(implies (and (us n 1 g)

(member k (nset n))
(rhoi n k 1 g lp gp))

(all-union gp n '(0 1 2 3 4)))
((disable rhoi6)
(use (lm-rho6-preserves-union-g  (j n)))))

(prove-lemma rho7a-preserves-union-g (rewrite)
(implies (and (us n 1 g)

(member k (nset n))
(rhoi7a  n k 1 g lp gp))

(all-union gp n '(0 1 2 3 4))))

(prove-lemma rho7b-preserves-union-g (rewrite)
(implies (and (us n 1 g)

(member k (nset n))
(rhoi'lb n k 1 g lp gp))

(all-union gp n '(0 1 2 3 4))))

(prove-lemma lm-rho8-preserves-union-g (rewrite)
(implies (and (listp g)

(equal (length g) n)
(member k (nset n))
(all-union g j '(0 1 2 3 4))
(rhoi n k 1 g lp gp))

(all-union gp j '(0 1 2 3 4)))
((enable nset all-union union-at-n at)))

(prove-lemma rho8-preserves-union-g (rewrite)
(implies (and (us n 1 g)

(member k (nset n))
(rhoi n k 1 g lp gp))

(all-union gp n '(0 1 2 3 4)))
((disable rhoi8)
(use (lm-rho8-preserves-union-g  (j n)))))

(prove-lemma rhoga-preserves-union-g (rewrite)
(implies (and (us n 1 g)

(member k (nset n))
(rhoi9a  n k 1 g lp gp))

(all-union gp n '(0 1 2 3 4))))

(prove-lemma rhogb-preserves-union-g (rewrite)
(implies (and (us n 1 g)

(member k (nset n))
(rhoi9b n k 1 g lp gp))

(all-union gp n '(0 1 2 3 4))))

(prove-lemma lm-rholO-preserves-union-g (rewrite)
(implies (and (listp g)

(equal (length g) n)
(member k (nset n))
(all-union g j '(0 1 2 3 4))
(rhoi n k 1 g lp gp))

(all-union gp j '(0 1 2 3 4)))
((enable nset all-union union-at-n at)))

(prove-lemma rholO-preserves-union-g (rewrite)
(implies (and (us n 1 g)

(member k (nset n))
(rhoi n k 1 g lp gp))

(all-union gp n '(0 1 2 3 4)))
((enable nset all-union union-at-n at)))

(prove-lemma rho1 la-preserves-union-g
(implies (and (us n 1 g)

(rewrite)
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(member k (nset n))
(rhoilla n k 1 g lp gp))

(all-union gp n '(0 1 2 3 4))))

(prove-lemma rhollb-preserves-union-g (rewrite)
(implies (and (us n 1 g)

(member k (nset n))
(rhoillb n k 1 g lp gp))

(all-union gp n '(0 1 2 3 4))))

(prove-lemma lm-rhol2-preserves-union-g (rewrite)
(implies (and (listp g)

(equal (length g) n)
(member k (nset n))
(all-union g j '(0 1 2 3 4))
(rhoil2 n k 1 g lp gp))

(all-union gp j '(0 1 2 3 4)))
((enable nset all-union union-at-n at)))

(prove-lemma rhol2-preserves-union-g (rewrite)
(implies (and (ws n 1 g)

(member k (nset n))
(rhoil2 n k 1 g lp gp))

(all-union gp n '(0 1 2 3 4)))
((disable rhoil2)
(use (lm-rhol2-preserves-union-g  (j n)))))

(prove-lemma rho-preserves-union-g (rewrite)
(implies (and (ws n 1 g)

(member k (nset n))
(rhoi n k 1 g lp gp))

(all-union gp n '(0 1 2 3 4)))
((disable rhoi rhoila rhoilb rhoi rhoi3a

rhoi3b rhoi rhoi5a rhoi5b rhoi
rhoi7a rhoi7b rhoi rhoi9a rhoi9b
rhoi rhoilla rhoillb rhoi12)

(enable rhoi) ))

(prove-lemma lm-rhoO-preserves-union-l  (rewrite)
(implies (and (listp 1)

(equal (length 1) n)
(member k (nset n))
(all-union 1 j ' ( 0 1 2 3 4 5 6 7
(rhoi n k 1 g lp gp))

(all-union lp j '(0 1 2 3 4 5 6 7 8 9 10 11
((enable nset all-union union-at-n at)))

8 9 10 11 12)) (prove-lemma lm-rho4-preserves-union-l (rewrite)
(implies (and (listp 1)

(equal (length 1) n)
(member k (nset n))
(all-union 1 j '(0 1 2 3 4 5 6 7 8 9 10 11 12))
(rhoi n k 1 g lp gp))

(all-union lp j '(0 1 2 3 4 5 6 7 8 9 10 11 12)))
((enable nset all-union union-at-n at)))

(prove-lemma rhoO-preserves-union-1  (rewrite)
(implies (and (ws n 1 g)

(member k (nset n))
(rhoi n k 1 g lp gp))

(all-union lp n ' (0 1 2 3 4 5 6 7 8 9 10 11
((disable rhoi0)
(use (lm-rhoO-preserves-union-l  (j n)))))

(prove-lemma rho4-preserves-union-1
(implies (and (ws n 1 g)

(rewrite)

(prove-lemma lm-rhola-preserves-union-l (rewrite)
(implies (and (listp 1)

(equal (length 1) n)
(member k (nset n))
(all-union 1 j ' ( 0 1 2 3 4 5 6 7 8 9
(rhoila n k 1 g lp gp))

(all-union lp j '(0 1 2 3 4 5 6 7 8 9 10 11
((enable nset all-union union-at-n at)))

12)))

12)))

10 11

12) 1)

12)))

(member k (nset n))
(rhoi n k 1 g lp gp))

(all-union lp n '(0 1 2 3 4 5 6 7 8 9 10 11 12)))
((disable rhoi4)
(use (lm-rho4-preserves-union-l  (j n)))))

(prove-lemma rhola-preserves-union-l (rewrite)
(implies (and (ws n 1 g)

(member k (nset n))
(rhoila n k 1 g lp gp))

(all-union lp n '(0 1 2 3 4 5 6 7 8 9 10 11
((disable rhoila)
(use (lm-rhola-preserves-union-l (j n)))))

12)) (prove-lemma lm-rho5a-preserves-union-l (rewrite)
(implies (and (listp 1)

(equal (length 1) n)
(member k (nset n))
(all-union 1 j '(0 1 2 3 4 5 6 7 8 9 10 11 12))
(rhoitia n k 1 g lp gp))

(all-union lp j '(0 1 2 3 4 5 6 7 8 9 10 11 12)))
((enable nset all-union union-at-n at)))

(prove-lemma lm-rholb-preserves-union-l (rewrite)
(implies (and (listp 1)

(equal (length 1) n)
(member k (nset n))

(prove-lemma rho5a-preserves-union-l  (rewrite)
(implies (and (us n 1 g)

(member k (nset n))
(rhoi5a  n k 1 g lp gp))

(all-union lp n '(0 1 2 3 4 5 6 7 8 9 10 11 12)))
((disable rhoi5a)
(use (lm-rhoSa-preserves-union-l  (j n)))))

(all-union 1 j '(0 1 2 3 4 5 6 7 8 9 10 11 12)) (prove-lemma lm-rho5b-preserves-union-l (rewrite)
(rhoilb n k 1 g lp gp)) (implies (and (listp 1)

(all-union lp j '(0 1 2 3 4 5 6 7 8 9 10 11 12))) (equal (length 1) n)
((enable nset all-union union-at-n at))) (member k (nset n))

(all-union 1 j '(0 1 2 3 4 5 6 7 8 9 10 11 12))
(prove-lemma rholb-preserves-union-l (rewrite) (rhoi5b n k 1 g lp gp))

(implies (and (ws n 1 g) (all-union lp j '(0 12 3 4 5 6 7 8 9 10 11 12)))
(member k (nset n)) ((enable nset all-union union-at-n at)))
(rhoilb n k 1 g lp gp))

(all-union lp n '(0 1 2 3 4 5 6 7 8 9 10 11 12))) (prove-lemma rho5b-preserves-union-l  (rewrite)
((disable rhoilb) (implies (and (ws n 1 g)
(use (lm-rholb-preserves-union-l (j n))))) (member k (nset n))

(rhoi5b n k 1 g lp gp))
(prove-lemma lm-rho2-preserves-union-l  (rewrite) (all-union lp n '(0 1 2 3 4 5 6 7 8 9 10 11 12)))

(implies (and (listp 1) ((disable rhoi5b)
(equal (length 1) n) (use (lm-rhoSb-preserves-union-l  (j n)))))
(member k (nset n))
(all-union 1 j '(0 1 2 3 4 5 6 7 8 9 10 11 12)) (prove-lemma lm-rho6-preserves-union-l (rewrite)
(rhoi n k 1 g lp gp)) (implies (and (listp 1)

(all-union lp j '(0 1 2 3 4 5 6 7 8 9 10 11 12))) (equal (length 1) n)
((enable nset all-union union-at-n at))) (member k (nset n))

(all-union 1 j '(0 1 2 3 4 5 6 7 8 9 10 11 12))

(prove-lemma rho2-preserves-union-1 (rewrite)
(implies (and (us n 1 g)

(member k (nset n))
(rhoi n k 1 g lp gp))

(all-union lp n '(0 1 2 3 4 5 6 7 8 9 10 11 12)))
((disable rhoi2)
(use (lm-rho2-preserves-union-l  (j n)))))

(prove-lemma lm-rho3a-preserves-union-l (rewrite)
(implies (and (listp 1)

(equal (length 1) n)
(member k (nset n))
(all-union 1 j '(0 1 2 3 4 5 6 7 8 9 10 11 12))
(rhoi3a  n k 1 g lp gp))

(all-union lp j '(0 1 2 3 4 5 6 7 8 9 10 11 12)))
((enable nset all-union union-at-n at)))

(prove-lemma rho3a-preserves-union-l (rewrite)
(implies (and (us n 1 g)

(member k (nset n))
(rhoi3a  n k 1 g lp gp))

(all-union lp n '(0 1 2 3 4 5 6 7 8 9 10 11 12)))
((disable rhoi3a)
(use (lm-rhol3apreserves-union-l  (j n)))))

(prove-lemma lm-rho3b-preserves-union-l (rewrite)
(implies (and (listp 1)

(equal (length 1) n)
(member k (nset n))
(all-union 1 j '(0 12 3 4 5 6 7 8 9 10 11
(rhoi3b n k 1 g lp gp))

(all-union lp j '(0 1 2 3 4 5 6 7 8 9 10 11 12)))
((enable nset all-union union-at-n at)))

(prove-lemma rho3b-preserves-union-l (rewrite)
(implies (and (us n 1 g)

(member k (nset n))
(rhoi3b n k 1 g lp gp))

(all-union lp n '(0 1 2 3 4 5 6 7 8 9 10 11 12)))
((disable rhoi3b)
(use (lm-rho3b-preserves-union-l  (j n)))))

2))
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(rhoi n k 1 g lp gp)) (implies (and (listp 1)
(all-union lp j '(0 1 2 3 4 5 6 7 8 9 10 11 12))) (equal (length 1) nj

((enable nset all-union union-at-n at))) (member k (nset nj)
(all-union 1 j '(0 1 2 3 4 5 6 7 8 9 10 11 12))

(prove-lemma rho6-preserves-union-1  (rewrite) (rhoi n k 1 g lp gp))
(implies (and (us n 1 g) (all-union lp j '(0 1 2 3 4 5 6 7 8 9 10 11 12)))

(member k (nset n)) ((enable nset all-union union-at-n at)))
(rho16 n k 1 g lp gp))

(all-union lp n '(0 1 2 3 4 5 6 7 8 9 10 11 12))) (prove-lemma rholO-preserves-union-l  (rewrite)
((disable rhoi6) (implies (and (us n 1 g)
(use (lm-rho6-preserves-union-l  (j n))))) (member k (nset nj)

(rhoi n k 1 g lp gp))
(prove-lemma lm-rho7a-preserves-union-l (rewrite) (all-union lp n '(0 1 2 3 4 5 6 7 8 9 10 11 12)))

(implies (and (listp 1) ((disable rhoil0)
(equal (length 1) nj (use (lm-rholO-preserves-union-l  (j njjj))
(member k (nset n))
(all-union 1 j '(0 1 2 3 4 5 6 7 8 9 10 11 12)) (prove-lemma lm-rholla-preserves-union-l (rewrite)
(rhoi'la n k 1 g lp gpj) (implies (and (listp 1)

(all-union lp j '(0 12 3 4 5 6 7 8 9 10 11 12))) (equal (length 1) n)
((enable nset all-union union-at-n at))) (member k (nset n))

(all-union 1 j '(0 1 2 3 4 5 6 7 8 9 10 11 12))
(prove-lemma rho7a-preserves-union-l  (rewrite) (rhoilla n k 1 g lp gpj)

(implies (and (us n 1 gj (all-union lp j '(0 1 2 3 4 5 6 7 8 9 10 11 12)))

10 1

(member k (nset njj ((enable nset all-union union-at-n at)))
(rhoi'la n k 1 g lp gpj)

(all-union lp n '(0 1 2 3 4 5 6 7 8 9 10 11 12))) (prove-lemma rholla-preserves-union-l (rewrite)
((disable rhoi'laj (implies (and (us n 1 gj
(use (lm-rho7a-preserves-union-l  (j nj)jjj (member k (nset njj

(rhoilla n k 1 g lp gp))
(prove-lemma lm-rho7b-preserves-union-l  (rewrite) (all-union lp n ' ( 0 1 2 3 4 5 6 7 8 9

(implies (and (listp 1) ((disable rhoilla)
(equal (length 1) nj (use (lm-rholla-preserves-union-l (j njj)))
(member k (nset n))
(all-union 1 j '(0 1 2 3 4 5 6 7 8 9 10 11 12)) (prove-lemma lm-rhollb-preserves-union-l (rewrite)
(rhoi'lb n k 1 g lp gpjj (implies (and (listp 1)

(all-union lp j '(0 1 2 3 4 5 6 7 8 9 10 11 12))) (equal (length 1) n)
((enable nset all-union union-at-n at))) (member k (nset nj)

1 12)))

(all-union 1 j '(0 1 2 3 4 5 6 7 8 9 10 11 12))
(prove-lemma rho7b-preserves-union-l  (rewrite) (rhoillb n k 1 g lp gp))

(implies (and (us n 1 g) (all-union lp j '(0 1 2 3 4 5 6 7 8 9 10 11 12)))
(member k (nset n)) ((enable nset all-union union-at-n at)))
(rhoi'lb n k 1 g lp gp))

(all-union lp n '(0 12 3 4 5 6 7 8 9 10 11 12))) (prove-lemma rhollb-preserves-union-l (rewrite)
((disable rhoi'lb) (implies (and (us n 1 g)
(use (lm-rho7b-preserves-union-l  (j n)))jj (member k (nset n))

(rhoillb n k 1 g lp gp))
(prove-lemma lm-rho8-preserves-union-l  (rewrite) (all-union lp n '(0 1 2 3 4 5 6 7 8 9 10 11 12)))

(implies (and (listp 1) ((disable rhoillbj
(equal (length 1) n) (use (lm-rhollb-preserves-union-l (j n)))))
(member k (nset njj
(all-union 1 j '(0 1 2 3 4 5 6 7 8 9 10 11 12)) (prove-lemma lm-rhol2-preserves-union-l  (rewrite)
(rhoi. n k 1 g lp gp)) (implies (and (listp 1)

(all-union lp j '(0 1 2 3 4 5 6 7 8 9 10 11 12))) (equal (length 1) nj
((enable nset all-union union-at-n at))) (member k (nset njj

(all-union 1 j '(0 1 2 3 4 5 6 7 8 9 10 11 12))
(prove-lemma rho8-preserves-union-1 (rewrite) (rhoil2  n k 1 g lp gp))

(implies (and (us n 1 gj (all-union lp j '(0 1 2 3 4 5 6 7 8 9 10 11 12)))
(member k (nset njj ((enable nset all-union union-at-n at)))
(rhoi n k 1 g lp gpjj

(all-union lp n '(0 1 2 3 4 5 6 7 8 9 10 11 12))) (prove-lemma rhol2-preserves-union-l  (rewrite)
((disable rhoi8) (implies (and (us n 1 gj
(use (lm-rho8-preserves-union-l  (j n))))) (member k (nset n))

(rhoil2  n k 1 g lp gpjj
(prove-lemma lm-rhoga-preserves-union-l  (rewrite) (all-union lp n '(0 1 2 3 4 5 6 7 8 9 10 11 12)))

(implies (and (listp 1) ((disable rhoil2)
(equal (length 1) nj (use (lm-rhol2-preserves-union-l  (j nj))))
(member k (nset njj
(all-union 1 j '(0 1 2 3 4 5 6 7 8 9 10 11 12)) (prove-lemma rho-preserves-union-l (rewrite)
(rhoi9a n k 1 g lp gp)) (implies (and (us n 1 g)

(all-union lp j '(0 1 2 3 4 5 6 7 8 9 10 11 12))) (member k (nset nj)
((enable nset all-union union-at-n at))) (rhoi n k 1 g lp gp))

(all-union lp n '(0 1 2 3 4 5 6 7 8 9 10 11 12)))
(prove-lemma rhoga-preserves-union-l  (rewrite) ((disable rhoi rhoila rhoilb rhoi rhoi3a

(implies (and (us n 1 gj rhoi3b rhoi rhoi5a rhoi5b  rhoi
(member k (nset n)) rhoilla  rhoi'lb  rhoi rhoi9a rhoi9b
(rhoi9a n k 1 g lp gp)) rhoi rhoilla rhoillb rhoi.12)

(all-union lp n '(0 1 2 3 4 5 6 7 8 9 10 11 12))) (enable rhoijjj
((disable rhoi9aj
(use (lm-rhoga-preserves-union-l  (j njjj)) (prove-lemma lm-rho-preserves-ln-1 (rewrite)

(implies (and (listp 1)
(prove-lemma lm-rhogb-preserves-union-l  (rewrite) (equal (length 1) n)

(implies (and (listp 1) (member k (nset nj)
(equal (length 1) nj (rhoi n k 1 g 1~ gp))
(member k (nset n)) (equal (length lpj n))
(all-union 1 j '(0 1 2 3 4 5 6 7 8 9 10 11 12)) ((enable rhoi)))
(rhoi9b n k 1 g lp gp))

(all-union lp j '(0 12 3 4 5 6 7 8 9 10 11 12))) (prove-lemma rho-preserves-ln-1 (rewrite)
((enable nset all-union union-at-n at))) (implies (and (us n 1 g)

(member k (nset njj
(prove-lemma rhogb-preserves-union-l  (rewrite) (rhoi n k 1 g lp gpjj

(implies (and (us n 1 gj (equal (length lpj n))
(member k (nset nj) ((use (lm-rho-preserves-ln-1))))
(rhoi9b n k 1 g lp gp)j

(all-union lp n '(0 1 2 3 4 5 6 7 8 9 10 11 12))) (prove-lemma lm-rho-preserves-ln-g (rewrite)
((disable rhoi9b) (implies (and (listp g)
(use (lm-rhogb-preserves-union-l  (j njjj)) (equal (length gj n)

(member k (nset n)j
(prove-lemma lm-rholO-preserves-union-l  (rewrite) (rhoi n k 1 g lp gp) 1
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(length gp)  n))

(prove-lemma rho-preserves-ln-g (rewrite)
(implies (and (us n 1 gj

(member k (nset njj
(rhoi n k 1 g lp gpjj

(equal (length gpj njj
((use (lm-rho-preserves-ln-gjjjj

(prove-lemma lm-rho-preserves-us (rewrite)
(implies (and (numberp nj

(listp 1pj
(listp gpj
(equal (length lp) nj
(equal (length gpj nj
(all-union lp n '(0 1 2 3 4 5 6 7 8 9 10 11 12))
(all-union gp n '(0 1 2 3 4)))

(us n 1~ gpjj
((enable us)))

(prove-lemma rho-preserves-us (rewrite)
(implies (and (us n 1 gl

(member k (nset n))
(rhoi n k 1 g lp gpjj

(us n 1~ gpjj
((use (lm-rho-preserves-us))))

4
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;;:rhoiO
(prove-lemma n-neq-k-rhoi (rewrite)

(implies (and (listp 1)
(listp g)
(numberp n)
(member k (nset (length 1)))
(not (equal k n))
(at 1 k 0)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 1) g))
((enable at lg-at-n lg-l-at-n lg-2-at-n

lg-3-at-n)))

(disable n-neq-k-rhoi0)

(prove-lemma n-eq-k-rhoi (rewrite)
(implies (and (listp 1)

(listp g)
(member k (nset (length 1)))
(at 1 k 0)
(lg-at-n k 1 g))

(lq-at-n k (move 1 k 1) g))
((enable at lg-at-n lg-l-at-n lg-2-at-n

lg-3-at-n)))

(disable n-eq-k-rhoi0)

(prove-lemma lg-at-rhoi (rewrite)
(implies (and (listp 1)

(listp g)
(numberp n)
(member k (nset (length 1)))
(at 1 k 0)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 1) g))
((enable n-neq-k-rhoi n-eq-k-rhoi0)
(use (n-neq-k-rhoi0))
(use (n-eq-k-rhoi.0))))

(disable lg-at-rhoi0)

(prove-lemma lg-rhoi  (rewrite)
(implies (and (listp 1)

(listp g)
(member k (nset (length 1)))
(numberp n)
(at 1 k 0)
tlg n 1 g))

(lg n (move 1 k 1) g))
((enable lg-at-rhoi lq at)))

(disable lg-rhoi0)

(prove-lemma rhoiO-preserves-lg  (rewrite)
(implies (and (us n 1 g)

(member k (nset njj
(rhoi n k 1 g lp gp)
tlg n 1 g))

(1st n lp gp))
((enable lg-rhoi0)))

;;;rhoila
(prove-lemma n-neq-k-rhoila (rewrite)

(implies (and (listp 1)
(listp g)
(numberp n)
(member k (nset (length 1)))
(not (equal k n))
(at 1 k 1)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 2) g))
((enable at lg-at-n lg-l-at-n lg-2-at-n

lg-3-at-n)))

(disable n-neq-k-rhoila)

(prove-lemma n-eq-k-rhoila (rewrite)
(implies (and (listp 1)

(listp g)
(member k (nset (length 1)))
(at 1 k 1)
(lg-at-n k 1 g))

(lg-at-n n (move 1 k 2) g))
((enable at lg-at-n lg-l-at-n lg-2-at-n

lg-3-at-n)))

(disable n-eq-k-rhoila)

(prove-lemma lg-at-rhoila (rewrite)
(implies (and (listp 1)

(listp g)
(numberp n)
(member k (nset (length 1)))
(at 1 k 1)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 2) g))
((enable n-neq-k-rhoila n-eq-k-rhoila)
(use (n-neq-k-rhoila))

(use (n-eq-k-rhoila))))

(disable lg-at-rhoila)

(prove-lemma lg-rhoila (rewrite)
(implies (and (listp 1)

tlistp g)
(member k (nset (length 1)))
(numberp n)
(at 1 k 1)
tlg n 1 g) 1

(lg n (move 1 k 2) g))
((enable lg-at-rhoila lg at)))

(disable lg-rhoila)

(prove-lemma rhoila-preserves-lg (rewrite)
(implies (and (us n 1 g)

(member k (nset n))
(rhoila n k 1 g lp gp)
(lg n 1 g))

(lg n lp gp))
((enable lg-rhoila)))

;;;rhoilb
(prove-lemma rhoilb-preserves-lg (rewrite)

(implies (and (us n 1 g)
(member k (nset n))
(rhoilb n k 1 g lp gp)
(lg n 1 g))

(lg n lp gp))
((enable rhoilb)))

:::rhoi2
(prove-lemma n-neq-k-rhoi (rewrite)

(implies (and (listp 1)
(listp g)
(numberp n)
(member k (nset (length 1) ))
(not (equal k n))
(at 1 k 2)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 3) (move g k 1)))
((enable at lg-at-n lg-l-at-n lg-2-at-n

lg-3-at-n)))

(disable n-neq-k-rhoi2)

(prove-lemma n-eq-k-rhoi (rewrite)
(implies (and (listp 1)

(1istP g)
(member k (nset (length 1)))
(at 1 k 2)
(lg-at-n k 1 g))

(lg-at-n n (move 1 k 3) (move g k 1) 1)
((enable at lg-at-n lg-l-at-n lg-2-at-n

lg-3-at-n)))

(disable n-eq-k-rhoi2)

(prove-lemma lg-at-rhoi (rewrite)
(implies (and (listp 1)

tlistp g)
(numberp n)
(member k (nset (length 1)))
(at 1 k 2)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 3) (move g k 11))
((enable n-neq-k-rhoi n-eq-k-rhoi2)
(use (n-neq-k-rhoi2))
(use (n-eq-k-rhoi2))))

(disable lg-at-rhoi2)

(prove-lemma lg-rhoi (rewrite)
(implies (and (listp 1)

(listp g)
(member k (nset (length 1)))
(numberp n)
(at 1 k 2)
(lg n 1 g))

(lg n (move 1 k 3) (move g k 1)))
((enable lg-at-rhoi lg at)))

(disable lg-rhoi2)

(prove-lemma rhoi2-preserves-lg (rewrite)
(implies (and (us n 1 g)

(member k (nset n))
(rhoi n k 1 g lp gp)
(lg n 1 g))

tlg n lp gp))
((enable lg-rhoi2)))

:::rhoi3a
(prove-lemma n-neq-k-rhoi3a (rewrite)

(implies (and (listp 1)
(listp g)
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(numberp nj
(member k (nset (length 1)))
(not (equal k njj
(at 1 k 3)

(lq-at-n n 1 gjj
(lg-at-n n (move 1 k 4) gjj

((enable at lg-at-n lg-l-at-n lg-2-at-n
lg-3-at-n)))

(disable n-neq-k-rhoi3a)

(prove-lemma n-eq-k-rhoi3a (rewrite)
(implies (and (listp 1)

(listp gj
(member k (nset (length 1)))
(at 1 k 3)
(lg-at-n k 1 g))

(lg-at-n k (move 1 k 4) gj)
((enable at lg-at-n lg-l-at-n lg-2-at-n

lg-3-at-n)))

(disable n-eq-k-rhoi3a)

(prove-lemma lg-at-rhoi3a (rewrite)
(implies (and (listp 1)

(listp g)
(numberp nj
(member k (nset (length 1)))
(at 1 k 3)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 4) g))
((enable n-neq-k-rhoi3a n-eq-k-rhoi3a)
(use (n-neq-k-rhoi3a))
(use (n-eq-k-rhoi3a))))

(disable lg-at-rhoi3a)

(prove-lemma lg-rhoi3a  (rewrite)
(implies (and (listp 1)

(listp g)
(member k (nset (length 1)))
(numberp n)
(at 1 k 3)

(lg n 1 g))
(lg n (move 1 k 4) gj)

((enable lg-at-rhoi3a lg at)))

(disable lg-rhoi3a)

(prove-lemma rhoi3a-preserves-lg (rewrite)
(implies (and (us n 1 g)

(member k (nset n))
(rhoi3a  n k 1 g lp gp)
(lg n 1 g))

tlg n 1~ gp))
((enable lg-rhoi3a)))

:::rhoi3b
(prove-lemma rhoi3b-preserves-lg (rewrite)

(implies (and (us n 1 g)
(member k (nset n))
(rhoi3b n k 1 g lp gp)
tlg n 1 g))

(lg n 1~ gpjj
((enable rhoi3b)))

;;;rhoi4
(prove-lemma n-neq-k-rhoi (rewrite)

(implies (and (listp 1)
(listp gj
(numberp n)
(member k (nset (length 1)))
(not (equal k n))
(at 1 k 4)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 5) (move g k 3)))
((enable at lg-at-n lg-l-at-n lg-2-at-n

lg-3-at-n)))

(disable n-neq-k-rhoi4j

(prove-lemma n-eq-k-rhoi (rewrite)
(implies (and (listp 1)

(listp g)
(member k (nset (length 1)))
(at 1 k 4)
(lg-at-n k 1 g))

(lg-at-n n (move 1 k 5) (move g k 3)))
((enable at lg-at-n lq-l-at-n Lg-a-at-n

lg-3-at-n)))

(disable n-eq-k-rhoi4)

(prove-lemma lg-at-rhoi (rewrite)
(implies (and (listp 1)

(list-p  g)
(numberp nj
(member k (nset (length ljjj

2

(at 1 k 4)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 5) (move g k 3)))
((enable n-neq-k-rhoi n-eq-k-rhoil)
(use (n-neq-k-rhoi4jj
(use (n-eq-k-rhoi4jj))

(disable lg-at-rhoi4)

(prove-lemma lg-rhoi  (rewrite)
(implies (and (listp 1)

(listp  gj
(member k (nset (length 1)))
(numberp nj
(at 1 k 4)
(lg n 1 g))

tlg n (move 1 k 5) (move g k 3)))
((enable lg-at-rhoi lg at)))

(disable lg-rhoi4)

(prove-lemma rhoi4-preserves-lg (rewrite)
(implies (and (us n 1 g)

(member k (nset nj)
(rhoid n k 1 g lp gp)
(lg n 1 g))

(lg n lp gpjj
((enable lg-rhoi4jjj

:;;rhoi5a
(prove-lemma n-neq-k-rhoi5a (rewrite)

(implies (and (listp 1)
(listp gj
(numberp n)
(member k (nset (length 1)))
(not (equal k n))
(at 1 k 5)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 6) g))
((enable at lg-at-n lg-l-at-n lg-2-at-n

lg-3-at-n)))

(disable n-neq-k-rhoi5aj

(prove-lemma n-eq-k-rhoi5a (rewrite)
(implies (and (listp 1)

(listp g)
(member k (nset (length 1)))
(at 1 k 5)
(lg-at-n k 1 gjj

(lg-at-n k (move 1 k 6) g))
((enable at lg-at-n lg-l-at-n lg-2-at-n

lg-3-at-n)))

(disable n-eq-k-rhoi5aj

(prove-lemma lg-at-rhoi5a (rewrite)
(implies (and (listp 1)

(listp 4)
(numberp n)
(member k (nset (length 1)))
(at 1 k 5)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 6) g))
((enable n-neq-k-rhoi5a n-eq-k-rhoi5aj
(use (n-neq-k-rhoi5aj)
(use (n-eq-k-rhoi5a))))

(disable lg-at-rhoi5aj

(prove-lemma lg-rhoi5a  (rewrite)
(implies (and (listp 1)

(listp gj
(member k (nset (length 1)))
(numberp nj
(at 1 k 5)
(lg n 1 gj)

(lg n (move 1 k 6) gjj
((enable lg-at-rhoi5a lg at)))

(disable lg-rhoi5aj

(prove-Lemma rhoi5a-preserves-lg (rewrite)
(implies (and (us n 1 g)

(member k (nset n))
(rhoi5a n k 1 g lp gp)
(lg n 1 gjj

(lg n lp gpjj
((enable lg-rhoi5a)jj

:;:rhoi5b
(prove-lemma n-neq-k-rhoi5b (rewrite)

(implies (and (listp 1)
(listp gj
(numberp n)
(member k (nset (length 1)))
(not (equal k n))
(at 1 k 5)
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(lg-at-n n 1 gj)
(lg-at-n n (move 1 k 8) g))

((enable at lg-at-n lg-l-at-n lg-2-at-n
lg-a-at-n)))

(disable n-neq-k-rhoi5b)

(prove-lemma n-eq-k-rhoi5b (rewrite)
(implies (and (listp 1)

(listp 4)
(member k (nset (length 1)))
(at 1 k 5)
(lg-at-n k 1 g))

(lg-at-n k (move 1 k 8) g))
((enable at lg-at-n lg-l-at-n lq-2-at-n

lg-3-at-n)))

(disable n-eq-k-rhoi5bj

(Pr ove-lemma lg-at-rhoi5b (rewrite)
(implies (and (listp 1)

(listp g)
(numberp nj
(member k (nset (length 1)))
(at 1 k 5)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 8) g))
((enable n-neq-k-rhoi5b n-eq-k-rhoi5b)
(use (n-neq-k-rhoi5b))
(use (n-eq-k-rhoi5b))) j

(disable lg-at-rhoi5bj

(prove-lemma lg-rhoi5b  (rewrite)
(implies (and (listp 1)

(listp g)
(member k (nset (length 1)))
(numberp nj
(at 1 k 5)
tlg n 1 gl)

(lg n (move 1 k 8) g))
((enable lg-at-rhoi5b  lg at)))

(disable lg-rhoi5bj

(prove-lemma rhoi5b-preserves-lg (rewrite)
(implies (and (us n 1 g)

(member k (nset n))
(rhoi5b n k 1 g lp gpj
(lg n 1 g) I

tlg n 1~ gpjj
((enable lg-rhoi5b)))

:::rhoi6
(prove-lemma n-neq-k-rhoi (rewrite)

(implies (and (listp 1)
(listp g)
(numberp n)
(member k (nset (length 1)))
(not (equal k njj
(at 1 k 6)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 7) (move g k 2)))
((enable at lg-at-n lg-l-at-n lg-2-at-n

lg-3-at-n)))

(disable n-neq-k-rhoi6)

(prove-lemma n-eq-k-rhoi (rewrite)
(implies (and (listp 1)

(listp gj
(member k (nset (length 1)))
(at 1 k 6)
(lg-at-n k 1 g))

(lg-at-n n (move 1 k 7) (move g k 2)))
((enable at lg-at-n lg-l-at-n lg-2-at-n

lg-3-at-n)))

(disable n-eq-k-rhoi6j

(prove-lemma lg-at-rhoi (rewrite)
(implies (and (listp 1)

(listp Q)
(numberp n)
(member k (nset (length 1)))
(at 1 k 6)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 7) (move g k 2)))
((enable n-neq-k-rhoi n-eq-k-rhoi6)
(use (n-neq-k-rhoi6)j
(use (n-eq-k-rhoi6))))

(disable lg-at-rhoi6)

(prove-lemma lg-rhoi  (rewrite)
(implies (and (listp 1)

tlistp g)
(member k (nset (length 1)))

3

(numberp nj
(at 1 k 6)
tlg n 1 g))

(lg n (move 1 k 7) (move g k 2)))
((enable lg-at-rhoi lg at)))

(disable lg-rhoi6j

(prove-lemma rhoi6-preserves-lg  (rewrite)
(implies (and (us n 1 gj

(member k (nset nj)
(rhoi n k 1 g lp gp)
(lg n 1 gjj

tlg n lp gp) 1
((enable lg-rhoi6)))

:;:rhoi7a
(prove-lemma n-neq-k-rhoi7a (rewrite)

(implies (and (listp 1)
(listp gj
(numberp nj
(member k (nset (length 1)))
(not (equal k nj)
(at 1 k 7)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 8) g))
((enable at lg-at-n lg-l-at-n lg-2-at-n

lg-3-at-n)))

(disable n-neq-k-rhoi7a)

(prove-lemma n-eq-k-rhoi7a (rewrite)
(implies (and (listp 1)

(listp g)
(member k (nset (length 1)))
(at 1 k 7)
(lg-at-n k 1 gj)

(lg-at-n k (move 1 k 8) gjj
((enable at lg-at-n lg-l-at-n lg-2-at-n

lg-3-at-n)))

(disable n-eq-k-rhoi7a)

(prove-lemma lg-at-rhoi7a (rewrite)
(implies (and (listp 1)

(listp gj
(numberp nj
(member k (nset (length 1)))
(at 1 k 7)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 8) g))
((enable n-neq-k-rhoi7a n-eq-k-rhoi7a)
(use (n-neq-k-rhoi7a))
(use (n-eq-k-rhoi7aj)))

(disable lg-at-rhoi7a)

(prove-lemma lg-rhoi'la (rewrite)
(implies (and (listp 1)

(listp gj
(member k (nset (length 1)))
(numberp n)
(at 1 k 7)
(lg n 1 g))

(lg n (move 1 k 8) gj j
((enable lg-at-rhoi7a lg at)))

(disable lg-rhoi7a)

(prove-lemma rhoi7a-preserves-lg (rewrite)
(implies (and (us n 1 gj

(member k (nset n))
(rhoi7a  n k 1 g lp gpj
tlg n 1 g) 1

tlg n 1~ gp))
((enable lg-rhoi7a)))

:::rhoi7b
(prove-lemma rhoi7b-preserves-lg (rewrite)

(implies (and (us n 1 g)
(member k (nset n))
(rhoi7b n k 1 g lp gpj
tlg n 1 g))

tlg n 1~ gpj)
((enable rhoi7bj))

;;;rhoiE
(prove-lemma n-neq-k-rhoi (rewrite)

(implies (and (listp 1)
(listp g)
(numberp n)
(member k (nset (length 1)))
(not (equal k n))
(at 1 k 8)
(lg-at-n n 1 gj)

(lg-at-n n (move 1 k 9) (move g k 4)))
((enable at lg-at-n lg-l-at-n lg-2-at-n

lg-3-at-n)))
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(disable n-neq-k-rhoi8)

(prove-lemma n-eq-k-rhoi (rewrite)
(implies (and (listp 1)

(listp 4)
(member k (nset (length 1)))
(at 1 k 8)
(lg-at-n k 1 g))

(lg-at-n n (move 1 k 9) (move g k 4) ))
((enable at lg-at-n lg-l-at-n lg-2-at-n

lg-3-at-n)))

(disable n-eq-k-rhoi8)

(prove-lemma lg-at-rhoi (rewrite)
(implies (and (listp 1)

(listp  gj
(numberp n)
(member k (nset (length 1)))
(at 1 k 8)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 9) (move g k 4)))
((enable n-neq-k-rhoi n-eq-k-rhoi8)
(use (n-neq-k-rhoi8))
(use (n-eq-k-rhoi8))))

(disable lg-at-rhoi8)

(prove-lemma lg-rhoi  (rewrite)
(implies (and (listp 1)

(listp 4)
(member k (nset (length 1)))
(numberp n)
(at 1 k 8)
tlg n 1 g))

(lg n (move 1 k 9) (move g k 4)))
((enable lg-at-rhoi lg at)))

(disable lg-rhoi8)

(prove-lemma rhois-preserves-lg (rewrite)
(implies (and (us n 1 g)

(member k (nset n))
(rhoi n k 1 g lp gpj
(lg n 1 g)j

(lg n lp gpjj
((enable lg-rhoi8)))

;;;rhoi9a
(prove-lemma n-neq-k-rhoi9a (rewrite)

(implies (and (listp 1)
(1iSt.P g)
(numberp nj
(member k (nset (length 1)))
(not (equal k n))
(at 1 k 9)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 10) gjj
((enable at lg-at-n lg-l-at-n lg-2-at-n

lg-3-at-n)))

(disable n-neq-k-rhoi9aj

(prove-lemma n-eq-k-rhoi9a (rewrite)
(implies (and (listp 1)

(listp gj
(member k (nset (length 1)))
(at 1 k 9)
(lg-at-n k 1 gjj

(lg-at-n k (move 1 k 10) g))
((enable at lg-at-n lg-l-at-n lg-2-at-n

lg-3-at-n)))

(disable n-eq-k-rhoi9aj

(prove-lemma lg-at-rhoi9a  (rewrite)
(implies (and (listp 1)

(listp g)
(numberp n)
(member k (nset (length 1)))
(at 1 k 9)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 10) g))
((enable n-neq-k-rhoi9a n-eq-k-rhoi9a)
(use (n-neq-k-rhoi9a))
(use (n-eq-k-rhoi9a))))

(disable lg-at-rhoi9a)

(prove-lemma lg-rhoi9a  (rewrite)
(implies (and (listp 1)

(listp 4)
(member k (nset (length 1)))
(numberp n)
(at 1 k 9)
(lg n 1 g))

(lg n (move 1 k 10) g))

((enable lg-at-rhoi9a  lg at)))

(disable lg-rhoi9a)

(prove-lemma rhoiga-preserves-lg (rewrite)
(implies (and (us n 1 g)

(member k (nset n))
(rhoi9a n k 1 g lp gp)
(lg n 1 g))

tlg n 1~ gp))
((enable lg-rhoi9a)))

;;;rhoi9b
(prove-lemma rhoigb-preserves-lg (rewrite)

(implies (and (us n 1 g)
(member k (nset nj)
(rhoi9b n k 1 g lp gpj
(lg n 1 g))

tlg n lp gp) 1
((enable rhoi9b))j

;;;rhoilO
(prove-lemma n-neq-k-rhoi (rewrite)

(implies (and (listp 1)
(listp gj
(numberp nj
(member k (nset (length 1)))
(not (equal k n))
(at 1 k 10)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 11) gjj
((enable at lg-at-n lg-l-at-n lg-2-at-n

lg-3-at-n)))

(disable n-neq-k-rhoil0)

(prove-lemma n-eq-k-rhoi (rewrite)
(implies (and (listp 1)

(listp 4)
(member k (nset (length 1)))
(at 1 k 10)
(lg-at-n k 1 g))

(lg-at-n k (move 1 k 11) gjj
((enable at lg-at-n lg-l-at-n lg-2-at-n

lg-3-at-n)))

(disable n-eq-k-rhoil0)

(prove-lemma lg-at-rhoi  (rewrite)
(implies (and (listp 1)

(listp 4)
(numberp n)
(member k (nset (length 1)))
(at 1 k 10)
(lg-at-n n 1 gj)

(lg-at-n n (move 1 k 11) g))
((enable n-neq-k-rhoi n-eq-k-rhoil0)
(use (n-neq-k-rhoilO)j
(use (n-eq-k-rhoil0))))

(disable lg-at-rhoJ.10)

(prove-lemma lq-rhoi  (rewrite)
(implies (and (listp 1)

(listp g)
(member k (nset (length 1)))
(numberp n)
(at 1 k 10)
tlg n 1 g) 1

(lg n (move 1 k 11) gj)
((enable lg-at-rhoi  lg at)))

(disable lg-rhoil0)

(prove-lemma rhoilO-preserves-lg (rewrite)
(implies (and (us n 1 g)

(member k (nset n))
(rhoi n k 1 g lp gp)
(lg n 1 g)j

(lg n lp gp))
((enable lg-rhoil0)) j

;::rhoilla
(prove-lemma n-neq-k-rhoilla (rewrite)

(implies (and (listp lj
(listp g)
(numberp n)
(member k (nset (length ljj)
(not (equal k n))
(at 1 k 11)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 12) g))
((enable at lg-at-n lg-l-at-n lg-Z-at-n

lg-3-at-n)))

(disable n-neq-k-rhoillaj

(prove-lemma n-eq-k-rhoilla (rewrite)
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(implies

((enable

(and (listp 1)
(listp g)
(member k (nset (length 1)))
(at 1 k 11)
(lg-at-n k 1 g))

(lg-at-n k (move 1 k 12) g))
at lg-at-n lg-l-at-n lg-2-at-n
lg-3-at-n)))

(disable n-eq-k-rhoilla)

(prove-lemma lg-at-rhoilla (rewrite)
(implies (and (listp 1)

(listp g)
(numberp n)
(member k (nset (length 1)))
(at 1 k 11)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 12) g))
((enable n-neq-k-rhoilla n-eq-k-rhoilla)
(use (n-neq-k-rhoilla))
(use (n-eq-k-rhoilla))))

(disable lg-at-rhoilla)

(prove-lemma lg-rhoilla (rewrite)
(implies (and (listp 1)

(listp g)
(member k (nset (length 1)))
(numberp n)
(at 1 k 11)
(lg n 1 g))

(lg n (move 1 k 12) g))
((enable lg-at-rhoilla lg at)))

(disable lg-rhoilla)

(prove-lemma rhoilla-preserves-lg (rewrite)
(implies (and (ws n 1 g)

(member k (nset n))
(rhoilla n k 1 g lp gp)
(lg n 1 g))

(lg n 1~ gp))
((enable lg-rhoilla)))

;;:rhoillb
(prove-lemma rhoillb-preserves-lg (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoillb n k 1 g lp gp)
(lg n 1 g))

(lg n 1~ gp))
((enable rhoillb)))

;;:rhoilZ
(prove-lemma n-neq-k-rhoil2 (rewrite)

(implies (and (listp 1)
(listp g)
(numberp n)
(member k (nset (length 1)))
(not (equal k n))
(at 1 k 12)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 0) (move g k 0)))
((enable at lg-at-n lg-l-at-n lg-2-at-n

lg-Sat-n)))

(disable n-neq-k-rhoi.12)

(prove-lemma n-eq-k-rhoil2 (rewrite)
(implies (and (listp 1)

(listp  g)
(member k (nset (length 1)))
(at 1 k 12)
(lg-at-n k 1 g))

(lg-at-n n (move 1 k 0) (move g k 0)))
((enable at lg-at-n lg-l-at-n lg-2-at-n

lg-3-at-n)))

(disable n-eq-k-rhoi12)

(prove-lemma lg-at-rhoil2 (rewrite)
(implies (and (listp 1)

(listp g)
(numberp n)
(member k (nset (length 1)))
(at 1 k 12)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 0) (move g k 0)))
((enable n-neq-k-rhoil2 n-eq-k-rhoil2)
(use (n-neq-k-rhoi12))
(use (n-eq-k-rhoi12))))

(member k (nset (length 1)))
(numberp n)
(at 1 k 12)
(lg n 1 g))

(lg n (move 1 k 0) (move g k 0)))
((enable lg-at-rhoil2 lg at)))

(disable lg-rhoi.12)

(prove-lemma rhoil2-preserves-lg (rewrite)
(implies (and (ws n 1 g)

(member k (nset n))
(rhoil2 n k 1 g lp gp)
(lg n 1 g))

(lg n 1~ gp))
((enable lg-rhoil2)))

(prove-lemma rho-preserves-lg (rewrite)
(implies (and (ws n 1 g)

(member k (nset n))
(rhoi n k 1 g lp gp)
(lg n 1 g))

(lg n lp gp))
((disable rhoi rhoila rhoilb rhoi rhoi3a

rhoi3b rhoi rhoi5a rhoi5b rhoi.
rhoi7a rhoilb rhoi rhoi9a rhoi9b
rhoi rhoilla rhoillb rhoi12)

(enable rhoi)))

(disable rhoiO-preserves-lg)
(disable rhoila-preserves-lg)
(disable rhoilb-preserves-lg)
(disable rhoi2-preserves-lg)
(disable rhoi3a-preserves-lg)
(disable rhoi3b-preserves-lg)
(disable rhoi4-preserves-lg)
(disable rhoiSa-preserves-lg)
(disable rhoiSb-preserves-lg)
(disable rhoi6-preserves-lg)
(disable rhoi7a-preserves-lg)
(disable rhoi7b-preserves-lg)
(disable rhois-preserves-lg)
(disable rhoiga-preserves-lg)
(disable rhoigb-preserves-lg)
(disable rhoilO-preserves-lg)
(disable rhoilla-preserves-lg)
(disable rhoillb-preserves-lg)
(disable rhoil2-preserves-lg)

(disable lg-at-rhoil2)

(prove-lemma lg-rhoil2 (rewrite)
(implies (and (listp 1)

(listp g)
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;:: (exist-union lp n '(8 9 10 11 12)) and (not (exist-union 1 n '(8 9 10 11 12)))
;:: (not (exist-union 1 n '(8 9 10 11 12))) (at 1 k 5))
:::implies  that k is the witness of
;::(exist-union  lp n '(8 9 10 11 12)). This

(not (exist-union g n '(1))))
((use (cond-rhoi5) (k-in-lp8-12))))

;;;proposition  would have been more natural
::; if we had been able to prove: ;:;Auxiliary  lemma for ex-cond-rhoi7.
;:: (prove-lemma exist-18-12 (rewrite) (prove-lemma cond-rhoi (rewrite)
::: (implies (and (ws n 1 g) (implies (and (ws n 1 g)
:;; (member k (nset n)) (member k (nset n))
:;; (rhoi n k 1 g lp gp) (rhoi n k 1 g lp gp)
;;: (exist-union lp n '(8 9 10 11 12)) (union-at-n lp k '(8 9 10 11 12))
;;; (not (exist-union 1 n '(8 9 10 11 12)))) (at 1 k 7))
::; (equal k (exist-union lp n '(8 9 10 11 12))))). (exist-union g n '(4)))
;:: However Bmp refused to rewrite equal clause. ((enable rhoi union-at-n at)))

(prove-lemma exist-18-12 (rewrite)
(implies (and (ws n 1 g)

(member k (nset n))
(rhoi n k 1 g lp gp)
(exist-union lp n '(8 9 10 11 12))
(not (equal k (exist-union

1~ n '(8 9 10 11 12)))))
(exist-union 1 n '(8 9 10 11 12)))

((use (j-ex-18-12 (j (exist-union lp n '(8 9 10 11 12)))))
(use (ex-lp8-12-in-lp8-12))))

::; If (exist-union lp n '(8 9 10 11 12)) and
:;; (not (exist-union 1 n '(8 9 10 11 12))) and
;;: the k's entry in 1 is 7, then
;;; (exist-union g n '(4)) holds.
(prove-lemma ex-cond-rhoi (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(exist-union lp n '(8 9 10 11 12))
(not (exist-union 1 n '(8 9 10 11 12)))
(at 1 k 7))

::: If (exist-union lp n '(8 9 10 11 12)) and
;:: (not (exist-union 1 n '(8 9 10 11 12)))) hold,
;;: then the k's entry of lp is between 8..12.
(prove-lemma k-in-lp8-12 (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(exist-union lp n '(8 9 10 11 12))
(not (exist-union 1 n '(8 9 10 11 12))))

(union-at-n lp k '(8 9 10 11 12)))
((disable member-ex-union)
(use (exist-18-12) (ex-lp8-12-in-lp8-12))))

(exist-union g n '(4)))
((use (cond-rhoi7) (k-in-lp8-12))))

;:: If k's entry in lp is between 8..12 and
;;; k's entry of 1 is not between 8..12,
;;: then k's entry of 1 is either 5 or 7.
(prove-lemma k-not-in-18-12-then-157 (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)

***If (exist-union lp n '(8 9 10 11 12)),,,
;:: and (not (exist-union 1 n '(8 9 10 11 12))).
:::then (not (exist-union g n '(1))) holds.
(prove-lemma 15-only-lp8  (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(not (exist-union 1 n '(8 9 10 11 12)))
(lg n 1 g)
(exist-union lp n ' (8 9 10 11 12)))

(not (exist-union g n '(1))))
((disable member-ex-union)
(use (exist-18-12) (ex-k-in-157) (ex-cond-rhoi5)

(ex-cond-rhoi7) (ex-if4))))

:;; If j is not equal to k and j's entry of 1
;::is neither 3 or 4, then j's entry of lp
:::is not 4.(union-at-n lp k '(8 9 10 11 12))

(not (union-at-n 1 k '(8 9 10 11 12))) (prove-lemma j-neq-k-j-not-in-lp4 (rewrite)
(not (at 1 k 7))) (implies (and (ws n 1 u)

(at 1 k 5))
((enable rhoi union-at-n at)))

(member j (nset n))
(member k (nset n))

;:; If k's entry in lp is between 8..12 and
;:: (not (exist-union 1 n '(8 9 10 11 12)))
;;; then k's entry of 1 is either 5 or 7.
(prove-lemma k-in-157 (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(union-at-n lp k ' (8 9 10
(not (exist-union 1 n '(8
(not (at 1 k 7)))

holds,

(rhoi n k 1 g lp gp)
(not (equal j k))
(not (union-at-n 1 j '(3 4))))

(not (at lp j 4)))
((use (lp4-then-un34))))

11 12))
9 10 11 12)))

;:: If k's entry of 1 is neither 3 or 4, then
;:: k's entry of lp is not 4.
(prove-lemma j-eq-k-j-not-in-lp4 (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(not (union-at-n 1 k '(3 4))))

(not (at lp k 4)))
((enable union-at-n rhoi at)))

(at 1 k 5))
((use (k-not-in-18-12-then-157))
(use (j-ex-18-12 (j k)))))

::: If (exist-union lp n '(8 9 10 11 12)) and
;;: (not (exist-union 1 n '(8 9 10 11 12))) hold,
;;;then the k's entry of 1 is between either 5 or 7.
(prove-lemma ex-k-in-157 (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(exist-union lp n '(8 9 10 11 12))
(not (exist-union 1 n '(8 9 10 11 12)))
(not (at 1 k 7)))

(at 1 k 5))
((use (k-in-157) (k-in-lp8-12))))

;;;Auxiliary  lemma for ex-cond-rhoi5.
(prove-lemma cond-rhoi (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(union-at-n lp k ' (8 9 10 11 12))
(at 1 k 5))

(not (exist-union g n '(1))))
((enable rhoi union-at-n at)))

;:: If (exist-union lp n '(8 9 10 11 12)) and
;;: (not (exist-union 1 n '(8 9 10 11 12))) and
:;: the k's entry in 1 is 5 then
;:: (not (exist-union g n '(1))) holds.
(prove-lemma ex-cond-rhoi (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(exist-union lp n ' (8 9 10 11 12))

:;; If j's entry of 1 is neither 3 or 4, then
;:: j's entry of lp is not 4.
(prove-lemma lp4-empty  (rewrite)

(implies (and (ws n 1 g)
(member j (nset n))
(member k (nset n))
(rhoi n k 1 g lp gp)
(not (union-at-n 1 j '(3 4))))

(not (at lp j 4)))
((use (j-neq-k-j-not-in-lp4))
(use (j-eq-k-j-not-in-lp4))))

::; If (not (exist-union 1 n '(8 9 10 11 12)))
::: and (exist-union lp n '(8 9 10 11 12))) hold,
;::then there is no entry 4 in 1.
(prove-lemma 18-112-empty  (rewrite)

(implies (and (ws n 1 g)
(member j (nset n))
(member k (nset n))
(rhoi n k 1 g lp gp)
(not (exist-union 1 n '(8 9 10 11 12)))
(lg n 1 g) 1

(a0 n lp j))
((enable a0)
(use (lpi-empty)  (134-empty)  (15-only-lp8))))

;:: If (exist-union g n ' (3 4)) holds and
::: the k's entry in 1 is not 4, then
::;the k's entry in lp is not 4 either.
::: (Doorway is locked.)
(prove-lemma dwy-lckd (rewrite)
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(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(exist-union g n '(3 4))
(not (at 1 k 4)))

(not (at lp k 4)))
((enable rhoi at)))

:;; If (exist-union 1 n '(8 9 10 11 12))
::; holds and j is equal to k, then
;;: j's entry in lp is not 4.
(prove-lemma j-eq-k-18-112-nonemp (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(exist-union 1 n '(8 9 10 11 12))
(a0 n 1 k)
(al n 1 g))

(a0 n lp k) 1
((enable a0 al)
(use (dwy-lckd)  (int-8-12-3-4-then-un34))))

;;; If (exist-union 1 n '(8 9 10 11 12))
:;; holds and j is not equal to k, then
:::the j's entry in lp is not 4.
(prove-lemma j-neq-k-18-112-nonemp (rewrite)

(implies (and (ws n 1 g)
(member j (nset n))
(member k (nset n))
(rhoi n k 1 g lp gp)
(not (equal j k))
(a0 n 1 j)
(exist-union 1 n '(8 9 10 11 12)))

(a0 n lp j))
((enable a0 at)))

;:: If (exist-union 1 n '(8 9 10 11 12))
;;: holds then there is no entry 4 in lp.
:;;The order of the use hints is critical.
::: Change the order and we fail.
(prove-lemma 18-112-nonemp  (rewrite)

(implies (and (ws n 1 g)
(member j (nset n))
(member k (nset n))
(rhoi n k 1 g lp gp)
(exist-union 1 n '(8 9 10 11 12))
(a0 n 1 j)
(al n 1 g))

(a0 n lp j))
((use (j-neq-k-18-112-nonemp))
(use (j-eq-k-18-112-nonemp))))

::; If (exist-union lp n '(8 9 10 11 12)))
:;;holds. then there is no entry 4 in lp.
(prove-lemma rho-preserves-a0 ()

(implies (and (ws n 1 g)
(member j (nset n))
(member k (nset n))
(r-hoi n k 1 g lp gp)
(lg n 1 g)
(a0 n 1 j)
(al n 1 g) 1

(a0 n lp j))
((use (18-112-nonemp) (18-112-empty))))

2
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:* ep-18-12

;;;Auxiliary  lemma for at-gp-rhoi
(prove-lemma gp-rhoi  (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(union-at-n lp k '(8
(at 1 k 5)
(at g k 3))

(at gp k 3))
((enable rhoi union-at-n at)))

9 10 11 12))

;;:If (not (exist-union 1 n '(8 9 10 11 12))).
:;; (exist-union lp n '(8 9 10 11 12)) and the k's
::;entry in 1 is 5 then the k's entry in gp is 3.
(prove-lemma ex-gp-rhoi (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(lg n 1 g)
(not (exist-union 1 n '(8 9 10 11 12)))
(exist-union lp n '(8 9 10 11 12))
(at 1 k 5))

(at gp k 3))
((use (gp-rhoi5)  (k-in-lp8-12) (lg-15-g3))))

:;; If (not (exist-union 1 n '(8 9 10 11 12)))
::: and (exist-union lp n '(8 9 10 11 12)) holds,
;;; then the k's entry is either 3 or 4.
(prove-lemma k-in-gp34 (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(lg n 1 4)
(not (exist-union 1 n '(8 9 10 11 12)))
(exist-union lp n ' (8 9 10 11 12)))

(union-at-n gp k '(3 4)))
((disable member-ex-union)
(use (gp3-then-un34) (exist-18-12) (k-in-157)

(ex-gp-rhoi5) (ex-cond-rhoi7) (ex-ifl))))

::: If (exist-union lp n '(8 9 10 11 12)) and
::: (not (exist-union 1 n '(8 9 10 11 12))) holds,
;::then so does (exist-intersect-E-12-3-4 n lp gp).
(prove-lemma lm-al-ep-18-12 (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(exist-union lp n ' (8 9 10 11 12))
(not (exist-union 1 n '(8 9 10 11 12)))
(lg n 1 g))

(exist-intersect-E-12-3-4 n lp gp))
((disable member-ex-union)
(use (exist-18-12))
(use (int-wtn (j k)))
(use (k-in-gp34) (ex-lp8-12-in-lp8-12))
(use (un8-12-and-un34-then-int  (j k)))))

:;; If (not (exist-union 1 n '(8 9 10 11 12))) holds,
:::then so does al.
(prove-lemma al-ep-18-12 (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(lg n 1 g)
(not (exist-union 1 n '(8 9 10 11 12))))

(al n lp gp) 1
((enable al)))

:* nep-18-12

::: If (exist-intersect-E-12-3-4 n 1 g) holds and
;;:k is not its witness then
::; (exist-intersect-E-12-3-4 n lp gp) holds.
(prove-lemma int-k-not-ex-int (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(not (equal k

(exist-intersect-E-12-3-4 n 1 g)))
(exist-intersect-E-12-3-4 n 1 g))

(exist-intersect-E-12-3-4 n lp gp))
((use (int-wtn (j (exist-intersect-E-12-3-4 n 1 g))))
(use (intersect-8-12-3-4-then-E-12))
(use (intersect-8-12-3-4-then-3-4))
(use (un8-12-and-un34-then-int

(j (exist-intersect-E-12-3-4 n 1 g))))))

::: If (exist-union 1 n '(8 9 10 11 12)) holds and
;;: k's enrty is not between 8 and 12 then
;;; (exist-intersect-E-12-3-4 n lp gp) holds.
::; j \neq k
(prove-lemma al-k-not-in-18-12-nep-18-12 (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(exist-union 1 n '(8 9 10 11 12))

(not (union-at-n 1 k '(8 9 10 11 12)))
(al n 1 g))

(exist-intersect-E-12-3-4 n lp gp))
((enable al)
(use (int-k-not-ex-int))
(use (intersect-8-12-3-4-then-E-12))))

** k-in-18-11,
::: If the k's entry in 1 is between 8 and 11,
;::then the k's entry in lp is between 9 and 12.
:;:We need rho-preserves-lg.
(prove-lemma 18-11-k-in-lp9-12  (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(union-at-n 1 k '(8 9 10 11)))

(union-at-n lp k '(9 10 11 12)))
((enable rhoi union-at-n at)))

;;; If the k's entry in 1 is between 8 and 11,
:::then the k's entry in lp is between 8 and 12
::: and the entry in gp is either 3 or 4.
::; 18-11-k-in-lp9-12, un9-12-then-un8-12  and
:;; rho-preserves-lg are used.
(prove-lemma lm-al-k-in-18-11-nep-18-12 (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(union-at-n 1 k ' (8 9 10 11))
(lg n 1 g))

(and (union-at-n lp k '(8 9 10 11 12))
(union-at-n gp k '(3 4))))

((use (if4 (j k) (1 1~) (g gp) ))
(use (lp4-then-un34  (lp gp)))))

:;; If (exist-union lp n ' (8 9 10 11 12)) holds,
::: and the k's entry in 1 is between 8 and 11 then
:;:(exist-intersect-E-12-3-4  n lp gp) holds.
;:: j \eq k and k \in 18-11
(prove-lemma al-k-in-18-11-nep-18-12 (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(lg n 1 g)
(exist-union lp n '(8 9 10 11 12))
(union-at-n 1 k '(8 9 10 11)))

(exist-intersect-E-12-3-4 n lp gp))
((use (un8-12-and-un34-then-int  (j k)))
(use (int-wtn (j k)))
(use (lm-al-k-in-18-ll-nep-18-12))))

;;; If the k's entry in 1 is 12 then the k's entry in 1 is 0.
(prove-lemma k-in-lp0 (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(at 1 k 12))

(at lp k 0))
((enable rhoi at)))

:;; If (exist-union lp n '(8 9 10 11 12)) holds
;;: and k's entry in 1 is 12, then k is not the
:;: witness of (exist-union lp n '(8 9 10 11 12)).
(prove-lemma k-not-ex-lp8-12 (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(exist-union lp n '(8 9 10 11 12))
(at 1 k 12))

(not (equal k
(exist-union lp n '(8 9 10 11 12)))))

((use (ex-lp8-12-not-in-lp0)  (k-in-lp0))))

:;: If the k's entry in lp is 8,
:;: then kSs entry in 1 is either 5 or
(prove-lemma lp8-k-in-157  (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(at lp k 8))

(union-at-n 1 k '(5 7)))
((enable rhoi union-at-n at) ))

;;; If the k's entry in lp is 8,
;;: then k's entry in 1 is between 5 and 12.
(prove-lemma k-in-lp8-then-15-12 (rewrite)

(implies (and (ws n 1 g)
(rhoi n k 1 g lp gp)
(member k (nset n))
(at lp k 8))

(union-at-n 1 k ‘(5 6 7 8 9 10 11 12)))
((use (un57-then-un5-12)  (lp8-k-in-157))))

::: If the k's entry in lp is between 9 and 12,
;;; then the k's entry in 1 is between 8 and 11.
(prove-lemma lp9-12-k-in-18-11  (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
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(rhoi n k 1 g lp gp)
(union-at-n lp k ' (9 10 11 12)))

(union-at-n 1 k '(8 9 10 11)))
((enable rhoi union-at-n at)))

;;: If the k's entry in lp is between 9 and 12,
:::then the k's entry in 1 is between 5 and 12.
(prove-lemma k-in-lp9-12-then-15-12 (rewrite)

(implies (and (ws n 1 g)
(rhoi n k 1 g lp gp)
(member k (nset n))
(union-at-n lp k '(9 10 11 12)))

(union-at-n 1 k '(5 6 7 8 9 10 11 12)))
((use (un8-11-then-un5-12))
(use (lp9-12-k-in-18-11))))

::: If the k's entry in lp is between 8 and 12,
:;; then the k's entry in 1 is between 5 and 12.
(prove-lemma k-in-15-12 (rewrite)

(implies (and (ws n 1 g)
(rhoi n k 1 g lp gp)
(member k (nset n))
(union-at-n lp k '(8 9 10 11 12)))

(union-at-n 1 k '(5 6 7 8 9 10 11 12)))
((use (k-in-lp9-12-or-lp8))
(use (k-in-lp9-12-then-15-12))
(use (k-in-lp8-then-15-12))))

::: If (exist-union lp n '(8 9 10 11 12)) holds
:::and k is not its witness, then the witness has
:;;its entry in 1 between 5 and 12.
::: ex-lp8-12-in-lp8-12, member-ex-union used.
(prove-lemma k-neq-ex-lp8-12-in-15-12 (rewrite)

(implies (and (ws n 1 g)
(rhoi n k 1 g lp gp)
(member k (nset n))
(exist-union lp n ' (8 9 10 11 12))
(not (equal k (exist-union lp

n '(8 9 10 11 12)))))
(union-at-n 1 (exist-union lp n
'(8 9 10 11 12)) '(5 6 7 8 9 10 11 12)))

((use (un8-12-then-un5-12
(j (exist-union lp n '(8 9 10 11 12)))))))

;:: If (exist-union lp n '(8 9 10 11 12)) holds and
:;; the witness has its entry in lp between 8 and 12,
::: then its entry in 1 is between 5 and 12.
:;: ex-lp8-12-in-lp8-12,  member-ex-union used.
(prove-lemma ex-lp8-12-then-15-12  (rewrite)

(implies (and (ws n 1 g)
(rhoi n k 1 g lp gp)
(member k (nset n))
(exist-union lp n '(8 9 10 11 12)))

(union-at-n 1 (exist-union lp n
'(8 9 10 11 12)) '(5 6 7 8 9 10 11 12)))

((use (k-neq-ex-lp8-12-in-15-12))
(use (k-in-15-12))))

::; If (exist-union lp n ' (8 9 10 11 12)) holds
;;:and k is not the witness of
;:: (exist-union lp n ' (8 9 10 11 12)). then
:;;the witness has its entry 4 in gp.
(prove-lemma ex-lp8-12-in-gp4  (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(at 1 k 12)
(a3-at-nl-n2 k (exist-union lp n

'(8 9 10 11 12)) 1 g)
(not (equal k (exist-union lp n

'(8 9 10 11 12))))
(exist-union lp n '(8 9 10 11 12)))

(at gp (exist-union lp n '(8 9 10 11 12)) 4))
((enable a3-at-nl-n2  at)
(use (ex-lp8-12-then-15-12))))

;:; If (exist-union lp n '(8 9 10 11 12)) holds and
;;; k's entry in 1 is 12 then the witness has its
::: entry in lp between 8 and 12 and in gp either 3 or 4.
(prove-lemma lm-al-k-in-112-nep-18-12 (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(exist-union lp n '(8 9 10 11 12))
(at 1 k 12)
(a3-at-nl-n2 k (exist-union lp n

'(8 9 10 11 12)) 1 g))
(union-at-n gp (exist-union lp n
'(8 9 10 11 12)) '(3 4)))

((use (k-not-ex-lp8-12) (ex-lp8-12-in-gp4))
(use (lp4-then-un34  (lp gp)

(j (exist-union lp n '(8 9 10 11 12)))))
(use (ex-lp8-12-in-lp8-12))))

::; If (exist-union lp n '(8 9 10 11 12)) holds
::: and k's entry in 1 is 12, then
;;; (exist-intersect-E-12-3-4 n lp gp) holds.
(prove-lemma al-k-in-112-nep-18-12 (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(exist-union lp n '(8 9 10 11 12))
(at 1 k 12)
(a3-at-nl-n2 k (exist-union lp n
'(8 9 10 11 12)) 1 g))

(exist-intersect-E-12-3-4 n lp gp))
((use (int-wtn

(j (exist-union lp n '(8 9 10 11 12)))))
(use (lm-al-k-in-112-nep-18-12))
(use (un8-12-and-un34-then-int

(j (exist-union lp n ‘(8 9 10 11 12)))))))

:::Auxiliary  lemma for al-nep-18-12.
;::We have an instance of a3 in the lemma.
(prove-lemma lml-al-nep-18-12 (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(lg n 1 g)
(al n 1 g)
(a3-at-nl-n2 k (exist-union lp n
'(8 9 10 11 12)) 1 g)
(exist-union lp n ' (8 9 10 11 12))
(exist-union 1 n ' (8 9 10 11 12)))

(exist-intersect-E-12-3-4 n lp gp))
((use (case-k))
(use (al-k-not-in-18-12-nep-18-12))
(use (al-k-in-18-11-nep-18-12))
(use (al-k-in-112-nep-18-12))))

(prove-lemma lm-al-nep-18-12 (rewrite)
(implies (and (ws n 1 g)

(member k (nset n))
(rhoi n k 1 g lp gp)
(lg n 1 g)
(al n 1 g)
(a3 n n 1 g)
(exist-union 1 n '(8 9 10 11 12))
(exist-union lp n '(8 9 10 11 12)))

(exist-intersect-E-12-3-4 n lp gp))
((use (lml-al-nep-18-12) (a3-ex-a3-at-nl-n2))))

::; If (exist-union lp n '(8 9 10 11 12)) and
;;: (exist-union 1 n '(8 9 10 11 12)) hold,
::: then so does (exist-intersect-E-12-3-4 n lp gp).
(prove-lemma al-nep-18-12 (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(lg n 1 8)
(al n 1 g)
(a3 n n 1 g)
(exist-union 1 n '(8 9 10 11 12)))

(al n lp gp))
((enable al)))

;:: If (exist-union lp n '(8 9 10 11 12)) holds,
::;then so does (exist-intersect-E-12-3-4 n lp
(prove-lemma rho-preserves-al ()

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(lg n 1 g)
(al n 1 g)
(a3 n n 1 g))

(al n lp gp))
((use (al-nep-18-12))
(use (al-ep-18-12))))
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:* i-eq-k-j-neq-k

:;: If the k's entry in lp is between 10 and 12
;;: and the k's entry in 1 is between 10 and 12,
::: then (phi9 k n g) holds.
(prove-lemma k-in-llO-11-or-phi9 (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(union-at-n lp k '(10 11 12))
(not (union-at-n 1 k '(10 11))))

(phi9 k n g))
((enable rhoi union-at-n at)))

:;; If j is less than k and (phi9 k n g) holds,
::; then the j's entry in g is either 0 or 1.
(prove-lemma phi9-j-in-g01  (rewrite)

(implies (and (member j (nset n))
(lessp j k)
(phi9 k n g))

(union-at-n g j '(0 1)))
((enable nset phi9)))

::: If j is less than k and (phi9 k n g) holds,
;;: then the j's entry in lp is not between 5 and 12.
::: lp-same-l-not is used.
(prove-lemma case-k-in-phi9 (rewrite)

(implies (and (ws n 1 g)
(member j (nset n))
(member k (nset n))
(rhoi n k 1 g lp gp)
(not (equal j k))
(lessp j k)
(lg n 1 g)
(phi9 k n g))

(not (union-at-n lp j
'(5 6 7 8 9 10 11 12))))

((use (phi9-j-in-g01) (ifl))))

:;; If j is not equal to k and the k's entry in 1 is
::;either 10 or 11, then the j's entry in lp is not
:;;between  5 and 12.
(prove-lemma case-k-in-110-11 (rewrite)

(implies (and (ws n 1 g)
(member j (nset n))
(member k (nset n))
(rhoi n k 1 g lp gp)
(a2-at-nl-n2 k j 1)
(not (equal j k))
(union-at-n 1 k '(10 11)))

(not (union-at-n lp j
'(5 6 7 8 9 10 11 12))))

((enable a2-at-nl-n2)
(use (unlO-11-then-unlO-12))))

:::Auxiliary  lemma for lm-i-eq-k-j-neq-k with
;;; (a2-at-nl-n2  k j 1).
(prove-lemma lml-i-eq-k-j-neq-k (rewrite)

(implies (and (ws n 1 g)
(member j (nset n))
(member k (nset n))
(rhoi n k 1 g lp gp)
(not (equal j k))
(lessp j k)
(lg n 1 g)
(a2-at-nl-n2 k j 1)
(union-at-n lp k '(10 11 12)))

(not (union-at-n lp j '(5 6 7 8 9 10 11 12))))
((use (k-in-llO-11-or-phi9))
(use (case-k-in-110-11))
(use (case-k-in-phi9))))

;:: If j is less then k and the k's entry in lp is
;::between  10 and 12, then the j's entry in lp is
;::not between 5 and 12.
(prove-lemma lm-i-eq-k-j-neq-k (rewrite)

(implies (and (ws n 1 g)
(member j (nset n))
(member k (nset n))
(rhoi n k 1 g lp gp)
(not (equal j k))
(lessp j k)
(lg n 1 g)
(a2-at-nl-n2 k j 1))

(a2-at-nl-n2 k j lp))
((enable a2-at-nl-n2)))

;;; If j is less than k,
;;; then (a2-at-nl-n2  k j lp) holds.
(prove-lemma i-eq-k-j-neq-k (rewrite)

(implies (and (ws n 1 g)
(member j (nset n))
(member k (nset n))
(rhoi n k 1 g lp gp)
(not (equal j k))
(lessp j k)
(lg n 1 g)
(a2 n n 1))

(a2-at-nl-n2 k j lp))
((use (lm-i-eq-k-j-neq-k))
(use (a2-i-j-a2-at-nl-n2  (i k)))))

:* j-eq-k-i-neq-k

:;; If the k's entry in 1 is not 4 and the k's entry in lp
:::is between 5 and 7, then the k's entry in 1 is
:::between 5 and 7.
(prove-lemma k-in-lp5-7-not-14-then-15-7(rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(not (at 1 k 4))
(union-at-n lp k '(5 6 7)))

(union-at-n 1 k '(5 6 7)))
((enable union-at-n at rhoi)))

::: If the k's entry in lp is between 5 and 7 then
:::the k's entry in 1 is certainly between 5 and 12.
(prove-lemma k-in-lp5-7-then-15-11 (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(not (at 1 k 4))
(union-at-n lp k '(5 6 7)))

(union-at-n 1 k ' (5 6 7 8 9 10 11)))
((use (k-in-lp5-7-not-14-then-15-7))
(use (un5-7-then-un5-11))))

::: If the k's entry in lp is 8,
::; then the k’s entry in 1 is between 5 and 11.
(prove-lemma k-in-lp8-then-15-11 (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(at IP k 8))

(union-at-n 1 k ' (5 6 7 8 9 10 11)))
((use (un57-then-un5-11)  (lp8-k-in-157))))

;:: If the k's entry in lp is between 9 and 12,
::: then the k's entry in 1 is between 5 and 12.
(prove-lemma k-in-lp9-12-then-15-11 (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(union-at-n lp k '(9 10 11 12)))

(union-at-n 1 k ' (5 6 7 8 9 10 11)))
((use (lp9-12-k-in-18-11)  (un8-11-then-unS-11))))

::: If the k's entry in 1 is not 4 an the k's entry in lp is
;;:between  5 and 12, then the k's entry in 1 is
;::between  5 and 11.
(prove-lemma k-in-15-11 (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(not (at 1 k 4))
(union-at-n lp k '(5 6 7 8 9 10 11 12)))

(union-at-n 1 k '(5 6 7 8 9 10 11)))
((use (k-in-lp5-7-or-lp8-or-lp9-12))
(use (k-in-lp8-then-15-11))
(use (k-in-lp5-7-then-15-11))
(use (k-in-lp9-12-then-15-11))))

::: If the k's entry in 1 is not 4, and the k's entry
;;:in lp is not between 5 and 12, then the k's entry
:::in lp is not between 5 and 12.
(prove-lemma k-not-in-14 (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(not (at 1 k 4))
(not (union-at-n 1 k '(5 6 7 8 9 10 11 12))))

(not (union-at-n lp k '(5 6 7 8 9 10 11 12))))
((use (un5-11-then-un5-12)  (k-in-15-11))))

;;;If a0 holds, and the k's entry in 1 is not
:::between  5 and 12, then the k's entry in lp is not
;;;between  5 and 12.
(prove-lemma k-not-in-lp5-12 (rewrite)

(implies (and (ws n 1 g)
(member i (nset n))
(member k (nset n))
(rhoi n k 1 g lp gp)
(a0 n 1 k)
(union-at-n 1 i ' (10 11 12))
(not (union-at-n 1 k '(5 6 7 8 9 10 11 12))))

(not (union-at-n lp k
'(5 6 7 8 9 10 11 12))))

((enable a0)
(use (unlO-12-then-un8-12)  (k-not-in-14))))

:::Auxiliary  lemma for lm-i-neq-k-j-eq-k.
:;: There is (a2-at-nl-n2 i k 1) in the lemma.
(prove-lemma lml-i-neq-k-j-eq-k (rewrite)

(implies (and (ws n 1 g)
(member i (nset n))
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((enable

(member k (nset n))
(rhoi n k 1 g lp gp)
(not (equal i k))
(lessp k i)
(a0 n 1 k)
(a2-at-nl-n2  i k 1)
(union-at-n lp i '(10 11 12)))

(not (union-at-n lp k
‘(5 6 7 8 9 10 11 12))))

a2-at-nl-n2)  (use (k-not-in-lp5-12))))

::; If k is less than i and the i's entry
:::between 10 and 12, then the k's entry
;;:between 5 and 12.
(prove-lemma lm-i-neq-k-j-eq-k (rewrite)

(implies (and (ws n 1 g)
(member i (nset n))
(member k (nset n))
(rhoi n k 1 g lp gp)
(not (equal i k))
(lessp k i)
(a0 n 1 k)
(a2-at-nl-n2 i k 1))

(a2-at-nl-n2 i k lp))
((enable a2-at-nl-n2)
(use (lml-i-neq-k-j-eq-k))))

in lp is
in lp is

::; If k is less than i then (a2-at-nl-n2 i k
(prove-lemma i-neq-k-j-eq-k (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(member i (nset n))
(rhoi n k 1 g lp gp)
(not (equal i k))
(lessp k i)
(a0 n 1 k)
(a2 n n 1))

(a2-at-nl-n2 i k lp))
((use (lm-i-neq-k-j-eq-k))
(use (a2-i-j-a2-at-nl-n2  (j k)))))

1P) holds.

.* i-j-neq-k,
::: If i and j are not equal to k and the i's entry in lp is
:::between  10 and 12, then the j's entry in lp is
;;;between  5 and 12.
(prove-lemma lm-i-j-neq-k (rewrite)

(implies (and (ws n 1 g)
(member i (nset n))
(member j (nset n))
(member k (nset n))
(rhoi n k 1 g lp gp)
(not (equal i k))
(not (equal j k))
(lessp j i)
(a2-at-nl-n2  i j 1))

(a2-at-nl-n2  i j lp))
((enable a2-at-nl-n2)))

::: If i and j are not equal to k,
;:: then (a2-at-nl-n2  i j lp) holds.
(prove-lemma i-j-neq-k (rewrite)

(implies (and (ws n 1 g)
(member i (nset n))
(member j (nset n))
(member k (nset n))
(rhoi n k 1 g lp gp)
(not (equal i k))
(not (equal j k))
(lessp j i)
(a2 n n 1))

(a2-at-nl-n2 i j lp))
((use (lm-i-j-neq-k))
(use (a2-i-j-a2-at-nl-n2))))

:;; If i is not equal to k and j is less than i,
;::then (a2-at-nl-n2  i j lp) holds.
;;:The order of the hints is crucial.
(prove-lemma i-neq-k (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(member i (nset n))
(member j (nset n))
(rhoi n k 1 g lp gp)
(not (equal i k))
(lessp  j i)
(a0 n 1 k)
(a2 n n 1))

(a2-at-nl-n2  i j lp))
((use (i-j-neq-k) (i-neq-k-j-eq-k))))

;;: If j is less than k then (a2-at-nl-n2 k j lp) holds.
(prove-lemma i-eq-k (rewrite)

(implies (and (ws n 1 g)
(member j (nset n))
(member k (nset n))
(rhoi n k 1 g lp gp)
(lessp j k)

(lg n 1 g)
(a2 n n 1))

(a2-at-nl-n2 k j 1~))
((use (i-eq-k-j-neq-k))))

::; If i is less than j then (a2-at-nl-n2 k j lp)
:::Again the order of the hints is crucial.
(prove-lemma rho-preserves-a2 ()

(implies (and (ws n 1 g)
(member k (nset n))
(member i (nset n))
(member j (nset n))
(rhoi n k 1 g lp gp)
(lessp j i)
(lg n 1 g)
(a0 n 1 k)
(a2 n n 1))

(a2-at-nl-n2 i j 1~))
((use (i-neq-k) (i-eq-k))))
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:* j-eq-k-i-neq-k

:;: If the i's entry in 1 is 12 and the k's entry in lp is
:::between  5 and 12 then the k's entry in 1 is between 9
;;;and 11.
(prove-lemma lm-k-in-19-11 (rewrite)

(implies (and (ws n 1 g)
(member i (nset n))
(member k (nset n))
(rhoi n k 1 g lp gp)
(lg n 1 g)
(a0 n 1 k)
(a3-at-nl-n2 i k 1 g)
(at 1 i 12)
(union-at-n 1 k '(5 6 7 8 9 10 11)))

(union-at-n 1 k '(9 10 11)))
((enable a3-at-nl-n2)
(use (un5-11-then-un5-12))
(use (k-in-15-11-g4-then-19-11))))

::: If i is not equal to k, the i's entry in 1 is 12,
::: and the k's entry in lp is between 5 and 12,
;:: then the k's entry in 1 is between 9 and 11.
(prove-lemma k-in-19-11 (rewrite)

(implies (and (WE n 1 g)
(member i (nset n))
(member k (nset n))
(rhoi n k 1 g lp gp)
(lg n 1 g)
(a0 n 1 k)
(a3-at-nl-n2 i k 1 g)
(at 1 i 12)
(union-at-n lp k '(5 6 7 8 9 10 11 12)))

(union-at-n 1 k '(9 10 11)))
((enable aO)
(use (lm-k-in-19-11) (112-then-un8-12)  (k-in-15-11))))

;:: If the k's entry in lp is between 9 and 11
:;: then the k#s entry in lp is between 9 and 12.
(prove-lemma k-in-lp9-12 (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(union-at-n 1 k '(9 10 11)))

(union-at-n lp k '(9 10 11 12)))
((enable union-at-n at rhoi)))

:;Auxiliary  lemma for lm-a3-i-neq-k-j-eq-k.
::: There is (a3-at-nl-n2 i k 1 g) in the lemma.
(prove-lemma lml-a3-i-neq-k-j-eq-k (rewrite)

(implies (and (ws n 1 g)
(member i Inset n))
(member k (nset n))
(rhoi n k 1 g lp gp)
(not (equal i k))
(lg n 1 g)
(lg n 1P gp)
(a0 n 1 k)
(a3-at-nl-n2 i k 1 g)
(at 1 i 12)
(union-at-n lp k '(5 6 7 8 9 10 11 12)))

(at gp k 4))
((disable rho-preserves-lg)
(use (k-in-19-11) (k-in-lp9-12))
(use (if4 Cj k) (1 lp) (g gp)))))

::: If i is not equal to k, the i's entry in lp is 12,
;;; and the k's entry in lp is between 5 and 12,
;::then the k's entry in gp is 4.
(prove-lemma lm-a3-i-neq-k-j-eq-k (rewrite)

(implies (and (ws n 1 g)
(member i (nset n))
(member k (nset n))
(rhoi n k 1 g lp gp)
(not (equal i k))
(lg n 1 g)
(a0 n 1 k)
(a3-at-nl-n2 i k 1 g))

(a3-at-nl-n2 i k lp gp))
((enable a3-at-nl-n2)
(use (lml-a3-i-neq-k-j-eq-k))))

::: If i is not equal to k,
;::then (a3-at-nl-n2  i k lp gp) holds.
;;; The order of the hypotheses is crucial.
(prove-lemma a3-i-neq-k-j-eq-k (rewrite)

(implies (and (ws n 1 g)
(member i (nset n))
(member k (nset n))
(rhoi n k 1 g lp gp)
(lg n 1 g)
(a0 n 1 k)
(a3 n n 1 g)
(not (equal i k)))

(a3-at-nl-n2 i k lp gp))
((use (lm-a3-i-neq-k-j-eq-k))
(use (a3-i-j-a3-at-nl-n2  (j k)))))

:* i-eq-k-j-neq-k

;;; If the k's entry in lp is 12 then (phi11 k n g) holds.
(prove-lemma cond-rhoill (rewrite)

(implies (and (ws n 1 g)
(member k (nset n))
(rhoi n k 1 g lp gp)
(at lp k 12))

(phi11 k n g))
((enable rhoi at)))

:;: If the k's entry in 1 is between 10 and 12,
;::the j's entry in 1 is between 5 and 12, and
:::(a2-at-n2  k n 1) holds, then k is less than j.
::: Because Bmp does not rewrite the clause
:;;(lessp  k j), we take its contrapositive.
(prove-lemma k-lt-j (rewrite)

(implies (and (member j (nset n))
(not (equal j k))
(union-at-n 1 k '(10 11 12))
(union-at-n 1 j ‘(5 6 7 8 9 10 11 12))
(not (lessp k j)))

(not (a2-at-n2 k n 1)))
((enable nset a2-at-n2  a2-at-nl-n2)))

;:: If k is less than j and (phi11 k n g) holds,
::; then the j's entry in g is either 2 or 3.
(prove-lemma phill-j-not-in-g23 (rewrite)

(implies (and (member j (nset n))
(lessp k j)
(phi11 k n g))

(not (union-at-n g j '(2 3))))
((enable nset phill)))

;:; If j is not equal to k, (a2-at-n2 k n 1). (phi11 k n g)
;;:the k's entry in 1 is between 10 and 12 and
::: the j's entry in 1 is between 5 and 12,
::; then the j's entry in g is either 2 or 3.
(prove-lemma lml-j-not-in-g23 (rewrite)

(implies (and (member j (nset n))
(not (equal j k))
(a2-at-n2 k n 1)
(phi11 k n g)
(union-at-n 1 k '(10 11 12))
(union-at-n 1 j ‘(5 6 7 8 9 10 11 12)))

(not (union-at-n g j '(2 3))))
((use (k-lt-j) (phill-j-not-in-g23))))

;:: If j is not equal to k, the k's entry in 1 is
;;:between 10 and 12, the k's entry in lp is 12 and
;:: the j's entry in 1 is between 5 and 12,
;;:then the j's entry in g is either 2 or 3.
(prove-lemma lm2-j-not-in-g23  (rewrite)

(implies (and (ws n 1 g)
(member j (met n))
(member k (nset n))
(rhoi n k 1 g lp gp)
(not (equal j k))
(a2-at-n2 k n 1)
(at lp k 12)
(at 1 k 11)
(union-at-n 1 j ‘(5 6 7 8 9 10 11 12)))

(not (union-at-n g j '(2 3))))
((use (cond-rhoill) (lml-j-not-in-g23)

(Ill-then-unlO-12))))

::: If j is not equal to k, the k's entry in lp is 12,
::: and the j's entry in 1 is between 5 and 12,
:::then the j's entry in g is either 2 or 3.
(prove-lemma j-not-in-g23 (rewrite)

(implies (and (ws n 1 g)
(member j (nset n))
(member k (nset n))
(rhoi n k 1 g lp gp)
(not (equal j k))
(a2 n n 1)
(at 1 k 11)
(at lp k 12)
(union-at-n 1 j '(5 6 7 8 9 10 11 12)))

(not (union-at-n g j '(2 3))))
((use (lm2-j-not-in-g23)  (a2-n-a2-at-n2))))

(prove-lemma j-in-g4 (rewrite)
(implies (and (member j (nset n))

(lg n 1 g)
(not (union-at-n g j '(2 3)))
(union-at-n 1 j '(5 6 7 8 9 10 11 12)))

(at g j 4))
((enable at)
(use (if4) (15-12-eq-15-8-or-19-12)  (if3))))

;;;un9-12-then-un8-12,  if3, j-not-in-g23,
:;;15-12-eq-15-8-or-19-12,  un8-12-then-un5-12.
;:; and j-in-g4 are used.
::; If j is not equal to k, the k's entry in lp is 12,
:;; the j's entry in 1 is between 5 and 12,
:;; then the j's entry in g is 4.
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(prove-lemma a3-j-in-15-12  (rewrite)
(implies (and (ws n 1 q)

(member j (nset n))
(member k (nset n))
(rhoi n k 1 q lp qp)
(not (equal j k))
(lq n 1 q)
(a2 n n 1)
(at 1 k 11)
(at lp k 12)
(union-at-n 1 j '(5 6 7 8 9 10 11 12)))

(at q j 4))
((use (j-not-in-q23) (j-in-q4))))

::; If the k's entry in lp is 12,
::: then the k's entry in 1 is 11.
(prove-lemma k-in-111 (rewrite)

(implies (and (ws n 1 q)
(member k (nset n))
(rhoi n k 1 q lp gp)
(at lp k 12))

(at 1 k 11))
((enable rhoi at)))

:;: If k is not equal to j and the j's entry in q is 4,
:::then the j's entry in qp is 4.
(prove-lemma lml-a3-i-eq-k-j-neq-k  (rewrite)

(implies (and (ws n 1 g)
(member j (nset n))
(member k (nset n))
(rhoi n k 1 g lp gp)
(not (equal j k))
(lg n 1 q)
(a2 n n 1)
(at lp k 12)
(union-at-n lp j '(5 6 7 8 9 10 11 12))

(at g j 4))
((use (a+j-in-15-12) (k-in-111))))

::; If j is not equal to k, the k's entry in lp is 12,
:::and the j's entry in lp is between 5 and 12,
;;: then the j's entry in gp is 4.
(prove-lemma lm-a3-i-eq-k-j-neq-k (rewrite)

(implies (and (ws n 1 q)
(member j (nset n))
(member k (nset n))
(rhoi n k 1 g lp qp)
(not (equal j k))
(lg n 1 q)
(a2 n n 1)
(a3-at-nl-n2 k j 1 g))

(a3-at-nl-n2 k j lp gp))
((enable a3-at-nl-n2)
(use (lml-a3-i-eq-k-j-neq-k))))

:;; If j is not equal to k then (a3-at-M-n2  k j lp qp).
(prove-lemma a3-i-eq-k-j-neq-k (rewrite)

(implies (and (ws n 1 g)
(member j (nset n))
(member k (nset n))
(rhoi n k 1 g lp qp)
(not (equal j k))
(lg n 1 g)
(a2 n n 1)
(a3 n n 1 q) 1

(a3-at-nl-n2 k j lp gp))
((use (a3-i-j-a3-at-nl-n2  (i k)))
(use (lm-a3-i-eq-k-j-neq-k))))

.* i-j-neq-k,

:;; If i,j are not equal to k, the i's entry in lp is 12
:::and the j's entry in lp between 5 and 12
:::then the j's entry in gp is 4.
(prove-lemma lm-a3-i-j-neq-k  (rewrite)

(implies (and (ws n 1 q)
(member i (nset n))
(member j (nset n))
(member k (nset n))
(rhoi n k 1 q lp gp)
(not (equal i k))
(not (equal j k))
(a3-at-nl-n2 i j 1 g))

(a3-at-U-n2  i j lp gp))
((enable a3-at-nl-n2)))

;;; If i,j are not equal to k.
;;;then (a3-at-nl-n2 i j lp qp).
(prove-lemma a3-i-j-neq-k (rewrite)

(implies (and (ws n 1 q)
(member i (nset n))
(member j (nset n))
(member k Inset n))
(rhoi n k 1 g lp gp)
(a3 n n 1 q)
(not (equal i k))
(not (equal j k)))

(a3-at-nl-n2 i j lp gp))

((use (lm-a3-i-j-neq-k))
(use (a3-i-j-a3-at-nl-n2))))

:* i-j-eq-k

(prove-lemma lm-a3-i-j-eq-k  (rewrite)
(implies (and (ws n 1 q)

(member k (nset n))
(rhoi n k 1 q lp qp)
(lg n 1 q)
(a2 n n 1)
(a3-at-nl-n2 k k 1 q))

(a3-at-nl-n2  k k lp gp))
((enable a3-at-nl-n2)
(use (if4 (j k) (1 lp) (q gp)))
(use (112-then-un9-12))))

:::(a3-at-nl-n2  k k lp gp) holds by lg.
(prove-lemma a3-i-j-eq-k (rewrite)

(implies (and (ws n 1 q)
(member k (nset n))
(rhoi n k 1 q lp gp)
(lg n 1 g)
(a2 n n 1)
(a3 n n 1 g))

(a3-at-nl-n2 k k lp gp))
((use (lm-a3-i-j-eq-k))
(use (a3-i-j-a3-at-nl-n2  (i k) (j k)))))

;;: (a3-at-nl-n2 k j lp gp) holds.
(prove-lemma a3-i-eq-k  (rewrite)

(implies (and (ws n 1 q)
(member j (nset n))
(member k (nset n))
(rhoi n k 1 g lp qp)
(lq n 1 q)
(a2 n n 1)
(a3 n n 1 g))

(a3-at-M-n2  k j lp gp))
((use (a3-i-eq-k-j-neq-k)  (a3-i-j-eq-k))))

;;; If i is not equal to k,
;;: then (a3-at-nl-n2 i j lp gp) holds.
(prove-lemma a3-i-neq-k  (rewrite)

(implies (and (ws n 1 q)
(member k (nset n))
(member i (nset n))
(member j (nset n))
(rhoi n k 1 g lp qp)
(lq n 1 q)
(a0 n 1 k)
(a2 n n 1)
(a3 n n 1 q)
(not (equal i k)))

(a3-at-nl-n2 i j lp qp))
((use (a3-i-j-neq-k) (a3-i-neq-k-j-eq-k))))

:;: (a3-at-nl-n2 i j lp qp) holds.
(prove-lemma rho-preserves-a3 ()

(implies (and (ws n 1 q)
(member k (nset n))
(member i (nset n))
(member j (nset n))
(rhoi n k 1 q lp gp)
(lq n 1 g)
(a0 n 1 k)
(a2 n n 1)
(a3 n n 1 g))

(a3-at-M-n2  i j lp qp))
((use (a3-i-neq-k) (a3-i-eq-k)) 1)
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:* Well-formed states

(defn molws (n 1 g h)
(and (numberp n)

(listp 1)
(listp q)
(listp h)
(equal (length 1) n)
(equal (length q) n)
(equal (length h) n)
(all-union 1 n ' ( 0 1 2 3 4 5 6 7 8 9 1 0 1
(all-union q n '(0 1 2 3 4))
(all-union h n (nset (add1 n)))))

(disable molws)

;* Transitions

(defn mrhoi0 (n i 1 q h lp qp hp)
(and (at 1 i 0)

(equal qp g)
(equal lp (move 1 i 1))
(equal hp h)))

(defn mrhoila (n i 1 q h lp gp hp)
(and (at 1 i 1)

(equal qp q)
(equal lp (move 1 i 2))
(equal hp h)))

(defn mrhoilb (n i 1 q h lp gp hp)
(and (at 1 i 1)

(equal gp q)
(equal lp 1)
(equal hp h)))

(defn mrhoi2 (n i 1 g h lp qp hp)
(and (at 1 i 2)

(equal lp (move 1 i 3))
(equal qp (move g i 1))
(equal hp (move h i 1))))

(defn mrhoi3a  (n i 1 g h lp qp hp)
(and (at 1 i 3)

(equal qp q)
(equal hp h)
(at h i (add1 n))
(equal lp (move 1 i 4))))

(defn mrhoi3b (n i 1 q h lp qp hp)
(and (at 1 i 3)

(equal qp q)
(equal lp 1)
(lessp (nth h i) (add1 n))
(equal hp (move h i (add1 (nth h i))))
(union-at-n q (nth h i) '(0 1 2))))

(defn mrhoi4 (n i 1 q h lp qp hp)
(and (at 1 i 4)

(equal gp (move g i 3))
(equal lp (move 1 i 5))
(equal hp (move h i 1))))

(defn mrhoi5a  (n i 1 q h lp qp hp)
(and (at 1 i 5)

(equal gp g)
(equal hp h)
(at h i (add1 n))
(equal lp (move 1 i 8))))

(defn mrhoi5b (n i 1 g h lp qp hp)
(and (at 1 i 5)

(equal gp g)
(equal hp h)
(lessp (nth h i) (add1 n))
(at q (nth h i) 1)
(equal lp (move 1 i 6))))

(defn mrhoi5c (n i 1 g h lp gp hp)
(and (at 1 i 5)

(equal gp q)
(equal lp 1)
(lessp (nth h i) (add1 n))
(not (at g (nth h i) 1))
(equal hp (move h i (add1 (nth h i))))))

(defn mrhoi6  (n i 1 g h lp qp hp)
(and (at 1 i 6)

(equal gp (move q i 2))
(equal lp (move 1 i 7))
(equal hp (move h i 1))))

(defn mrhoi7a  (n i 1 g h lp gp hp)
(and (at 1 i 7)

(equal lp (move 1 i 8))
(at q (nth h i) 4)
(equal gp q)
(equal hp h)))

(defn mrhoi'lb (n i 1 g h lp gp hp)

1 12)

(and (at 1 i 7)
(not (at g (nth h i) 4))
(equal lp 1)
(equal qp g)
(equal hp (move h i

(add1 (remainder (sub1 (nth h i)) n))))))

(defn mrhoi8 (n i 1 q h lp gp hp)
(and (at 1 i 8)

(equal gp (move q i 4))
(equal lp (move 1 i 9))
(equal hp (move h i 1))))

(defn mrhoi9a  (n i 1 g h lp gp hp)
(and (at 1 i 9)

(at h i i)
(equal lp (move 1 i 10))
(equal qp g)
(equal hp h)))

(defn mrhoi9b (n i 1 q h lp qp hp)
(and (at 1 i 9)

(lessp (nth h i) i)
(union-at-n g (nth h i) '(0 1))
(equal hp (move h i (add1 (nth h i))))
(equal qp q)
(equal lp 1)))

(defn mrhoil0  (n i 1 g h lp qp hp)
(and (at 1 i 10)

(equal lp (move 1 i 11))
(equal qp g)
(equal hp (move h i (add1 i)))))

(defn mrhoilla (n i 1 q h lp gp hp)
(and (at 1 i 11)

(at h i (add1 n))
(equal lp (move 1 i 12))
(equal qp q)
(equal hp h)))

(defn mrhoillb (n i 1 q h lp qp hp)
(and (at 1 i 11)

(lessp (nth h i) (add1 n))
(not (union-at-n g (nth h i) '(2 3)))
(equal hp (move h i (add1 (nth h i))))
(equal qp q)
(equal lp 1)))

(defn mrhoil2 (n i 1 q h lp qp hp)
(and (at 1 i 12)

(equal hp h)
(equal gp (move q i 0))
(equal lp (move 1 i 0))))

(defn mrhoi (n i 1 q h lp gp hp)
(or (mrhoi0  n i 1 q h lp gp hp)

(mrhoila n i 1 g h lp qp hp)
(mrhoilb n i 1 q h lp gp hp)
(mrhoi.2 n i 1 q h lp gp hp)
(mrhoi3a n i 1 q h lp qp hp)
(mrhoi3b n i 1 g h lp gp hp)
(mrhoi4 n i 1 g h lp gp hp)
(mrhoi5a n i 1 q h lp gp hp)
(mrhoi5b n i 1 g h lp qp hp)
(mrhoi5c n i 1 g h lp gp hp)
(mrhoi6 n i 1 q h lp qp hp)
(mrhoi'la  n i 1 q h lp gp hp)
(mrhoi7b n i 1 g h lp qp hp)
(mrhoi8  n i 1 q h lp gp hp)
(mrhoi9a n i 1 q h lp qp hp)
(mrhoi9b n i 1 q h lp qp hp)
(mrhoil0  n i 1 g h lp qp hp)
(mrhoilla n i 1 g h lp gp hp)
(mrhoillb n i 1 q h lp qp hp)
(mrhoil2  n i 1 q h lp qp hp)))

(disable mrhoi)

, Invariants.*
;;;bO
(defn boa (n 1 h i j)

(implies (and (at 1 i 5)
(lessp j (nth h i)))

(not (at 1 j 4))))
(disable boa)

(defn bob (n 1 h i j)
(implies (and (at 1 i 5)

(lessp j (nth h i.))
(at 1 j 3))

(not (lessp i (nth h j)))))
(disable bob)

;;;bl
(defn bla (1 i j)

(implies (union-at-n 1 i '(8 9 10 11 12))
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(not
(disable bla)

(at 1 j 4))))

(defn hint-8-12-3-4-at-n (n 1 q h j)
(and (intersect-8-12-3-4-at-n  n 1 q)

(not (lessp n (nth h j)))))

(disable hint-E-12-3-4-at-n)

(defn exist-hint-8-12-3-4 (n 1 q h j)
(if (zerop n) F

(if (hint-8-12-3-4-at-n  n 1 q h j) n
(exist-hint-8-12-3-4 (sub1 n) 1 q h j))))

(disable exist-hint-8-12-3-4)

(defn blb (n 1 g h i j)
(implies (and (union-at-n 1 i '(8 9 10 11 12))

(at 1 j 3))
(exist-hint-a-12-3-4 n 1 q h j)))

(disable blb)

(defn blc (n 1 q h i)
(implies (and (union-at-n 1 i '(8 9 10 11 12))

(not (union-at-n q i '(3 4))))
(and (member (nth h i) (nset n))

(at q (nth h i) 4))))
(disable blc)

(defn bld (n 1 h i)
(implies (at 1 i 7)

(member (nth h i) (nset n))))
(disable bid)

::;; b2
(defn b2a (1 i j)

(implies (and (lessp j i)
(union-at-n 1 i '(10 11 12)))

(not (union-at-n 1 j '(5 6 7 8 9 10 11 12)))))
(disable b2a)

(defn b2b (1 h i j)
(implies (and (lessp j i)

(at 1 i 9)
(lessp j (nth h i)))

(not (~lnion-at-n 1 j '(5 6 7 8 9 10 11 12)))))
(disable b2b)

::;b3
(defn b3a (1 g i j)

(implies (and (at 1 i 12)
(union-at-n 1 j '(5 6 7 8 9 10 11 12)))

(at q j 4)))
(disable b3a)

(defn b3b (1 q h i j)
(implies (and (at 1 i 11)

(lessp j (nth h i))
(union-at-n 1 j '(5 6 7 8 9 10 11 12)))

(at q j 4)))
(disable b3b)
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(prove-lemma hint-member (rewrite)
(implies (exist-hint-8-12-3-4 n 1 q h j)

(member (exist-hint-8-12-3-4 n 1 g h j) (nset n)))
((enable nset exist-hint-8-12-3-4 hint-8-12-3-4-at-n)))

(implies (and (molws n 1 q h)
(member k (nset n)))

(numberp (nth h k)))
((use (lm-nth-numberp (i (add1 n))))))

(prove-lemma n-not-less-j (rewrite)
(implies (lessp n j)

(not (member j (nset n))))
((enable nset)))

:;:molws implies that n is a number.
(prove-lemma molws-num-n (rewrite)

(implies (molws n 1 q h)
(numberp n))

((enable molws)))

;;;molws implies that 1 is a list.
(prove-lemma molws-list-l (rewrite)

(implies (molws n 1 q h)
(listp 1))

((enable molws)))

;;;molws implies that g is a list.
(prove-lemma molws-list-g(rewrite)

(implies (molws n 1 q h)
(listp  g))

((enable molws)))

;;;molws implies that h is a list.
(prove-lemma molws-list-h(rewrite)

(implies (molws n 1 q h)
(listp  h))

((enable molws)))

::: molws implies that length of 1 is n.
(prove-lemma molws-ln-l(rewrite)

(implies (molws n 1 g h)
(equal (length 1) n))

((enable molws)))

::;molws implies that length of q is n.
(prove-lemma molws-ln-q(rewrite)

(implies (molws n 1 g h)
(equal (length q) n))

((enable molws)))

;;;molws implies that length of h is n.
(prove-lemma molws-ln-h(rewrite)

(implies (molws n 1 q h)
(equal (length h) n))

((enable molws) ))

:;; molws and mrho imply that lp is a list.
(prove-lemma molws-ln-lp (rewrite)

(implies (and (molws n 1 g h)
(member k (nset n))
(mrhoi n k 1 q h lp qp hp))

(listp 1~))
((enable mrhoi)))

:::molws and mrho imply that gp is a list.
(prove-lemma molws-ln-qp (rewrite)

(implies (and (molws n 1 g h)
(member k (nset n))
(mrhoi n k 1 q h lp qp hp))

(listp gp))
((enable mrhoi)))

::; molws and mrho imply that hp is a list.
(prove-lemma molws-ln-hp (rewrite)

(implies (and (molws n 1 q h)
(member k (nset n))
(mrhoi n k 1 q h lp gp hp))

(listp  hp)  )
((enable mrhoi)))

;;:Another  version of nset-number.
;;:This is available in the theorem
;::where molws is disabled.
(prove-lemma molws-num-k (rewrite)

(implies (and (molws n 1 g h)
(member k (nset n)))

(numberp k))
((enable nset)))

(prove-lemma molws-union-h (rewrite)
(implies (molws n 1 g h)

(all-union h n (nset (add1 n))))
((enable molws)))

(prove-lemma lm-nth-numberp (rewrite)
(implies (and (numberp i)

(all-union h n (nset i))
(member k (nset n)))

(numberp (nth h k)))
((enable nset all-union union-at-n at)))

(prove-lemma nth-numberp (rewrite)

:::molws implies that n is nonzero.
(prove-lemma molws-n-not-0 (rewrite)

(implies (molws n 1 g h)
(not (equal n 0)))

((enable molws)))

::: Auxiliary lemma.
(prove-lemma lm-1-mrholemma (rewrite)

(implies (and (listp 1)
(member j (nset (length 1)))
(member k (nset (length 1)))
(mrhoi n k 1 q h lp qp hp)
(not (equal k j)))

(equal (nth 1 j) (nth lp j)))
((enable mrhoi)))

(disable lm-l-mrholemma)

:;;Mrholemma  for list 1.
(prove-lemma l-mrholemma (rewrite)

(implies (and (molws n 1 q h)
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal k j)))

(equal (nth 1 j) (nth lp j)))
((enable lm-l-mrholenuna) (use (lm-1-mrholemma))))

:;;Auxiliary  lemma.
(prove-lemma lm-q-mrholemma (rewrite)

(implies (and (listp q)
(member j (nset (length q)))
(member k (nset (length g)))
(mrhoi n k 1 q h lp gp hp)
(not (equal k j)))

(equal (nth g j) (nth gp j)))
((enable mrhoi)))

(disable lm-q-mrholemma)

;;:Mrholemma  for list q.
(prove-lemma q-mrholemma (rewrite)

(implies (and (molws n 1 q h)
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp qp hp)
(not (equal k j)))

(equal (nth q cl) (nth qp j)))
((enable lm-q-mrholemma) (use (lm-g-mrholemma))))

:::Auxiliary lemma.
(prove-lemma lm-h-mrholemma (rewrite)

(implies (and (listp h)
(member j (nset (length h)))
(member k (nset (length h)))
(mrhoi n k 1 q h lp qp hp)
(not (equal k j)))

(equal (nth h j) (nth hp j)))
((enable mrhoi)))

(disable lm-h-mrholemma)

:::Mrholemma  for list g.
(prove-lemma h-mrholemma  (rewrite)

(implies (and (molws n 1 q h)
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 q h lp qp hp)
(not (equal k j)))

(equal (nth h j) (nth hp j)))
((enable lm-h-mrholemma) (use (lm-h-mrholemma))))

:;; lp-qp-same-l-g

;::Another  version of Rholemma  for 1.
:;; It applies to (union-at-n 1 j m) in stead of
::;(nth 1 j).
(prove-lemma m-lp-same-l (rewrite)

(implies (and (molws n 1 g h)
(listp m)
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 q h lp qp hp)
(not (equal j k))
(union-at-n 1 j m))

(union-at-n lp j m))
((enable union-at-n at) (use (1-mrholemma))))

;;;Contrast  to the one above,
:;;the order of 1 and lp is reversed.
(prove-lemma m-1-same-lp (rewrite)

(implies (and (molws n 1 g h)
(listp m)
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(member j (nset n))
(member k (nset n))
(mrhoi n k 1 q h lp qp hp)
(not (equal j k))
(union-at-n lp j m))

(union-at-n 1 j m))
((enable union-at-n at) (use (1-mrholemma))))

(prove-lemma m-lp-same-l-not (rewrite)
(implies (and (molws n 1 g h)

(listp m)
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal j k))
(not (union-at-n lp j m)))

(not (union-at-n 1 j m)))
((use (m-lp-same-l))))

:;;Another  version of Rholemma  for q.
(prove-lemma m-qp-same-g (rewrite)

(implies (and (molws n 1 q h)
(listp m)
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp qp hp)
(not (equal j k))
(union-at-n q j m))

(union-at-n qp j m))
((enable union-at-n at) (use (q-mrholemma))))

::;Contrast  to the one above,
;;; the order of g and qp is reversed.
(prove-lemma m-q-same-gp (rewrite)

(implies (and (molws n 1 g h)
(listp m)
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal j k))
(union-at-n qp j m))

(union-at-n q j m))
((enable union-at-n at) (use (q-mrholemma))))

(prove-lemma m-qp-same-g-not (rewrite)
(implies (and (molws n 1 q h)

(listp m)
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 q h lp qp hp)
(not (equal j k))
(not (union-at-n gp j m)))

(not (union-at-n q j m)))
((use (m-qp-same-g))))

:;:Another  version of Rholemma  for h.
(prove-lemma m-hp-same-h (rewrite)

(implies (and (molws n 1 g h)
(listp m)
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp qp hp)
(not (equal j k))
(union-at-n h j m))

(union-at-n hp j m))
((enable union-at-n at) (use (h-mrholemma))))

:::Contrast  to the one above,
:;; the order of q and qp is reversed.
(prove-lemma m-h-same-hp (rewrite)

(implies (and (molws n 1 g h)
(listp m)
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 q h lp qp hp)
(not (equal j k))
(union-at-n hp j m))

(union-at-n h j m))
((enable union-at-n at) (use (h-mrholemma))))

::: It applies to (at 1 j m) in stead of
;;; (nth 1 j).
(prove-lemma m-1-same-lp-at (rewrite)

(implies (and (molws n 1 q h)
(member j (nset n))
(member k (nset n))
(numberp m)
(mrhoi n k 1 q h lp qp hp)
(not (equal k j))
(at lp j m))

(at 1 j m) 1
((enable at) (use (1-mrholemma))))

2

(mrhoi n k 1 g h lp gp hp)
(not (equal k j))
(at q j ml)

(at gp j m) 1
((enable at) (use (q-mrholemma))))

(prove-lemma m-1-same-lp-at-not (rewrite)
(implies (and (molws n 1 g h)

(numberp m)
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 q h lp qp hp)
(not (equal j k))
(not (at 1 j m)))

(not (at lp j m)))
((use (m-1-same-lp-at))))

(prove-lemma m-qp-same-q-at (rewrite)
(implies (and (molws n 1 q h)

(member j (nset n))
(member k (nset n))
(numberp m)
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;;;mrhoiO
(prove-lemma n-neq-k-mrhoi0 (rewrite)

(implies (and (listp 1)
(listp q)
(numberp n)
(member k (nset (length 1)))
(not (equal k n))
(at 1 k 0)
(lq-at-n n 1 q))

(lq-at-n n (move 1 k 1) q))
((enable at lq-at-n lq-l-at-n lq-2-at-n lq-3-at-n)))

(disable n-neq-k-mrhoi0)

(prove-lemma n-eq-k-mrhoi0 (rewrite)
(implies (and (listp 1)

(listp g)
(member k (nset (length 1)))
(at 1 k 0)
(lg-at-n k 1 g))

(lq-at-n k (move 1 k 1) q))
((enable at lq-at-n lq-l-at-n lq-2-at-n lg-3-at-n)))

(disable n-eq-k-mrhoi0)

(prove-lemma lg-at-mrhoi0  (rewrite)
(implies (and (listp 1)

(listp  g)
(numberp n)
(member k (nset (length 1)))
(at 1 k 0)
(lg-at-n n 1 q))

(lg-at-n n (move 1 k 1) g))
((enable n-neq-k-mrhoi0 n-eq-k-mrhoi0)
(use (n-neq-k-mrhoi0))
(use (n-eq-k-mrhoi0))))

(disable lq-at-mrhoi0)

(prove-lemma lq-mrhoi0  (rewrite)
(implies (and (listp 1)

(listp  g)
(member k (nset (length 1)))
(numberp n)
(at 1 k 0)
(lg n 1 q))

(lq n (move 1 k 1) q))
((enable lq-at-mrhoi0  lq at)))

(disable lq-mrhoi0)

(prove-lemma mrhoiO-preserves-lq (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi0  n k 1 q h lp qp hp)
(lq n 1 g) 1

(lg n 1~ gp))
((enable lg-mrhoi0)))

::;mrhoila
(prove-lemma n-neq-k-mrhoila (rewrite)

(implies (and (listp 1)
(listp q)
(numberp n)
(member k (nset (length 1)))
(not (equal k n))
(at 1 k 1)
(lq-at-n n 1 q))

(lq-at-n n (move 1 k 2) q))
((enable at lg-at-n lg-l-at-n lg-2-at-n  lq-3-at-n)))

(disable n-neq-k-mrhoila)

(prove-lemma n-eq-k-mrhoila (rewrite)
(implies (and (listp 1)

(listp g)
(member k (nset (length 1)))
(at 1 k 1)
(lg-at-n k 1 q))

(lq-at-n n (move 1 k 2) g))
((enable at lq-at-n lq-l-at-n lg-2-at-n  lq-3-at-n)))

(disable n-eq-k-mrhoila)

(prove-lemma lq-at-mrhoila (rewrite)
(implies (and (listp 1)

(listp g)
(numberp n)
(member k (nset (length 1)))
(at 1 k 1)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 2) g))
((enable n-neq-k-mrhoila n-eq-k-mrhoila)
(use (n-neq-k-mrhoila))
(use (n-eq-k-mrhoila))))

(disable lq-at-mrhoila)

(prove-lemma lq-mrhoila (rewrite)
(implies (and (listp 1)

(listp g)
(member k (nset (length 1)))
(numberp n)
(at 1 k 1)
(lq n 1 g))

(lq n (move 1 k 2) g))
((enable lg-at-mrhoila lg at)))

(disable lq-mrhoila)

(prove-lemma mrhoila-preserves-lq (rewrite)
(implies (and (molws n 1 q h)

(member k (nset n))
(mrhoila n k 1 g h lp qp hp)
(lq n 1 q) 1

(lq n lp qp) 1
((enable lq-mrhoila)))

:::mrhoilb
(prove-lemma mrhoilb-preserves-lg (rewrite)

(implies (and (molws n 1 q h)
(member k (nset n))
(mrhoilb n k 1 g h lp qp hp)
(lq n 1 g))

(lq n 1~ qp))
((enable mrhoilb)))

;::mrhoi2
(prove-lemma n-neq-k-mrhoi2 (rewrite)

(implies (and (listp 1)
(listp q)
(numberp n)
(member k (nset (length 1)))
(not (equal k n))
(at 1 k 2)
(lq-at-n n 1 g))

(lq-at-n n (move 1 k 3) (move g k 1)))
((enable at lq-at-n lq-l-at-n lq-2-at-n  lq-3-at-n)))

(disable n-neq-k-mrhoi2)

(prove-lemma n-eq-k-mrhoi2 (rewrite)
(implies (and (listp 1)

(listp Q)
(member k (nset (length 1)))
(at 1 k 2)
(lq-at-n k 1 q))

(lg-at-n n (move 1 k 3) (move q k 1) ))
((enable at lq-at-n lq-l-at-n lq-2-at-n  lq-3-at-n)))

(disable n-eq-k-mrhoi2)

(prove-lemma lq-at-mrhoi2 (rewrite)
(implies (and (listp 1)

(listp q)
(numberp n)
(member k (nset (length 1)))
(at 1 k 2)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 3) (move q k 1)))
((enable n-neq-k-mrhoi2 n-eq-k-mrhoi2)
(use (n-neq-k-mrhoi2))
(use (n-eq-k-mrhoi2))))

(disable lq-at-mrhoi2)

(prove-lemma lq-mrhoi2 (rewrite)
(implies (and (listp 1)

(listp q)
(member k (nset (length 1)))
(numberp n)
(at 1 k 2)
(lg n 1 g))

(lg n (move 1 k 3) (move q k 1)))
((enable lq-at-mrhoi2 lq at)))

(disable lq-mrhoi2)

(prove-lemma mrhoi2-preserves-lg (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi2  n k 1 q h lp qp hp)
(lg n 1 g) 1

(lg n 1~ qp))
((enable lq-mrhoi2)))

:;:mrhoi3a
(prove-lemma n-neq-k-mrhoi3a (rewrite)

(implies (and (listp 1)
(listp q)
(numberp n)
(member k (nset (length 1)))
(not (equal k n))
(at 1 k 3)
(lq-at-n n 1 q))

(lg-at-n n (move 1 k 4) g))
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((enable at lq-at-n lg-l-at-n lq-2-at-n  lq-3-at-n)))

(disable n-neq-k-mrhoi3a)

(prove-lemma n-eq-k-mrhoi3a (rewrite)
(implies (and (listp 1)

(listp g)
(member k (nset (length 1)))
(at 1 k 3)

(lq-at-n k 1 g))
(lq-at-n k (move 1 k 4) g))

((enable at lg-at-n lg-l-at-n lq-2-at-n lq-3-at-n)))

(disable n-eq-k-mrhoi3a)

(prove-lemma lq-at-mrhoi3a (rewrite)
(implies (and (listp 1)

(listp  q)
(numberp n)
(member k (nset (length 1)))
(at 1 k 3)

(lq-at-n n 1 g))
(lg-at-n n (move 1 k 4) g))

((enable n-neq-k-mrhoi3a n-eq-k-mrhoi3a)
(use (n-neq-k-mrhoi3a))
(use (n-eq-k-mrhoi3a))))

(disable lq-at-mrhoi3a)

(prove-lemma lq-mrhoi3a  (rewrite)
(implies (and (listp 1)

(lists  q)
(member k (nset (length 1)))
(numberp n)
(at 1 k 3)

(lq n 1 q))
(lq n (move 1 k 4) g))

((enable lg-at-mrhoi3a  lg at)))

(disable lq-mrhoi3a)

(prove-lemma mrhoi3a-preserves-lg (rewrite)
(implies (and (molws n 1 q h)

(member k (nset n))
(mrhoi3a n k 1 q h lp qp hp)
(lg n 1 g))

(lg n 1~ gp))
((enable lq-mrhoi3a)))

;;;mrhoi3b
(prove-lemma mrhoi3b-preserves-lq (rewrite)

(implies (and (molws n 1 g h)
(member k (nset n))
(mrhoi3b n k 1 g h lp qp hp)
(lq n 1 q))

(lg n 1~ gp))
((enable mrhoi3b)))

;:;mrhoi4
(prove-lemma n-neq-k-mrhoil (rewrite)

(implies (and (listp 1)
(listp g)
(numberp n)
(member k (nset (length 1)))
(not (equal k n))
(at 1 k 4)
(lg-at-n n 1 q))

(lq-at-n n (move 1 k 5) (move q k 3)))
((enable at lq-at-n lq-l-at-n lg-2-at-n lg-3-at-n)))

(disable n-neq-k-mrhoi4)

(prove-lemma n-eq-k-mrhoi4 (rewrite)
(implies (and (listp 1)

(listp q)
(member k (nset (length 1)))
(at 1 k 4)
(lq-at-n k 1 q))

(lq-at-n n (move 1 k 5) (move q k 3)))
((enable at lg-at-n lg-l-at-n lq-2-at-n lg-3-at-n)))

(disable n-eq-k-mrhoi4)

(prove-lemma lg-at-mrhoi4 (rewrite)
(implies (and (listp 1)

(listp g)
(numberp n)
(member k (nset (length 1)))
(at 1 k 4)
(lq-at-n n 1 q))

(lg-at-n n (move 1 k 5) (move q k 3)))
((enable n-neq-k-mrhoi4 n-eq-k-mrhoil)
(use (n-neq-k-mrhoi4))
(use (n-eq-k-mrhoi4))))

(disable lq-at-mrhoi4)

(prove-lemma lg-mrhoi4 (rewrite)

(implies (and (listp  1)
(listp 4)
(member k (nset (length 1)))
(numberp n)
(at 1 k 4)
(lg n 1 q))

(lq n (move 1 k 5) (move g k 3)))
((enable lq-at-mrhoil  lg at)))

(disable lq-mrhoi4)

(prove-lemma mrhoi4-preserves-lq (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoil  n k 1 g h lp gp hp)
(lg n 1 g))

(lg n 1~ gp))
((enable lq-mrhoil)))

:;:mrhoi5a
(prove-lemma n-neq-k-mrhoi5a (rewrite)

(implies (and (listp 1)
(listp  g)
Inumberp n)
(member k (nset (length 1)))
(not (equal k n))
(at 1 k 5)
(lq-at-n n 1 q))

(lg-at-n n (move 1 k 8) g))
((enable at lg-at-n lg-l-at-n lg-2-at-n  lq-3-at-n)))

(disable n-neq-k-mrhoi5a)

(prove-lemma n-eq-k-mrhoi5a (rewrite)
(implies (and (listp 1)

(listp q)
(member k (nset (length 1)))
(at 1 k 5)
(lg-at-n k 1 g))

(lq-at-n k (move 1 k 8) g))
((enable at lg-at-n lg-l-at-n lq-a-at-n  lq-3-at-n)))

(disable n-eq-k-mrhoi5a)

(prove-lemma lg-at-mrhoi5a (rewrite)
(implies (and (listp 1)

(listp g)
(numberp n)
(member k (nset (length 1)))
(at 1 k 5)
(lq-at-n n 1 q))

(lq-at-n n (move 1 k 8) g))
((enable n-neq-k-mrhoi5a n-eq-k-mrhoi5a)
(use (n-neq-k-mrhoi5a))
(use (n-eq-k-mrhoi5a))))

(disable lq-at-mrhoi5a)

(prove-lemma lq-mrhoi5a  (rewrite)
(implies (and (listp 1)

(listp  q)
(member k (nset (length 1)))
(numberp n)
(at 1 k 5)
(lg n 1 g))

(lg n (move 1 k 8) q))
((enable lq-at-mrhoi5a  lq at)))

(disable lq-mrhoi5a)

(prove-lemma mrhoi5a-preserves-lg (rewrite)
(implies (and (molws n 1 q h)

(member k (nset n))
(mrhoi5a n k 1 g h lp gp hp)
(lq n 1 q) 1

(lg n 1~ qp))
((enable lq-mrhoi5a)))

;::mrhoi5b
(prove-lemma n-neq-k-mrhoi5b (rewrite)

(implies (and (listp 1)
(listp  q)
(numberp n)
(member k (nset (length 1)))
(not (equal k n))
(at 1 k 5)
(lg-at-n n 1 g))

(lq-at-n n (move 1 k 6) g))
((enable at lg-at-n lq-l-at-n lq-2-at-n lg-3-at-n)))

(disable n-neq-k-mrhoi5b)

(prove-lemma n-eq-k-mrhoi5b (rewrite)
(implies (and (listp 1)

t1istp q)
(member k (nset (length 1)))
(at 1 k 5)
(lg-at-n k 1 g))
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(lg-at-n k (move 1 k 6) g))
((enable at lg-at-n lg-l-at-n lg-2-at-n lg-3-at-n)))

(disable n-eq-k-mrhoi5b)

(PI ove-lemma lg-at-mrhoi5b  (rewrite)
(implies (and (listp 1)

(listp g)
(numberp n)
(member k (nset (length 1
(at 1 k 5)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 6) g))
((enable n-neq-k-mrhoi5b n-eq-k-mrhoi5b)
(use (n-neq-k-mrhoi5b))
(use (n-eq-k-mrhoi5b))))

1))

(disable lg-at-mrhoi5b)

(prove-lemma lg-mrhoi5b  (rewrite)
(implies (and (listp 1)

(listp  g)
(member k (nset (length 1)))
(numberp n)
(at 1 k 5)
(lg n 1 g))

(lg n (move 1 k 6) g))
((enable lg-at-mrhoi5b  lg at)))

(disable lg-mrhoi5b)

(prove-lemma mrhoi.Sb-preserves-19  (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi5b n k 1 g h lp gp hp)
(lg n 1 g))

(lg n 1~ gp))
((enable lg-mrhoi5b)))

:::mrhoiSc
(prove-lemma mrhoiSc-preserves-lg (rewrite)

(implies (and (molws n 1 g h)
(member k (nset n))
(mrhoi5c n k 1 g h lp gp hp)
(lg n 1 g))

(lg n 1~ gp))
((enable mrhoi5c)))

;;;mrhoi6
(prove-lemma n-neq-k-mrhoi6 (rewrite)

(implies (and (listp 1)
(listp g)
(numberp n)
(member k (nset (length 1)))
(not (equal k n))
(at 1 k 6)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 7) (move g k 2)))
((enable at lg-at-n lg-l-at-n lg-2-at-n lg-3-at-n)))

(disable n-neq-k-mrhoi6)

(prove-lemma n-eq-k-mrhoi6 (rewrite)
(implies (and (listp 1)

(listp g)
(member k (nset (length 1)))
(at 1 k 6)
(lg-at-n k 1 g))

(lg-at-n n (move 1 k 7) (move g k 2)))
((enable at lg-at-n lg-l-at-n lg-Z-at-n lg-3-at-n)))

(disable n-eq-k-mrhoi6)

(prove-lemma lg-at-mrhoi6 (rewrite)
(implies (and (listp 1)

(listp g)
(numberp n)
(member k (nset (length 1)))
(at 1 k 6)
(lq-at-n n 1 g))

(lg-at-n n (move 1 k 7) (move g k 2) ))
((enable n-neq-k-mrhoi.6 n-eq-k-mrhoi6)
(use (n-neq-k-mrhoi6))
(use (n-eq-k-mrhoi6))))

(disable lg-at-mrhoi6)

(prove-lemma lg-mrhoi6 (rewrite)
(implies (and (listp 1)

(listp g)
(member k (nset (length 1)))
(numberp n)
(at 1 k 6)
(lg n 1 g))

(lg n (move 1 k 7) (move g k 2)))
((enable lg-at-mrhoi6 lg at)))

(disable lg-mrhoi6)

(prove-lemma mrhoi6-preserves-lg (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi6 n k 1 g h lp gp hp)
(lg n 1 g))

(lg n 1~ gp))
((enable lg-mrhoi6)))

:::mrhoi'la
(prove-lemma n-neq-k-mrhoi7a (rewrite)

(implies (and (listp 1)
(listp g)
(numberp n)
(member k (nset (length 1)))
(not (equal k n))
(at 1 k 7)
(lg-at-n n 1 g))

(lq-at-n n (move 1 k 8) g))
((enable at lg-at-n lg-l-at-n lg-2-at-n lg-3-at-n)))

(disable n-neq-k-mrhoi7a)

(prove-lemma n-eq-k-mrhoi7a (rewrite)
(implies (and (listp 1)

(listp 4)
(member k (nset (length 1)))
(at 1 k 7)
(lg-at-n k 1 g))

(lg-at-n k (move 1 k 8) g))
((enable at lg-at-n lg-l-at-n lg-2-at-n lg-3-at-n)))

(disable n-eq-k-mrhoi7a)

(prove-lemma lg-at-mrhoi7a  (rewrite)
(implies (and (listp 1)

(listp g)
(numberp n)
(member k (nset (length 1)))
(at 1 k 7)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 8) g))
((enable n-neq-k-mrhoi7a n-eq-k-mrhoi7a)
(use (n-neq-k-mrhoi7a))
(use (n-eq-k-mrhoi7a))))

(disable lg-at-mrhoi7a)

(prove-lemma lg-mrhoi7a  (rewrite)
(implies (and (listp 1)

(listp  4)
(member k (nset (length 1)))
(numberp n)
(at 1 k 7)
(lg n 1 g))

(lg n (move 1 k 8) g))
((enable lg-at-mrhoi7a lg at)))

(disable lg-mrhoi7a)

(prove-lemma mrhoi7a-preserves-lg (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi'la  n k 1 g h lp gp hp)
(lg n 1 gl)

(lg n lp gp))
((enable lg-mrhoi7a)))

:::mrhoi'lb
(prove-lemma mrhoi7b-preserves-lg (rewrite)

(implies (and (molws n 1 g h)
(member k (nset n))
(mrhoi7b n k 1 g h lp gp hp)
(lg n 1 g))

(lg n 1~ gp))
((enable mrhoi7b)))

;;;mrhoiB
(prove-lemma n-neq-k-mrhoi8 (rewrite)

(implies (and (listp 1)
(1istP  g)
(numberp n)
(member k (nset (length 1)))
(not (equal k n))
(at 1 k 8)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 9) (move g k 4)))
((enable at lg-at-n lg-l-at-n lg-2-at-n lg-3-at-n)))

(disable n-neq-k-mrhoi8)

(prove-lemma n-eq-k-mrhoi8 (rewrite)
(implies (and (listp 1)

(listp g)
(member k (nset (length 1)))
(at 1 k 8)
(lg-at-n k 1 g))

(lg-at-n n (move 1 k 9) (move g k 4)))



mollg.ev Wed Mar 6 10:33:39 1991 4

((enable at lg-at-n lg-l-at-n lg-2-at-n lg-3-at-n)))

(disable n-eq-k-mrhoi8)

(prove-lemma lg-at-mrhoi8  (rewrite)
(implies (and (listp 1)

(listp g)
(numberp n)
(member k (nset (length 1)))
(at 1 k 8)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 9) (move g k 4)))
((enable n-neq-k-mrhoi8 n-eq-k-mrhoi8)
(use (n-neq-k-mrhoi8))
(use (n-eq-k-mrhoi8))))

(disable lg-at-mrhoi8)

(prove-lemma lg-mrhoi8 (rewrite)
(implies (and (listp 1)

(listp g)
(member k (nset (length 1)))
(numberp n)
(at 1 k 8)
(lg n 1 g))

(lg n (move 1 k 9) (move g k 4)))
((enable lg-at-mrhoi8  lg at)))

(disable lg-mrhoi8)

(prove-lemma mrhoia-preserves-lg (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi8 n k 1 g h lp gp hp)
(lg n 1 g))

(lg n 1~ gp))
((enable lg-mrhoi8)))

:;;mrhoi9a
(prove-lemma n-neq-k-mrhoi9a (rewrite)

(implies (and (listp 1)
(listp 4)
(numberp n)
(member k (nset (length 1)))
(not (equal k n))
(at 1 k 9)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 10) g))
((enable at lg-at-n lg-l-at-n lg-2-at-n lg-3-at-n)))

(disable n-neq-k-mrhoi9a)

(prove-lemma n-eq-k-mrhoi9a (rewrite)
(implies (and (listp 1)

(listp g)
(member k (nset (length 1)))
(at 1 k 9)
(lg-at-n k 1 g))

(lg-at-n k (move 1 k 10) g))
((enable at lg-at-n lg-l-at-n lg-2-at-n lg-3-at-n)))

(disable n-eq-k-mrhoi9a)

(prove-lemma lg-at-mrhoi9a  (rewrite)
(implies (and (listp 1)

(listp g)
(numberp n)
(member k (nset (length 1)))
(at 1 k 9)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 10) g))
((enable n-neq-k-mrhoi9a n-eq-k-mrhoi9a)
(use (n-neq-k-mrhoi9a))
(use In-eq-k-mrhoiga))))

(disable lg-at-mrhoi9a)

(prove-lemma lg-mrhoi9a  (rewrite)
(implies (and (listp 1)

(listp g)
(member k (nset (length 1)))
(numberp n)
(at 1 k 9)
(lg n 1 g) 1

(lg n (move 1 k 10) g))
((enable lg-at-mrhoi9a  lg at)))

(disable lg-mrhoi9a)

(prove-lemma mrhoiga-preserves-lg (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi9a n k 1 g h lp gp hp)
(lq n 1 g))

(lg n 1~ gp))
((enable lg-mrhoiga)))

;;;mrhoigb

(prove-lemma mrhoigb-preserves-lg (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi9b n k 1 g h lp gp hp)
(lg n 1 g) 1

(lg n lp gp))
((enable mrhoi9b)))

;;;mrhoilO
(prove-lemma n-neq-k-mrhoil0 (rewrite)

(implies (and (listp 1)
(listp g)
(numberp n)
(member k (nset (length 1)))
(not (equal k n))
(at 1 k 10)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 11) g))
((enable at lg-at-n lg-l-at-n lg-2-at-n lg-3-at-n)))

(disable n-neq-k-mrhoil0)

(prove-lemma n-eq-k-mrhod.10 (rewrite)
(implies (and (listp 1)

(listp g)
(member k (nset (length 1)))
(at 1 k 10)
(lg-at-n k 1 g))

(lg-at-n k (move 1 k 11) g))
((enable at lg-at-n lg-l-at-n lg-2-at-n lg-3-at-n)))

(disable n-eq-k-mrhoil0)

(prove-lemma lg-at-mrhoil0  (rewrite)
(implies (and (listp 1)

(listp g)
(numberp n)
(member k (nset (length 1)))
(at 1 k 10)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 11) g))
((enable n-neq-k-mrhoil0 n-eq-k-mrhoilo)
(use (n-neq-k-mrhoil0))
(use (n-eq-k-mrhoil0))))

(disable lg-at-mrhoil0)

(prove-lemma lg-mrhoil0  (rewrite)
(implies (and (listp 1)

(listp g)
(member k (nset (length 1)))
(numberp n)
(at 1 k 10)
(lg n 1 g))

(lg n (move 1 k 11) g))
((enable lg-at-mrhoil0  lg at)))

(disable lg-mrhoi.10)

(prove-lemma mrhoilo-preserves-lg (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoil0  n k 1 g h lp gp hp)
(lg n 14))

(lg n 1~ gp))
((enable lg-mrhoil0)))

;;;mrhoilla
(prove-lemma n-neq-k-mrhoilla (rewrite)

(implies (and (listp 1)
(listp g)
(numberp n)
(member k (nset (length 1)))
(not (equal k n))
(at 1 k 11)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 12) g))
((enable at lg-at-n lg-l-at-n lg-2-at-n lg-3-at-n)))

(disable n-neq-k-mrhoilla)

(prove-lemma n-eq-k-mrhoilla (rewrite)
(implies (and (listp 1)

(listp g)
(member k (nset (length 1)))
(at 1 k 11)
(lg-at-n k 1 g))

(lg-at-n k (move 1 k 12) g))
((enable at lg-at-n lg-l-at-n lg-2-at-n lg-3-at-n)))

(disable n-eq-k-mrhoilla)

(prove-lemma lg-at-mrhoilla (rewrite)
(implies (and (listp 1)

(listp g)
(numberp n)
(member k (nset (length 1)))
(at 1 k 11)
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(lg-at-n n 1 g))
(lg-at-n n (move 1 k 12) g))

((enable n-neq-k-mrhoilla n-eq-k-mrhoilla)
(use (n-neq-k-mrhoilla))
(use (n-eq-k-mrhoilla))))

(disable lg-at-mrhoilla)

(prove-lemma lg-mrhoilla (rewrite)
(implies (and (listp 1)

(listp g)
(member k (nset (length 1)))
(numberp n)
(at 1 k 11)
(lg n 1 g))

(lg n (move 1 k 12) g))
((enable lg-at-mrhoilla lg at)))

(disable lg-mrhoilla)

(prove-lemma mrhoilla-preserves-lg (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoilla n k 1 g h lp gp hp)
(lg n 1 g) 1

(lg n lp gp))
((enable lg-mrhoilla)))

:;;mrhoillb
(prove-lemma mrhoillb-preserves-lg (rewrite)

(implies (and (molws n 1 g h)
(member k (nset n))
(mrhoillb n k 1 g h lp gp hp)
(lg n 1 g))

(lg n lp gp) 1
((enable mrhoillb)))

;;;mrhoil2
(prove-lemma n-neq-k-mrhoi12 (rewrite)

(implies (and (listp 1)
(listp g)
(numberp n)
(member k (nset (length 1)))
(not (equal k n))
(at 1 k 12)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 0) (move g k 0)))
((enable at lg-at-n lg-l-at-n lg-2-at-n lg-3-at-n)))

(disable n-neq-k-mrhoi12)

(prove-lemma n-eq-k-mrhoi12 (rewrite)
(implies (and (listp 1)

(listp 4)
(member k (nset (length 1)))
(at 1 k 12)
(lg-at-n k 1 g))

(lg-at-n n (move 1 k 0) (move g k 0)))
((enable at lg-at-n lg-l-at-n lg-2-at-n lg-3-at-n)))

(disable n-eq-k-mrhoil2)

(prove-lemma lg-at-mrhoi12 (rewrite)
(implies (and (listp 1)

(listp g)
(numberp n)
(member k (nset (length 1)))
(at 1 k 12)
(lg-at-n n 1 g))

(lg-at-n n (move 1 k 0) (move g k 0)))
((enable n-neq-k-mrhoi12 n-eq-k-mrhoil2)
(use (n-neq-k-mrhoil2))
(use (n-eq-k-mrhoil2))))

(disable lg-at-mrhoi12)

(prove-lemma lg-mrhoi12 (rewrite)
(implies (and (listp 1)

(listp g)
(member k (nset (length 1)))
(numberp n)
(at 1 k 12)
(lg n 1 4) 1

(lg n (move 1 k 0) (move g k 0)))
((enable lg-at-mrhoi12 lg at)))

(disable lg-mrhoil2)

(prove-lemma mrhoil2-preserves-lg (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi.12  n k 1 g h lp gp hp)
(lg n 1 g))

(lg n 1~ gp))
((enable lg-mrhoi12)))

(prove-lemma mrho-preserves-lg (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g))

(lg n 1~ gp))
((disable mrhoi0 mrhoila mrhoilb mrhoi2 mrhoi3a

mrhoi3b mrhoil mrhoi5a  mrhoi5b mrhoi5c
mrhoi6 mrhoi7a  mrhoi'lb mrhoi8 mrhoi9a
mrhoi9b mrhoil0  mrhoilla mrhoillb mrhoi12)

(enable mrhoi)))

(disable mrhoiO-preserves-lg)
(disable mrhoila-preserves-lg)
(disable mrhoilb-preserves-lg)
(disable mrhoi2-preserves-l.g)
(disable mrhoi3a-preserves-lg)
(disable mrhoi3b-preserves-lg)
(disable mrhoil-preserves-lg)
(disable mrhoiSa-preserves-lg)
(disable mrhoiSb-preserves-lg)
(disable mrhoiSc-preserves-lg)
(disable mrhoi6-preserves-lg)
(disable mrhoi7a-preserves-lg)
(disable mrhoi7b-preserves-lg)
(disable mrhoiE-preserves-lg)
(disable mrhoiga-preserves-lg)
(disable mrhoigb-preserves-lg)
(disable mrhoilo-preserves-lg)
(disable mrhoilla-preserves-lg)
(disable mrhoillb-preserves-lg)
(disable mrhoil2-preserves-lg)
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, . . . . . . . .::::,rrr,..rr boa ::::::;:;:;;::::

::;;;;:;;;:::Common  in mole and atom.
(prove-lemma boa-if1 (rewrite)

(implies (and (member j (nset n))
(lg n 1 g)
(not (at 4 j 1)))

(not (at 1 j 4)))

::::
(enable lg lg-at-n lg-l-at-n
. . . . . . . ..co...".  end., , , , , , , , ,

nset at)))

(prove-lemma ifl-nth-h-k (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(member j (nset n) 1
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(at h k j)
(not (at g (nth h k) 1)))

(not (at 1 j 4)))
((enable at) (use (boa-ifl))))

(prove-lemma 15-not-g1  (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(member j (nset n))
(mrhoi n k 1 g h lp gp hp)
(at h k j)
(at 1 k 5)
(at lp k 5))

(not (at g (nth h k) 1)))
((enable mrhoi at)))

(prove-lemma 15-nth-h-k-eq-j  (rewrite)
(implies (and (at h k j)

(molws n 1 g h)
(member k (nset n))
(member j (nset n))
(mrhoi n k 1 g h lp gp
(lg n 1 g)
(at 1 k 5)
(at 1~ k 5))

(not (at 1 j 4)))
((use (ifl-nth-h-k) (15-not-gl))))

(prove-lemma 15-j-lt-nth-k  (rewrite)
(implies (and (lessp j (nth h k))

(molws n 1 g h)
(member k (nset n))
(member j (nset n))
(mrhoi n k 1 g h lp gp
(boa n 1 h k j)
(at 1 k 5))

(not (at 1 j 4)))
((enable boa)))

(prove-lemma nth-k-lt-j-or-eq-j (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(member j (nset n))
(lessp (sub1 j) (nth h k))
(not (lessp j (nth h k))))

(at h k j))
((enable at)))

(prove-lemma lm-j-not-in-14 (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 4)
(boa n 1 h k j)
(at 1 k 5)
(at lp k 5)
(lessp (sub1 j) (nth h k)))

(not (at 1 j 4)))
((use (nth-k-lt-j-or-eq-j))
(use (15-j-lt-nth-k))
(use (15-nth-h-k-eq-j))))

(prove-lemma cond-15 (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(member j (nset n))
(mrhoi n k 1 g h lp gp hp)
(at 1 k 5)
(lessp j (nth hp k)))

(lessp (sub1 j) (nth h k)))
((enable mrhoi at)))

(prove-lemma j-not-in-14 (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(boa n 1 h k j)
(at 1 k 5)

(at lp k 5)
(1-v j (nth hp k)))

(not (at 1 j 4)))
((use (lm-j-not-in-14) (cond-15))))

(prove-lemma k-in-15 (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(at lp k 5)
(lessp j (nth hp k)))

(at 1 k 5))
((enable mrhoi at)))

;:;The order of the hints is crucial.
(prove-lemma lm-boa-i-eq-k-j-neq-k (rewrite)

(implies (and (molws n 1 g h)
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(boa n 1 h k j)
(at lp k 5)
(lessp j (nth hp k)))

(not (at 1 j 4)))
((use (k-in-15) (j-not-in-14))))

(prove-lemma boa-i-eq-k-j-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal j k))
(lg n 1 g)
(boa n 1 h k j))

(boa n lp hp k j))
((enable boa)
(use (lm-boa-i-eq-k-j-neq-k))
(use (m-1-same-lp-at-not (m 4)))))

(prove-lemma boa-i-j-eq-k (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(boa n 1 h k k))

(boa n lp hp k k))
((enable at boa)))

(prove-lemma boa-i-eq-k  (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp
(lg n 1 4)
(boa n 1 h k j))

(boa n 1~ hp k j))
((use (boa-i-eq-k-j-neq-k))
(use (boa-i-j-eq-k))))

;:: n-not-less-j is necessary.
(prove-lemma cond-lp4 (rewrite)

(implies (and (molws n 1 g h)
(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(at 1 k 3)
(not (lessp i (nth h k))))

(not (at lp k 4)))
((enable mrhoi at)))

(prove-lemma not-13-then-lp4 (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (at 1 k 3)))

(not (at lp k 4)))
((enable mrhoi at)))

(prove-lemma i-in-15 (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(bob n 1 h i k)
(at 1 i 5)
(lessp k (nth h i)))

(not (at lp k 4)))
((enable bob)
(use (cond-lp4)(not-13-then-lp4))))

(prove-lemma lm-boa-i-neq-k-j-eq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(bob n 1 h i k)
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(at lp i 5)
(lessp k (nth h i)))

(not (at lp k 4)))
((use (i-in-15))
(use (m-1-same-lp-at (j i) (m 5)))))

(prove-lemma boa-i-neq-k-j-eq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(boa n 1 h i k)
(bob n 1 h i k))

(boa n lp hp i k))
((enable boa)
(use (lm-boa-i-neq-k-j-eq-k))))

(prove-lemma boa-i-j-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp
(not (equal i k))
(not (equal j k))
(boa n 1 h i j)
(bob n 1 h i j))

(boa n lp hp i j))
((enable boa)))

gp hp)

(prove-lemma boa-i-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(boa n 1 h i j)
(bob n 1 h i j))

(boa n 1~ hp i j))
((use (boa-i-j-neq-k))
(use (boa-i-neq-k-j-eq-k))))

(prove-lemma rho-preserves-boa ()
(implies (and (molws n 1 g h)

(member i (nset n))
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(boa n 1 h i j)
(bob n 1 h i j))

(boa n lp hp i j))
((use (boa-i-neq-k) (boa-i-eq-k))))

;::;:::;;;:;: bob :::;::;:::;;::::

:::;;;::;;;;::::; Common in mole and atom.
(prove-lemma bob-if1 (rewrite)

(implies (and (member j (nset n))
(lg n 1 g)
(at 1 j 3))

(at g j 1))
((enable nset at lg lg-at-n lg-l-at-n)))

(prove-lemma bob-if3 (rewrite)
(implies (and (member i (nset n))

(lg n 1 g)
(at 1 i 5))

(not (union-at-n g i '(0 1 2))))
((enable lg lg-at-n lg-2-at-n union-at-n

at nset)))
;;;;;;::;;;;:::::common  in mole and atom end.

(prove-lemma lm-j-neq-h-k (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(member j (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(at 1 j 3)
(not (at g (nth h k) 1)))

(not (at h k j)))
((enable at) (use (bob-ifl))))

(prove-lemma h-k-not-g1  (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(at 1 k 5)
(at lp k 5))

(not (at g (nth h k) 1)))
((enable mrhoi at)))

(prove-lemma j-neq-h-k (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(at lp k 5)
(at 1 k 5)
(at 1 j 3))

(not (at h k j)))
((use (h-k-not-gl) (lm-j-neq-h-k))))

(prove-lemma n-k-leq-subl-i(rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(member i (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (at h k i))
(not (lessp i (nth h k))))

(not (lessp (sub1 i) (nth h k))))
((enable at)))

;:: This is proved with help of n-k-leq-subl-i.
(prove-lemma lml-j-in-13 (rewrite)

(implies (and (molws n 1 g h)
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(bob n 1 h k j)
(at 1 k 5)
(at lp k 5)
(at 1 j 3)
(lessp (sub1 j) (nth h k)))

(not (lessp k (nth h j))))
((enable bob) (use (j-neq-h-k))))

(prove-lemma lm-j-in-13 (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(bob n 1 h k j)
(at 1 k 5)
(at lp k 5)
(at 1 j 3)
(lessp j (nth hp k)))

(not (lessp k (nth h j))))
((use (lml-j-in-13) (cond-15))))

::: The order of hints is crucial.
(prove-lemma j-in-13 (rewrite)

(implies (and (molws n 1 g h)
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(bob  n 1 h k j)
(at lp k 5)
(at 1 j 3)
(lessp j (nth hp k)))

(not (lessp k (nth h j))))
((use (k-in-15) (lm-j-in-13))))

(prove-lemma lm-bob-i-eq-k-j-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal j k))
(lg n 1 g)
(bob n 1 h k j)
(at lp k 5)
(at lp j 3)
(lessp j (nth hp k)))

(not (lessp k (nth h j))))
((use (j-in-13))))

(prove-lemma bob-i-eq-k-j-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal j k))
(lg n 1 g)
(bob n 1 h k j))

(bob n lp hp k j))
((enable bob) (use (lm-bob-i-eq-k-j-neq-k))))

(prove-lemma bob-i-j-eq-k  (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g) 1

(bob n lp hp k k))
((enable bob at)))

(prove-lemma bob-i-eq-k (rewrite)
(implies (and (molws nigh)
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(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(bob n 1 h k j))

(bob n lp hp k j))
((use (bob-i-eq-k-j-neq-k)  (bob-i-j-eq-k))))

(prove-lemma lm-i-neq-h-k (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(member i (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 4)
(at 1 i 5)
(union-at-n g (nth h k) '(0 1 2)))

(not (at h k i)))
((enable at) (use (bob-if3))))

(prove-lemma h-k-g02 (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(at 1 k 3)
(at 1~ k 3))

(union-at-n g (nth h k) '(0 1 2)))
((enable at mrhoi)))

(prove-lemma i-neq-h-k (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(member i (nset n))
(mrhoi n k 1 g h lp
(lg n 1 g)
(at 1 i 5)
(at 1 k 3)
(at 1~ k 3))

(not (at h k i)))
((use (h-k-gO2) (lm-i-neq-h-k))))

gp hp)

(prove-lemma lml-k-in-13-imp (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(member i (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(at 1 i 5)
(at 1 k 3)
(at lp k 3)
(not (lessp i (nth h k))))

(not (lessp (sub1 i) (nth h k))))
((use (i-neq-h-k) (n-k-leq-subl-i))))

(Drove-lemma lm-k-in-13-imp (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(member i (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(bob n 1 h i k)
(at 1 i 5)
(at 1 k 3)
(at lp k 3)

(not
((enable bob)

(lessp k (nth h i)))
(lessp (sub1 i) (nth h k))))
(use (lml-k-in-13-imp))))

(prove-lemma cond-13 (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(member i (nset n))
(mrhoi n k 1 g h lp gp hp)
(at 1 k 3)
(lessp i (nth hp k)))

(lessp (sub1 i) (nth h k)))
((enable mrhoi at)))

(prove-lemma k-in-13-imp (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(bob n 1 h i k)
(at 1 i 5)
(at 1 k 3)
(at lp k 3)
(lessp k (nth h i)))

(not (lessp i (nth hp k))))
((use (lm-k-in-13-imp) (cond-13))))

(prove-lemma k-in-12-imp (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(at lp k 3)
(at 1 k 2))

3

(not (lessp i (nth hp k))))
((enable mrhoi at)))

(prove-lemma lp3-then-12-or-13  (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(at lp k 3)
(not (at 1 k 2)))

(at 1 k 3))
((enable mrhoi at)))

(prove-lemma bob-i-in-15 (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(bob n 1 h i k)
(at 1 i 5)
(at lp k 3)
(lessp k (nth h i)))

(not (lessp i (nth hp k))))
((use (lp3-then-12-or-13)  (k-in-13-imp)

(k-in-12-imp))))

(prove-lemma lm-bob-i-neq-k-j-eq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(bob n 1 h i k)
(lg n 1 g)
(at lp i 5)
(at lp k 3)
(lessp k (nth h i)))

(not (lessp i (nth hp k))))
((use (bob-i-in-15) (m-1-same-lp-at (j i) (m 5)))))

(prove-lemma bob-i-neq-k-j-eq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(bob n 1 h i k)
(lg n 1 g))

(bob n lp hp i k))
((enable bob) (use (lm-bob-i-neq-k-j-eq-k))))

(prove-lemma bob-i-j-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member j inset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(not (equal j k))
(bob n 1 h i j))

(bob n lp hp i j))
((enable bob)))

(prove-lemma bob-i-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(lg n 1 g)
(bob n 1 h i j))

(bob n lp hp i j))
((use (bob-i-j-neq-k) (bob-i-neq-k-j-eq-k))))

(prove-lemma rho-preserves-bob ()
(implies (and (molws n 1 g h)

(member i (nset n))
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(bob  n 1 h i j))

(bob  n lp hp i j))
((use (bob-i-neq-k) (bob-i-eq-k))))
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;:::;:;;;;;;; bla ;;::;;;;:::;;;::

(prove-lemma lm-h-k-eq-addl-n-nex-hint (rewrite)
(implies (and (not (zerop n))

(listp h)
(not (lessp n i))
(member k (nset n))
(lessp n (nth h k)))

(not (exist-hint-8-12-3-4 i 1 g h k)))
((enable exist-hint-8-12-3-4

hint-8-12-3-4-at-n at)))

(prove-lemma h-k-eq-addl-n-nex-hint
(implies (and (molws n 1 g h)

(not

(member k (nset n))

(rewrite)

(at h k (add1 n)))
(exist-hint-8-12-3 -4 n 1 g h k)))

((enable at)
(use (lm-h-k-eq-addl-n-nex-hint (i n)))))

(prove-lemma h-k-eq-addl-n-k-not-in-13 (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(blb n lghik)
(at h k (add1 n))
(union-at-n 1 i '(8 9 10 11 12)))

(not (at 1 k 3)))
((enable bib)
(use (h-k-eq-addl-n-nex-hint))))

(prove-lemma not-13-then-not-lp4
(implies (and (molws n 1 g h)

(rewrite)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (at 1 k 3)))

(not (at lp k 4)))
((enable at mrhoi)))

(prove-lemma h-k-eq-addl-n (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(bib n 1 g h i k)
(at h k (add1 n))
(union-at-n 1 i '(8 9 10 11 12)))

(not (at lp k 4)))
((use (h-k-eq-addl-n-k-not-in-13))
(use (not-13-then-not-lp4))))

(prove-lemma h-k-neq-addl-n (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (at h k (add1 n))))

(not (at lp k 4)))
((enable at mrhoi)))

::;The order of the hints is crucial.
(prove-lemma lm-bla-i-neq-k-j-eq-k (rewrite)

(implies (and (molws n 1 g h)
(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(blb n 1 g h i k)
(union-at-n 1 i ' (8 9 10 11 12)))

(not (at lp k 4)))
((use (h-k-eq-addl-n) (h-k-neq-addl-n))))

;;; need m-1-same-lp.
(prove-lemma bla-i-neq-k-j-eq-k (rewrite)

(implies (and (molws n 1 g h)
(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(blb n 1 g h i k))

(bla lp i k))
((enable bla) (use (lm-bla-i-neq-k-j-eq-k))))

(prove-lemma bla-i-j-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp
(not (equal i k))
(not (equal j k))
(bla 1 i j))

(bla lp i j))
((enable bla)))

(prove-lemma bla-i-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member j (nset n))

gp hp)

t (use
(use

1

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(bla 1 i j)
(bib n 1 g h i j))

(bla 1~ i j))
(bla-i-j-neq-k))
(bla-i-neq-k-j-eq-k))))

(prove-lemma cond-17 (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(at 1 k 7)
(union-at-n lp k '(8 9 10 11 12)))

(at g (nth h k) 4))
((enable mrhoi union-at-n at)))

(prove-lemma k-in-17-imp (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(bld n 1 h k)
tlg n 1 g)
(at 1 k 7)
(bla 1 (nth h k) j)
(union-at-n lp k ‘(8 9 10 11 12)))

(not (at 1 j 4)))
((enable bla bld)
(use (cond-17)  (bla-if4 (u (nth h k))))))

(prove-lemma 15-j-lt-h-k  (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(at 1 k 5)
(union-at-n lp k '(8 9 10 11 12)))

(lessp j (nth h k)))
((enable union-at-n at mrhoi)))

(prove-lemma k-in-15-then-j-not-14 (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(at 1 k 5)
(union-at-n lp k '(8 9 10 11 12))
(boa n 1 h k j))

(not (at 1 j 4)))
((enable boa) (use (15-j-lt-h-k))))

(prove-lemma lp9-12-k-in-18-12  (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(union-at-n lp k '(9 10 11 12)))

(union-at-n 1 k '(8 9 10 11 12)))
((enable at union-at-n mrhoi)))

(prove-lemma k-in-lp9-12-then-j-not-14 (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(bla 1 k j)
(union-at-n lp k '(9 10 11 12)))

(not (at 1 j 4)))
((enable bla) (use (lp9-12-k-in-18-12))))

(prove-lemma k-not-in-17-then-lp9-12-or-15 (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(union-at-n lp k '(8 9 10 11 12))
(not (at 1 k 7))
(not (union-at-n lp k ' (9 10 11 12))))

(at 1 k 5))
((enable at union-at-n mrhoi)))

(prove-lemma k-in-not-17-imp (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (at 1 k 7))
(boa n 1 h k j)
(bla 1 k j)
(union-at-n lp k '(8 9 10 11 12)))

(not tat 1 j 4)))
((use (k-not-in-17-then-lp9-12-or-15))
(use (k-in-lp9-12-then-j-not-14))
(use (k-in-15-then-j-not-14))))

:;; I wonder why the following two do not imply
::: lm-bla-i-eq-k-j-neq-k although those without
::: (member u (nset n)) are perfectly able to
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::: imply it.
::: (prove-lemma k-in-lp9-12-then-j-not-14 (rewrite)
;:; (implies (and (molws n 1 g h)
;:: (member j (nset n))
::: (member k (nset n))
::: (mrhoi n k 1 g h lp gp hp)
;:: (bla 1 k j)
;:: (union-at-n lp k '(9 10 11 12)))
;;: (not tat 1 j 4))))
:::
;;:(prove-lemma k-in-lp8-then-j-not-14 (rewrite)
::: (implies (and (at lp k 8)
;;: (molws n 1 g h)
;:: (member j (nset n))
:;; (member u (nset n))
;:: (member k (nset n))
;;; (mrhoi n k 1 g h lp gp hp)
::: tlg n 1 g)
:;; (boa n 1 h k j)
;;: (bla 1 (nth h k) j))
::; (not tat 1 j 4))))

(prove-lemma lm-bla-i-eq-k-j-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(bld n 1 h k)- - --
(lg n 1 g)
(boa n 1 h k j)
(bla 1 k j)
(bla 1 (nth h k) j)
(union-at-n lp k '(8 9

(not tat 1 j 4)))
((use (k-in-17-imp))
(use (k-in-not-17-imp))))

:::m-1-same-lp-at-not  is used.

10 11 12)))

(prove-lemma bla-i-eq-k-j-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal j k))
(bld n 1 h k)
tlg n 1 g)
(boa n 1 h k j)
(bla 1 k j)
(bla 1 (nth h k) j))

(bla 1~ k j))
((enable bla) (use (lm-bla-i-eq-k-j-neq-k))))

(prove-lemma bla-i-j-eq-k (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(bla 1 k k))

(bla lp k k))
((enable bla at union-at-n)))

(prove-lemma bla-i-eq-k (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(bld n 1 h k)
tlg n 1 g)
(boa n 1 h k j)
(bla 1 k j)
(bla 1 (nth h k) j))

(bla lp k j))
((use (bla-i-eq-k-j-neq-k))
(use (bla-i-j-eq-k))))

(prove-lemma mrho-preserves-bla ()
(implies (and (molws n 1 g h)

(member i (nset n))
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(bld n 1 h i)
(lg n 1 g)
(boa n 1 h i j)
(bla 1 i j)
(bla 1 (nth h i) j)
(blb n 1 g h i j))

(bla lp i j))
((use (bla-i-neq-k) (bla-i-eq-k))))

::::;;;;:::;: blb ::;;;;:::::;;;;;

;;;::;::..,,.,.,.*....****common  in mole and atom.
(prove-lemma unS-11-then-un8-12  (rewrite)

(implies (union-at-n lp r '(8 9 10 11))
(union-at-n lp r '(8 9 10 11 12)))

((enable union-at-n)))

2

(prove-lemma 18-11-k-in-gp34  (rewrite)
(implies (and (member r (nset n))

tlg n 1 g)
(union-at-n 1 r '(8 9 10 11)))

(union-at-n gp r ' (3 4)))
((enable lg lg-at-n lg-2-at-n lg-3-at-n

union-at-n at nset)))

(prove-lemma u-if4 (rewrite)
(implies (and (member u (nset n))

tlg n 1 g)
tat g u 4))

(not (at 1 u 2)))
((enable lg lg-at-n lg-3-at-n at nset)))

(prove-lemma 112-then-unlO-12  (rewrite)
(implies (at 1 u 12)

(union-at-n 1 u '(10 11 12)))
((enable at union-at-n)))

(prove-lemma r-neq-k (rewrite)
(implies (and (union-at-n 1 k '(8 9 10 11))

(at 1 r 12))
(not (equal k r)))

((enable union-at-n at)))
:;;:;;:;:;;:;:::: common in mole and atom end.
::;:;:::;;;:::;;; Lemmas on hints.

(prove-lemma ex-hint-in-18-12 (rewrite)
(implies (exist-hint-8-12-3-4 n 1 g h j)

(union-at-n 1 (exist-hint-8-12-3-4 n
1 g h j) '(8 9 10 11 12)))

((enable exist-hint-8-12-3-4 union-at-n at
hint-8-12-3-4-at-n
intersect-8-12-3-4-at-n)))

(prove-lemma ex-hint-in-g34 (rewrite)
(implies (exist-hint-8-12-3-4 n 1 g h k)

(union-at-n g (exist-hint-8-12-3-4 n
1 g h k) '(3 4)))

((enable exist-hint-8-12-3-4 union-at-n at
hint-8-12-3-4-at-n
intersect-8-12-3-4-at-n)))

(prove-lemma ex-hint-l-g-h (rewrite)
(implies (exist-hint-8-12-3-4 n 1 g h j)

(not (lessp (exist-hint-8-12-3-4 n
1 g h j) (nth h j))))

((enable exist-hint-8-12-3-4 hint-8-12-3-4-at-n)))

(prove-lemma ex-hint-lp-gp-h-in-int-8-12-3-4 (rewrite)
(implies (exist-hint-8-12-3-4 n lp gp h j)

(intersect-8-12-3-4-at-n
(exist-hint-8-12-3-4 n lp gp h j) lp gp))

((enable hint-8-12-3-4-at-n exist-hint-8-12-3-4)))

(prove-lemma ex-hint-lp-gp-h-leq-h-j (rewrite)
(implies (exist-hint-8-12-3-4 n lp gp h j)

(not (lessp (exist-hint-8-12-3-4 n
1~ gp h j) (nth h j))))

((enable hint-8-12-3-4-at-n exist-hint-8-12-3-4)))

(prove-lemma ex-hint-not-in-g02 (rewrite)
(implies (exist-hint-8-12-3-4 n 1 g h k)

(not (union-at-n g (exist-hint-8-12-3-4 n
1 g h k) '(0 1 2))))

((enable union-at-n)
(use (ex-hint-in-g34))))

(prove-lemma hint-wtn (rewrite)
(implies (and (member r (nset n))

(intersect-8-12-3-4-at-n r lp gp)
(not (lessp r (nth h j))))

(exist-hint-8-12-3-4 n lp gp h j))
((enable nset exist-hint-8-12-3-4

hint-8-12-3-4-at-n)))

::::;;:::::;;:::. *Lemmas on hints end.

(prove-lemma lm-k-in-17-imp (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(bld n 1 h k)
tlg n 1 4)
(at 1 k 7)
(blbnlgh (nthhk) j)
tat 1 j 3)
(union-at-n lp k '(8 9 10 11 12)))

(exist-hint-8-12-3-4 n 1 g h j))
((enable blb bld)
(use (cond-17)  (bla-if4 (u (nth h k))))))

(prove-lemma ex-hint-neq-k-imp (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(exist-hint-8-12-3-4 n 1 g h j)
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(not (equal k
(exist-hint-8-12-3-4 n 1 g h j))))

(intersect-8-12-3-4-at-n
(exist-hint-8-12-3-4 n 1 g h j) lp gp))

((enable intersect-8-12-3-4-at-n)
(use (ex-hint-in-g34))
(use (ex-hint-in-18-12))))

(prove-lemma ex-hint-neq-k-in-17 (rewrite)
(implies (and (at 1 k 7)

(exist-hint-8-12-3-4 n 1 g h j))
(not (equal k (exist-hint-8-12-3-4 n

1 g h j)),)
((enable at union-at-n) (use (ex-hint-in-18-12))))

(prove-lemma ex-hint-in-int-8-12-3-4-17 (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(at 1 k 7)
(exist-hint-8-12-3-4 n 1 g h j))

(intersect-8-12-3-4-at-n
(exist-hint-8-12-3-4 n 1 g h j) lp gp))

((use (ex-hint-neq-k-imp))
(use (ex-hint-neq-k-in-17))))

(prove-lemma ex-hint-wtn-17 (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(at 1 k 7)
(exist-hint-8-12-3-4 n 1 g h j))

(exist-hint-8-12-3-4 n lp gp h j))
((use (hint-wtn

(r (exist-hint-8-12-3-4 n 1 g h j))))
(use (ex-hint-in-int-8-12-3-4-17))
(use (ex-hint-l-g-h))))

(prove-lemma blb-k-in-17-imp (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(bld n 1 h k)
tlg n 1 g)
(at 1 k 7)
(blbnlgh (nthhk) j)
tat 1 j 3)
(union-at-n lp k '(8 9 10 11 12)))

(exist-hint-8-12-3-4 n lp gp h j))
((use (lm-k-in-17-imp))
(use (ex-hint-wtn-17))))

(prove-lemma h-j-leq-k (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(at 1 j 3)
(at 1 k 5)
(bob n 1 h k j)
(union-at-n lp k '(8 9 10 11 12)))

(not (lessp k (nth h j))))
((enable bob)
(use (15-j-lt-h-k))))

(prove-lemma lm-lp8-then-k-in-g34  (rewrite)
(implies (and (listp 1)

(numberp n)
(equal (length 1) n)
(mrhoi n k 1 g h lp gp hp)
(member k (nset n))
tlg n 1 4)
(at 1 k 5)
tat lp k 8))

(union-at-n gp k ' (3 4)))
((enable mrhoi at union-at-n lg lg-at-n

lg-2-at-n lg-3-at-n nset)))

(disable lm-lp8-then-k-in-g34)

(prove-lemma lp8-then-k-in-g34  (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(at 1 k 5)
(at lp k 8))

(union-at-n gp k '(3 4)))
((enable lm-lp8-then-k-in-g34)
(use (lm-lp8-then-k-in-g34))))

(prove-lemma lm-k-in-g34 (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
tlg n 1 g)
tlg n 1~ gp)
(at 1 k 5)

(union-at-n lp k '(8 9 10 11 12)))
(union-at-n gp k '(3 4)))

((use (un8-12-then-18-or-19-12))
(use (IpE-then-k-in-g34))
(use (lp9-12-then-k-in-g34))))

(prove-lemma k-in-g34 (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(at 1 k 5)
(union-at-n lp k '(8 9 10 11 12)))

(union-at-n gp k '(3 4)))
((use (lm-k-in-g34))
(use (mrho-preserves-lg))))

(prove-lemma k-in-int (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
tlg n 1 g)
(at 1 k 5)
(union-at-n lp k '(8 9 10 11 12)))

(intersect-8-12-3-4-at-n  k lp gp))
((enable intersect-8-12-3-4-at-n)
(use (k-in-g34))))

(prove-lemma k-in-15-imp (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
tlg n 1 g)
tat 1 j 3)
(at 1 k 5)
(bob n 1 h k j)
(union-at-n lp k '(8 9 10 11 12)))

(exist-hint-8-12-3-4 n lp gp h j))
((use (k-in-int))
(use (h-j-leq-k))
(use (hint-wtn (r k)))))

::;This is slow.
(prove-lemma ex-hint-in-112 (rewrite)

(implies (and (molws n 1 g h)
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(union-at-n 1 k '(8 9 10 11))
(exist-hint-8-12-3-4 n 1 g h j)
(at 1 (exist-hint-8-12-3-4 n 1 g h j) 12))

(intersect-8-12-3-4-at-n
(exist-hint-8-12-3-4 n 1 g h j) lp gp))

((use (r-neq-k (r (exist-hint-8-12-3-4 n 1 g h j))))
(use (ex-hint-neq-k-imp))))

(prove-lemma r-neq-k-18-11-k-in-lp8-12 (rewrite)
(implies (and (molws n 1 g h)

(member r (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal r k))
(union-at-n 1 r '(8 9 10 11)))

(union-at-n lp r ' (8 9 10 11)))
((use (m-lp-same-l (j r) (m '(8 9 10 11))))))

(prove-lemma r-eq-k-18-11-k-in-lp8-12 (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(union-at-n 1 k '(8 9 10 11)))

(union-at-n lp k '(8 9 10 11 12)))
((enable union-at-n at mrhoi)))

(prove-lemma 18-11-k-in-lp8-12  (rewrite)
(implies (and (molws n 1 g h)

(member r (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(union-at-n 1 r '(8 9 10 11)))

(union-at-n lp r '(8 9 10 11 12)))
((use (r-neq-k-18-ll-k-in-lp8-12))
(use (un8-ll-then-un8-12))
(use (r-eq-k-18-11-k-in-lp8-12))))

(prove-lemma hint-in-18-11 (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(exist-hint-8-12-3-4 n 1 g h j)
(union-at-n 1 (exist-hint-8-12-3-4

nlghj) '(8 9 10 11)))
(intersect-8-12-3-4-at-n
(exist-hint-8-12-3-4 n 1 g h j) lp gp))

((enable intersect-8-12-3-4-at-n)
(use (18-11-k-in-gp34

(r (exist-hint-8-12-3-4 n 1 g h j))))
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(use (18-11-k-in-lp8-12 (blb n 1 g h (nth h k) j)
(r (exist-hint-8-12-3-4 n 1 g h j)))))) (union-at-n lp k '(8 9 10 11 12)))

(exist-hint-8-12-3-4 n lp gp h j))
(prove-lemma ex-hint-not-in-112 (rewrite) ((use (blb-k-in-17-imp))

(implies (and (molws n 1 g h) (use (k-not-in-17-imp))))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp) (prove-lemma ex-hint-lp-gp-h-leq-hp-j (rewrite)
tlg n 1 g) (implies (and (molws n 1 g h)
(exist-hint-8-12-3-4 n 1 g h j) (member j (nset n))
(not (at 1 (exist-hint-8-12-3-4 n 1 g h j) 12))) (member k (nset n))

(intersect-8-12-3-4-at-n
(exist-hint-8-12-3-4 n 1 g h j) lp gp))

((use (hint-in-18-11))
(use (ex-hint-in-18-12))
(use (case-k (k (exist-hint-8-12-3-4 n 1 g h j))))))

(prove-lemma ex-hint-in-int-8-12-3-4-18-11 (rewrite)
implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
tlg n 1 g)
(union-at-n 1 k '(8 9 10 11))
(exist-hint-8-12-3-4 n 1 g h j))

(intersect-8-12-3-4-at-n
(exist-hint-8-12-3-4 n 1 g h j) lp gp))

((use (ex-hint-not-in-112))
(use (ex-hint-in-112))))

(prove-lemma ex-hint-wtn-18-11 (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
tlg n 1 g)
(union-at-n 1 k '(8 9 10 11))
(exist-hint-8-12-3-4 n 1 g h j))

(exist-hint-8-12-3-4 n lp gp h j))
((use (hint-wtn (r (exist-hint-8-12-3-4 n 1 g h j))))
(use (ex-hint-in-int-8-12-3-4-18-11))
(use (ex-hint-l-g-h))))

(prove-lemma k-in-18-11-imp (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
tlg n 1 g)
(at 1 j 3)
(blb n 1 g h k j)
(union-at-n 1 k ' (8 9 10 11)))

(exist-hint-8-12-3-4 n lp gp h j))
((enable blb)
(use (un8-11-then-un8-12))))

(prove-lemma m-lp9-12-k-in-18-11 (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(union-at-n lp k '(9 10 11 12)))

(union-at-n 1 k '(8 9 10 11)))
((enable mrhoi union-at-n at)))

(prove-lemma k-in-lp9-12-imp (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
tlg n 1 g)
(at 1 j 3)
(blb n 1 g h k j)
(union-at-n lp k ' (9 10 11 12)))

(exist-hint-8-12-3-4 n lp gp h j))
((use (k-in-18-11-imp))
(use (m-lp9-12-k-in-18-11))))

(prove-lemma k-not-in-17-imp (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
tlg n 1 g)
(at 1 j 3)
(not (at 1 k 7))
(bob n 1 h k j)
(blb n 1 g h k j)
(union-at-n lp k ' (8 9 10 11 12)))

(exist-hint-8-12-3-4 n lp gp h j))
((use (k-not-in-17-then-lp9-12-or-15))
(use (k-in-15-imp))
(use (k-in-lp9-12-imp))))

(prove-lemma lml-blb-i-eq-k-j-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(bld n 1 h k)
tlg n 1 g)
tat 1 j 3)
(bob n 1 h k j)
(blb n 1 g h k j)

(mrhoi n k 1 g h lp gp hp)
(not (equal j k))
(exist-hint-8-12-3-4 n lp gp h j))

(not (lessp (exist-hint-8-12-3-4 n
1~ gp h j) (nth hp j))))

((use (ex-hint-lp-gp-h-leq-h-j))))

(prove-lemma j-neq-k-then-hp-eq-h (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal j k))
(exist-hint-8-12-3-4 n lp gp h j))

(exist-hint-8-12-3-4 n lp gp hp j))
((use (hint-wtn (h hp)

(r (exist-hint-8-12-3-4 n lp gp h j))))
(use (ex-hint-lp-gp-h-in-int-8-12-3-4))
(use (ex-hint-lp-gp-h-leq-hp-j))))

(prove-lemma lm-blb-i-eq-k-j-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(bld n 1 h k)
(not (equal j k))
tlg n 1 g)
(bob n 1 h k j)
(blb n 1 g h k j)
(blb n 1 g h (nth h k) j)
(at 1 j 3)
(union-at-n lp k '(8 9 10 11 12)))

(exist-hint-8-12-3-4 n lp gp hp j))
((use (lml-blb-i-eq-k-j-neq-k))
(use (j-neq-k-then-hp-eq-h))))

(prove-lemma blb-i-eq-k-j-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(bld n 1 h k)
(not (equal j k))
tlg n 1 g)
(bob n 1 h k j)
(blb n 1 g h k j)
(blb n 1 g h (nth h k) j))

tblb n 1~ gp hp k j))
((enable blb)
(use (lm-blb-i-eq-k-j-neq-k))))

(prove-lemma blb-i-j-eq-k (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(blb n 1 g h k k))

(blb n 1~ gp hp k k))
((enable blb union-at-n at)))

:;: I wonder if (bid n 1 h i) is
:::better than (bld n 1 h k).
(prove-lemma blb-i-eq-k (rewrite)

(implies (and (molws n 1 g h)
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(bld n 1 h k)
tlg n 1 g)
(bob n 1 h k j)
(blb n 1 g h k j)
(bib n 1 g h (nth h k) j))

(blb n lp gp hp k j))
((use (blb-i-eq-k-j-neq-k))
(use (blb-i-j-eq-k))))

::; I wonder why the following two do not imply
::: lm-blb-i-neq-k-j-eq-k.
;;; (prove-lemma k-not-in-13 (rewrite)
;:; (implies (and (molws n 1 g h)
;:; (member i (nset n))
::: (member k (nset n))
;;; (mrhoi n k 1 g h lp gp hp)
::: (not (equal i k))
::: (lg n 1 g)
;:; (at lp k 3)
;;; (not (at 1 k 3))
::: (union-at-n 1 i '(8 9 10 11 12)))



bl.ev Wed Mar 6 10:23:19 1991

;::
:::

(exist-hint-8-12-3-4 n lp gp hp k)))

:;; (prove-lemma k-in-13 (rewrite)
::: (implies (and (molws n 1 g h)
::; (member i (nset n))
;:: (member k (nset n))
::: (mrhoi n k 1 g h lp gp hp)
::; (at 1 k 3)
;:: (at lp k 3)
;;: (union-at-n 1 i '(8 9 10 11 12)))
::: (exist-hint-8-12-3-4 n lp gp hp k)))
:::
::; (prove-lemma lm-blb-i-neq-k-j-eq-k (rewrite)
;;: (implies (and (molws n 1 g h)
:;: (member i (nset n))
:;; (member k (nset n))
::: (mrhoi n k 1 g h lp gp hp)
::: (not (equal i k))
:;; (lg n 1 g)
::; (at lp k 3)
::: (union-at-n 1 i '(8 9 10 11 12)))
;:: (exist-hint-8-12-3-4 n lp gp hp k)))

(prove-lemma ex-hint-leq-h-k (rewrite)
(implies (exist-hint-8-12-3-4 n 1 g h k)

(not (lessp (exist-hint-8-12-3-4 n 1 g h k)
(nth h k)))))

(prove-lemma h-k-leq-subl-ex-hint (rewrite)
(implies (and (exist-hint-8-12-3-4 n 1 g h k)

(not (equal (nth h k)
(exist-hint-8-12-3-4 n 1 g h k))))

(not (lessp (sub1 (exist-hint-8-12-3-4
n 1 g h k)) (nth h k))))

((enable at)
(use (ex-hint-leq-h-k))))

(prove-lemma ex-hint-neq-h-k (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(exist-hint-8-12-3-4 n 1 g h k)
(at 1 k 3)
(at 1~ k 3))

(not (equal (nth h k)
(exist-hint-8-12-3-4 n 1 g h k))))

((use (ex-hint-not-in-g02))
(use (h-k-g02))))

(prove-lemma lm-hp-k-leq-ex-l-g-h (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(at 1 k 3)
(at lp k 3)
(exist-hint-8-12-3-4 n 1 g h k))

(not (lessp (sub1 (exist-hint-8-12-3-4 n
1 g h k)) (nth h k))))

((use (h-k-leq-subl-ex-hint))
(use (ex-hint-neq-h-k))))

(prove-lemma ex-cond-13 (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(at 1 k 3)
(exist-hint-8-12-3-4 n 1 g h k)
(not (lessp (sub1 (exist-hint-8-12-3-4 n

1 g h k)) (nth h k))))
(not (lessp (exist-hint-8-12-3-4 n 1 g h k)

(nth hp k))))
((use (cond-13 (i (exist-hint-8-12-3-4 n 1 g h k))))))

(prove-lemma hp-k-leq-ex-l-g-h (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(at 1 k 3)
(at lp k 3)
(exist-hint-8-12-3-4 n 1 g h k))

(not (lessp (exist-hint-8-12-3-4 n 1 g h k)
(nth hp k))))

((use (hint-member (j k)))
(use (lm-hp-k-leq-ex-l-g-h))
(use (ex-cond-13))))

(prove-lemma ex-hint-neq-k-in-13 (rewrite)
(implies (and (at 1 k 3)

(union-at-n 1 (exist-hint-8-12-3-4 n 1 g h k)
'(8 9 10 11 12)))

(not (equal k (exist-hint-8-12-3-4 n 1 g h k))))
((enable at union-at-n) (use (ex-hint-in-18-12))))

::: This is successfully proved
:::by m-gp-same-g and m-lp-same-l.
::: This is successfully proved by ex-hint-neq-k-imp,

5

;:: ex-hint-neq-k-in-13 and ex-hint-in-18-12.
(prove-lemma ex-hint-l-g-h-in-int-8-12-3-4 (rewrite)

(implies (and (molws n 1 g h)
(member k Inset n))
(mrhoi n k 1 g h lp gp hp)
(at 1 k 3)
(exist-hint-8-12-3-4 n 1 g h k))

(intersect-8-12-3-4-at-n
(exist-hint-8-12-3-4 n 1 g h k) lp gp))

((use (ex-hint-neq-k-imp))
(use (ex-hint-neq-k-in-13))))

(prove-lemma ex-l-g-h-k-in-13 (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(at 1 k 3)
(at lp k 3)
(exist-hint-8-12-3-4 n 1 g h k))

(exist-hint-8-12-3-4 n lp gp hp k))
((use (hint-wtn (h hp) (j k)

(r (exist-hint-8-12-3-4 n 1 g h k))))
(use (ex-hint-l-g-h-in-int-8-12-3-4))
(use (hp-k-leq-ex-l-g-h))))

(prove-lemma lm-k-in-13 (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(at 1 k 3)
(at lp k 3)
(union-at-n 1 i '(8 9 10 11 12))
(blb n 1 g h i k))

(exist-hint-8-12-3-4 n lp gp hp k))
((enable blb)
(use (ex-1-g-h-k-in-13))))

(prove-lemma k-in-13 (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(at 1 k 3)
(blb n 1 g h i k))

(bib n lp gp hp i k))
((enable blb)
(use (lm-k-in-13))))

(prove-lemma hp-k-leq-i (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(at 1 k 2)
(at lp k 3))

(not (lessp i (nth hp k))))
((enable mrhoi at)))

(prove-lemma blb-u-neq-k (rewrite)
(implies (and (member u (nset n))

(member k (nset n))
(lg n 1 g)
(at g u 4)
(at 1 k 2))

(not (equal k u)))
((use (u-if4))))

(prove-lemma lm-u-in-int-8-12-3-4 (rewrite)
(implies (and (molws n 1 g h)

(member u (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(at 1 k 2)
(at g u 4)
(union-at-n lp u '(8 9 10 11 12)))

(intersect-8-12-3-4-at-n  u lp gp))
((enable intersect-8-12-3-4-at-n)
(use (bib-u-neq-k))))

(prove-lemma k-neq-u-in-lp8-12 (rewrite)
(implies (and (molws n 1 g h)

(member u (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal u k))
(lg n 1 g)
(at g u 4))

((use
(union-at-n lp u '(8 9 10 11 12)))

(bla-if4))))

(prove-lemma lml-u-in-int-8-12-3-4 (rewrite)
(implies (and (molws n 1 g h)

(member u (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
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ilg n 1 g)
(at 1 k 2)
(at g u 4))

(union-at-n lp u '(8 9 10 11 12)))
((use (k-neq-u-in-lp8-12))))

(prove-lemma u-in-int-8-12-3-4 (rewrite)
(implies (and (molws n 1 g h)

(member u (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(at 1 k 2)
(at g u 4))

(intersect-8-12-3-4-at-n u lp gp))
((use (lm-u-in-int-8-12-3-4))
(use (lml-u-in-int-8-12-3-4))))

;:: I wonder why the following does not trigger
;;:molws-ln-lp, molws-ln-gp.
;:: (prove-lemma h-i-in-g34-imp (rewrite)
::: (implies (and (molws n 1 g h)
::: (member k (nset n))
::: (mrhoi n k 1 g h lp gp hp)
;:: (member (nth h i) (nset n))
;;: ilg n 1 g)
:;; (at 1 k 2)
;;: (at lp k 3)
::: (at g (nth h i) 4))
;;; (exist-hint-8-12-3-4 n lp gp hp k)))
:;; although
;:: (prove-lemma h-i-in-g34-imp (rewrite)
::: (implies (and (member (nth h i) (nset n))
:;; (molws n 1 g h)
:;: (member k (nset n))
:;: (mrhoi n k 1 g h lp gp hp)
::; ilg n 1 g)
;;: (at 1 k 2)
;:: (at lp k 3)
:;; (at g (nth h i) 4))
:;; (exist-hint-8-12-3-4 n lp gp hp k)))
:::does.

(prove-lemma h-i-in-g34-imp (rewrite)
(implies (and (member (nth h i) (nset n))

(molws n 1 g h)
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
ilg n 1 cf)
(at 1 k 2)
(at lp k 3)
(at g (nth h i) 4))

(exist-hint-8-12-3-4 n lp gp hp k))
((use (hint-wtn (h hp) (j k) (r (nth h i))))
(use (hp-k-leq-i (i (nth h i))))
(use (u-in-int-8-12-3-4 (u (nth h i))))))

(prove-lemma i-not-in-g34 (rewrite)
(implies (and (not (union-at-n g i '(3 4)))

(molws n 1 g h)
(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
ilg n 1 g)
(at 1 k 2)
(at lp k 3)
(blc n 1 g h i)
(union-at-n 1 i '(8 9 10 11 12)))

(exist-hint-8-12-3-4 n lp gp hp k))
((enable blc)
(use (h-i-in-g34-imp))))

(prove-lemma i-in-int-8-12-3-4 (rewrite)
(implies (and (union-at-n g i '(3 4))

(molws n 1 g h)
(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(union-at-n 1 i '(8 9 10 11 12)))

(intersect-8-12-3-4-at-n i lp gp))
((enable intersect-8-12-3-4-at-n)))

(prove-lemma i-in-g34 (rewrite)
(implies (and (union-at-n g i '(3 4))

(molws n 1 g h)
(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(at 1 k 2)
(at lp k 3)
(union-at-n 1 i '(8 9 10 11 12)))

(exist-hint-8-12-3-4 n lp gp hp k))
((use (hint-wtn (h hp) (j k) (r i)))
(use (i-in-int-8-12-3-4))
(use (hp-k-leq-i))))

(prove-lemma k-in-12 (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(bid n 1 h k)
(not (equal i k))
ilg n 1 g)
(at 1 k 2)
(at lp k 3)
(blc n 1 g h i)
(union-at-n 1 i '(8 9 10 11 12)))

(exist-hint-8-12-3-4 n lp gp hp k))
((use (i-not-in-g34))
(use (i-in-g34))))

(prove-lemma lp3-then-13-or-12  (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (at 1 k 3))
(at lp k 3))

(at 1 k 2))
((enable mrhoi at)))

(prove-lemma lm-k-not-in-13 (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(bld n 1 h k)
(not (equal i k))
(lg n 1 g)
(not (at 1 k 3))
(at lp k 3)
(blc n 1 g h i)
(union-at-n 1 i '(8 9 10 11 12)))

(exist-hint-8-12-3-4 n lp gp hp k))
((use (k-in-12))
(use (lp3-then-13-or-12))))

(prove-lemma k-not-in-13 (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp
(bld n 1 h k)
(not (equal i k))
(lg n 1 g)
(not (at 1 k 3))
(blb n 1 g h i k)
(blc n 1 g h i))

(blb n lp gp hp i k))
((enable blb)
(use (lm-k-not-in-13))))

gp hp)

(prove-lemma blb-i-neq-k-j-eq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))

i (use
(use

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(bld n 1 h k)
(not (equal i k))
(lg n 1 g)
(blb n 1 g h i k)
(blc n 1 g h i))

iblb n 1~ gp hp i k))
(k-not-in-13))
(k-in-13))))

(prove-lemma lm-i-neq-k-in-int-8-12-3-4 (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(lg n 1 g)
(at g i 4))

(intersect-8-12-3-4-at-n i lp gp))
((enable intersect-8-12-3-4-at-n)
(use (k-neq-u-in-lp8-12 (II i)))))

(prove-lemma i-neq-k-in-int-8-12-3-4 (rewrite)
(implies (and (molws n 1 g h)

(member i inset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(union-at-n 1 i '(8 9 10 11 12))
(lg n 1 g)
(at 1 (exist-hint-8-12-3-4 n 1 g h j) 12)
(b3a 1 g
(exist-hint-8-12-3-4 n 1 g h j) i))

(intersect-8-12-3-4-at-n i lp gp))
((enable b3a)
(use (lm-i-neq-k-in-int-8-12-3-4))
(use (un8-12-then-unS-12))))
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(prove-lemma h-j-leq-i (rewrite)
(implies (and (union-at-n 1 i '(8 9 10 11 12))

(exist-hint-8-12-3-4 n 1 g h j)
(at 1 (exist-hint-8-12-3-4 n 1 g h j) 12)
(b2a 1 (exist-hint-8-12-3-4 n 1 g h j) i))

(not (lessp i (nth h j))))
((enable b2a)
(use (112-then-unlO-12

(u (exist-hint-8-12-3-4 n 1 g h j))))
(use (un8-12-then-un5-12))
(use (ex-hint-l-g-h))))

(prove-lemma i-neq-k-ex-hint-in-112 (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
ilg n 1 g)
(union-at-n 1 i '(8 9 10 11 12))
(exist-hint-8-12-3-4 n 1 g h j)
(at 1 (exist-hint-8-12-3-4 n 1 g h j) 12)
(b2a 1 (exist-hint-8-12-3-4 n 1 g h j) i)
(b3a 1 g
(exist-hint-8-12-3-4 n 1 g h j) i))

(exist-hint-8-12-3-4 n lp gp h j))
((use (hint-wtn (r i)))
(use (h-j-leq-i))
(use (i-neq-k-in-int-8-12-3-4))))

(prove-lemma i-neq-k-ex-hint-not-in-112 (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
ilg n 1 g)
(exist-hint-8-12-3-4 n 1 g h j)
(not (at 1

(exist-hint-8-12-3-4 n 1 g h j) 12)))
(exist-hint-8-12-3-4 n lp gp h j))

((use (hint-wtn (r (exist-hint-8-12-3-4 n 1 g h j))))
(use (ex-hint-not-in-112))
(use (ex-hint-l-g-h))))

(prove-lemma lml-blb-i-j-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(lg n 1 g)
(union-at-n 1 i '(8 9 10 11 12))
(exist-hint-8-12-3-4 n 1 g h j)
(b2a 1 (exist-hint-8-12-3-4 n 1 g h j) i)
(b3a 1 g
(exist-hint-8-12-3-4 n 1 g h j) i))

(exist-hint-8-12-3-4 n lp gp h j))
((use (i-neq-k-ex-hint-in-112))
(use (i-neq-k-ex-hint-not-in-112))))

(prove-lemma lm-blb-i-j-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(not (equal j k))
ilg n 1 g)
(union-at-n 1 i '(8 9 10 11 12))
(b2a 1 (exist-hint-8-12-3-4 n 1 g h j) i)
(b3a 1 g (exist-hint-8-12-3-4 n 1 g h j) i)
(exist-hint-8-12-3-4 n 1 g h j))

(exist-hint-8-12-3-4 n lp gp hp j))
((use (lml-blb-i-j-neq-k))
(use (j-neq-k-then-hp-eq-h))))

(prove-lemma blb-i-j-neq-k (rewrite)
(implies (and

(blb
((enable blb)

(molws n 1 g h)
(member i (nset n))
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(not (equal j k))
ilg n 1 g)
(blb n 1 g h i j)
(b2a 1 (exist-hint-8-12-3-4 n 1 g h j) i)
(b3a 1 g
(exist-hint-8-12-3-4 n 1 g h j) i))

n 1~ gp hp i j))

(use (lm-blb-i-j-neq-k))))

(prove-lemma blb-i-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member j (nset n))

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(bld n 1 h k)
(not (equal i k))
ilg n 1 g)
(bob n 1 h i j)
(blb n 1 g h i j)
(blc n 1 g h i)
(b2a 1 (exist-hint-8-12-3-4 n 1 g h j) i)
(b3a 1 g
(exist-hint-8-12-3-4 n 1 g h j) i))

iblb n 1~ gp hp i j))
((use (blb-i-j-neq-k))
(use (blb-i-neq-k-j-eq-k))))

:;; I wonder if (bld n 1 h i) and
:::(bld n 1 h j) are better than
;;;(bld n 1 h k).
::: (blb n 1 g h (nth h i) j) and (blb n 1 g h (nth h k) j).
:::What about (b2a 1 (exist-hint-8-12-3-4 n 1 g h j) i)
;:: (b3a 1 g (exist-hint-8-12-3-4 n 1 g h j) 1)) 2

(prove-lemma mrho-preserves-blb ()
(implies (and (molws n 1 g h)

(member i (nset n))
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(bld n 1 h k)
(lg n 1 g)
(bob n 1 h i j)
( b l b n l g h  ( n t h h k )  j)
(blb n 1 g h i j)
(blc n 1 g h i)
(b2a 1 (exist-hint-8-12-3-4 n 1 g h j) i)
(b3a 1 g
(exist-hint-8-12-3-4 n 1 g h j) i))

iblb n 1~ gp hp i j))
((use (blb-i-neq-k) (blb-i-eq-k))))

:;;;:::;;::;; b l c  ::::;;:;::;;:::;

::;;::::::::;;common  in mole and atom.
(prove-lemma not-g34-then-not-g4 (rewrite)

(implies (not (union-at-n g i '(3 4)))
(not (at g i 4)))

((enable union-at-n at)))

(prove-lemma contra-if4 (rewrite)
(implies (and (member j (nset n))

ilg n 1 g)
(at g j 4))

(union-at-n 1 j '(9 10 11 12)))
((enable lg lg-at-n lg-3-at-n  union-at-n at nset)))

::::::;;:::;;; common in mole and atom end.

(prove-lemma lp8-not-15-then-17  (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (at 1 k 5))
(at lp k 8))

(at 1 k 7))
((enable at mrhoi)))

(prove-lemma lp8-not-g34-then-k-in-17  (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
ilg n 1 g)
(at lp k 8)
(union-at-n lp k '(8 9 10 11 12))
(not (union-at-n gp k '(3 4))))

(at 1 k 7))
((use (18-not-15-then-17))
(use (lp8-then-k-in-g34))))

(prove-lemma lm-k-in-17 (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
ilg n 1 g)
ilg n lp ad
(union-at-n lp k '(8 9 10 11 12))
(not (union-at-n gp k '(3 4))))

(at 1 k 7))
((use (un8-12-then-18-or-19-12))
(use (lp9-12-then-k-in-g34))
(use (lp8-not-g34-then-k-in-17))))

(prove-lemma k-in-17 (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(union-at-n lp k '(8 9 10 11 12))
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(not (union-at-n gp k '(3 4))))
(at 1 k 7))

((use (lm-k-in-17))
(use (mrho-preserves-lg))))

(prove-lemma h-k-cond-17 (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(at 1 k 7)
(union-at-n lp k '(8 9 10 11 12)))

(equal (nth hp k) (nth h k)))
((enable at union-at-n mrhoi)))

(prove-lemma lm-h-k-g4 (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(bld n 1 h k)
fig n 1 g)
(at 1 k 7)
(union-at-n lp k '(8 9 10 11 12)))

(and (member (nth hp k) (nset n))
(at g (nth hp k) 4)))

((enable bld)
(use (h-k-cond-17))
(use (k-in-17))
(use (cond-17))))

(prove-lemma h-k-g4 (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(bld n 1 h k)
ilg n 1 g)
(union-at-n lp k '(8 9 10 11 12))
(not (union-at-n gp k '(3 4))))

(and (member (nth hp k) (nset n))
(at g (nth hp k) 4) 1)

((use (lm-h-k-g4))
(use (k-in-17))
(use (cond-17))))

(prove-lemma lml-i-eq-k-then-h-k-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(bld n 1 h k)
(lg n 1 g)
(at 1 k 7)
(at g (nth hp k) 4))

(not (at hp k k)))
((enable at bld union-at-n)
(use (contra-if4 (j (nth hp k))))))

::;Ueed k-in-17.
(prove-lemma lm-i-eq-k-then-h-k-neq-k (rewrite)

(implies (and (molws n 1 g h)
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(bid n 1 h k)
Ug n 1 g)
(at 1 k 7)
(union-at-n lp k '(8 9 10 11 12))
(not (union-at-n gp k '(3 4))))

(not (at hp k k)))
((use (lml-i-eq-k-then-h-k-neq-k))
(use (h-k-g4))))

(prove-lemma i-eq-k-then-h-k-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(bld n 1 h k)
(lg n 1 g)
(union-at-n lp k '(8 9 10 11 12))
(not (union-at-n gp k '(3 4))))

(not (at hp k k)))
((use (h-k-g4))
(use (lm-i-eq-k-then-h-k-neq-k))
(use (k-in-17))))

(prove-lemma blc-i-eq-k-hp-k-neq-k (rewrite)
(implies (and (molus n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(bld n 1 h k)
(not (at hp k k))
ilg n 1 g)
(union-at-n lp k '(8 9 10 11 12))
(not (union-at-n gp k '(3 4))))

(and (member (nth hp k) (nset n))
(at gp (nth hp k) 4)))

((enable at)
(use (h-k-g4))))

(prove-lemma blc-i-eq-k (rewrite)
(implies (and (molws nigh)

8

(member k (nset n))
(mrhoi n k 1 g h lp gp
(bid n 1 h k)
ilg n 1 g) 1

fblc n IP gp hp k))
((enable blc)
(use (blc-i-eq-k-hp-k-neq-k))
(use (i-eq-k-then-h-k-neq-k))))

hp)

(prove-lemma 19-ll-then-in-lp9-12  (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (at 1 k 12))
(union-at-n 1 k '(9 10 11 12)))

(union-at-n lp k '(9 10 11 12)))
((enable union-at-n at mrhoi)))

(prove-lemma k-in-lp9-12 (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
ilg n 1 g)
(at g k 4)
(not (at 1 k 12)))

(union-at-n lp k '(9 10 11 12)))
((use (contra-if4 (j k)))
(use (19-ll-then-in-lp9-12))))

(prove-lemma lm-k-not-in-112-imp (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
ilg n 1 4)
(lg n 1~ gp)
(at g k 4)
(not (at 1 k 12) ))

(at gp k 4))
((disable mrho-preserves-lg)
(use (k-in-lp9-12))
fuse (if4 fj k) (1 lp) (g gp)))))

(prove-lemma k-not-in-112-imp (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
ilg n 1 4)
(at g k 4)
(not (at 1 k 12)))

(at gp k 4))
((use (lm-k-not-in-112-imp))
(use (mrho-preserves-lg))))

(prove-lemma k-not-in-112 (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(b3a 1 g k i)
(union-at-n 1 i '(8 9 10 11 12))
(not (union-at-n g i '(3 4))))

(not (at 1 k 12)))
((enable b3a)
(use (un8-12-then-un5-12))
(use (not-g34-then-not-g4))))

(prove-lemma lml-blc-i-neq-k-h-i-eq-k (rewrite)
(implies (and (molus n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(equal (nth h i) k)
ilg n 1 g)
(blc n 1 g h i)
(b3a 1 g (nth h i) i)
(union-at-n 1 i '(8 9 10 11 12))
(not (union-at-n g i '(3 4))))

(at gp k 4))
((enable blc)
(use (k-not-in-112))
(use (k-not-in-112-imp))))

(prove-lemma lm-blc-i-neq-k-h-i-eq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(at h i k)
ilg n 1 g)
(blc n 1 g h i)
(b3a 1 g (nth h i) i)
(union-at-n 1 i '(8 9 10 11 12))
(not (union-at-n g i '(3 4))))

(and (member (nth h i) (nset n))
(at gp (nth h i) 4)))

((enable at)
(use (lml-blc-i-neq-k-h-i-eq-k))))
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(prove-lemma b3a-h-rholemma  (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(b3a 1 g (nth h i) i))

(b3a 1 g (nth hp i) i)))

::;m-1-same-lp  and m-gp-same-g are used.
(prove-lemma blc-i-neq-k-h-i-eq-k (rewrite)

(implies (and (molws n 1 g h)
(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(at h i k)
(lg n 1 g)
(blc n 1 g h i)
(b3a 1 g (nth h i) i))

(blc n 1~ gp hp i))
((enable blc)
(use (lm-blc-i-neq-k-h-i-eq-k))
(use (b3a-h-rholemma))))

(prove-lemma lm-blc-i-h-i-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (at h i k))
(blc n 1 g h i)
(union-at-n 1 i '(8 9 10 11 12))
(not (union-at-n g i '(3 4))))

(and (member (nth h i) (nset n))
(at gp inth h i) 4)))

((enable blc at)
(use (g-mrholemma (j (nth h i))))))

(prove-lemma blc-i-h-i-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(not (at h i k))
(blc n 1 g h i))

fblc n 1~ gp hp i))
((enable blc)
(use (lm-blc-i-h-i-neq-k))))

(prove-lemma blc-i-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
ilg n 1 g)
(blc n 1 g h i)
(b3a 1 g (nth h i) i))

iblc n 1~ gp hp i))
((use (blc-i-h-i-neq-k))
(use (blc-i-neq-k-h-i-eq-k))))

((enable nset)))

(prove-lemma one-nset (rewrite)
(implies (not (zerop n))

(member 1 (nset n)))
((enable nset)))

(prove-lemma lm-bld-i-eq-k (rewrite)
(implies (and (listp 1)

(listp h)
(numberp n)
(numberp (nth h k))
(equal (length 1) n)
(equal (length h) n)
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(bld n 1 h k))

(bld n lp hp k))
((enable mrhoi bld at)
(use (member-remainder (j (nth h k))))))

(prove-lemma bld-i-eq-k (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(bld n 1 h k))

(bld n lp hp k))
((disable bld)
(enable lm-bld-i-eq-k)
(use (lm-bld-i-eq-k))))

(prove-lemma bld-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(bld n 1 h i))

(bld n lp hp i))
((enable bld)))

(prove-lemma mrhoi-preserves-bld (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(bld n 1 h i))

(bld n lp hp i))
((disable bld)
(use (bld-i-neq-k))
(use (bld-i-eq-k))))

-P gp hp)

;;::::;;::;:: bld ::::;;::::::;:::

(prove-lemma remainder-quotient (rewrite)
(equal (remainder x (add1 x))

(fix x)))

(prove-lemma lml-member-remainder (rewrite)
(implies (not (lessp x n))

(not (member (add1 x) inset (sub1 n)))))
((enable nset)))

(prove-lemma lm-member-remainder (rewrite)
(implies (member (add1 x) (nset (sub1 n)))

(member (add1 (remainder x n)) (nset (sub1 n))))
((enable nset)))

(prove-lemma member-remainder (rewrite)
(implies (member j (nset n))

(member (add1 (remainder (sub1 j) n)) (nset n)))
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:;::;;;;::;;; b2a ::;;;;;;;;;::::;

;* i-eq-k-j-neq-k

(prove-lemma j-lt-h-k (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(le.-p j k)
(at 1 k 9)
(union-at-n lp k '(10 11 12)))

(lessp j (nth h k)))
((enable mrhoi union-at-n at)))

(prove-lemma lm-case-k-in-19 (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal j k))
(1-q j k)
(b2b 1 h k j)
(at 1 k 9)
(lessp j (nth h k))
(union-at-n lp k '(10 11 12)))

(not (union-at-n 1 j '(5 6 7 8 9 10 11 12))))
((enable b2b)))

;;: In the rewrite rule a set of hypotheses is replaced
:;;by anther set of formulas. Thus if in a proof
;;: intended beforehand there is a formula belonging to
;;: more than one set of hypotheses which are expected to
;:: be replaced, Bmp is very likely to be unsuccessful.
::: If j is not equal to k and the k's entry in 1 is
;;:between  10 and 12, then the j's entry in lp is not
;;;between  5 and 12.
(prove-lemma case-k-in-19 (rewrite)

(implies (and (molws n 1 g h)
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal j k))
(lessp j k)
(b2b 1 h k j)
(at 1 k 9)
(union-at-n lp k ' (10 11 12)))

(not (union-at-n lp j '(5 6 7 8 9 10 11 12))))
((use (lm-case-k-in-19) (j-lt-h-k))))

::; need unlO-ll-then-unlO-12.
(prove-lemma case-k-in-110-11 (rewrite)

(implies (and (molws n 1 g h)
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal j k))
(lessp j k)
(b2a 1 k j)
(union-at-n 1 k '(10 11)))

(not (union-at-n lp j '(5 6 7 8 9 10 11 12))))
((enable b2a)))

(prove-lemma k-in-llO-11-or-19 (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(union-at-n lp k '(10 11 12))
(not (union-at-n 1 k '(10 11))))

(at 1 k 9))
((enable mrhoi union-at-n at)))

(prove-lemma lm-b2a-i-eq-k-j-neq-k  (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal j k))
(lessp j k)
(lg n 1 g)
(b2a 1 k j)
(b2b 1 h k j)
(union-at-n lp k '(10 11 12)))

(not (union-at-n lp j '(5 6 7 8 9 10 11 12))))
((use (k-in-llO-ll-or-19))
(use (case-k-in-110-11))
(use (case-k-in-19))))

::; I proved
::; (prove-lemma lm-b2a-i-eq-k-j-neq-k (rewrite)
:;; (implies (and (molws n 1 g h)
;:; (member j (nset n))
;;; (member k (nset n))
::: (mrhoi n k 1 g h lp gp hp)
;;; (not (equal j k))
::; (lessp j k)
;;; (lg n 1 g)
;;; (b2a 1 k j)

. . .
,s, (b2b 1 h k j,
;;: (union-at-n lp k '(10 11 12)))
::; (not (union-at-n 1 j '(5 6 7 8 9 10 11 12)))))
;;; and tried to prove the following lemma counting on
;::m-lp-same-l, but it was unsuccessful.

(prove-lemma b2a-i-eq-k-j-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal j k))
(lessp j k)
(lg n 1 g)
(b2b 1 h k j)
(b2a 1 k j))

(b2a lp k j))
((enable b2a) (use (lm-b2a-i-eq-k-j-neq-k))  ))

.* i-neq-k-j-eq-k,
;;:If the k's entry in 1 is not 4 and
:;;the k's entry in lp is between 5 and 7. then
:;:the k's entry in 1 is between 5 and 7.
(prove-lemma m-k-in-lp5-7-not-14-then-15-7(rewrite)

(implies (and (molws n 1 g h)
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (at 1 k 4))
(union-at-n lp k '(5 6 7)))

(union-at-n 1 k '(5 6 7)))
((enable union-at-n at mrhoi)))

:::If the k's entry in lp is between 5 and 7 then
:::the k's entry in 1 is certainly between 5 and 12.
(prove-lemma m-k-in-lp5-7-then-15-11 (rewrite)

(implies (and (molws n 1 g h)
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (at 1 k 4))
(union-at-n lp k '(5 6 7)))

(union-at-n 1 k '(5 6 7 8 9 10 11)))
((use (m-k-in-lp5-7-not-14-then-15-7))
(use (un5-7-then-un5-11))))

::; If the k's entry in lp is 8 then k's entry
;;:in 1 is either 5 or 7.
(prove-lemma m-lp8-k-in-157  (rewrite)

(implies (and (molws n 1 g h)
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(at lp k 8))

(union-at-n 1 k '(5 7)))
((enable mrhoi union-at-n at)))

;:; If the k's entry in lp is 8,
;:: then the k's entry in 1 is between 5 and 11.
(prove-lemma m-k-in-lp8-then-15-11 (rewrite)

(implies (and (molws n 1 g h)
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(at lp k 8))

(union-at-n 1 k '(5 6 7 8 9 10 11)))
((use (un57-then-un5-11)  (m-lp8-k-in-157))))

;;: If the k's entry in lp is between 9 and 12,
:::then the k's entry in 1 is between 5 and 12.
(prove-lemma m-k-in-lp9-12-then-15-11 (rewrite)

(implies (and (molws n 1 g h)
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(union-at-n lp k ' (9 10 11 12)))

(union-at-n 1 k '(5 6 7 8 9 10 11)))
((use (m-lp9-12-k-in-18-11)  (un8-11-then-un5-11))))

:;: If the k's entry in 1 is 4 an the k's entry in lp is
:::between 5 and 12, then the k's entry in 1 is
;;:between 5 and 11.
(prove-lemma m-k-in-15-11 (rewrite)

(implies  (and (molws n 1 g h)
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (at 1 k 4))
(union-at-n lp k '(5 6 7 8 9 10 11 12)))

(union-at-n 1 k '(5 6 7 8 9 10 11)))
((use (k-in-lp5-7-or-lp8-or-lp9-12))
(use (m-k-in-lp8-then-15-11))
(use (m-k-in-lp5-7-then-15-11))
(use (m-k-in-lp9-12-then-15-11)) ))

(prove-lemma m-k-not-in-14 (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (at 1 k 4))
(not (union-at-n 1 k '(5 6 7 8 9 10 11 12))))

(not (union-at-n lp k ' (5 6 7 8 9 10 11 12))))
((use (un5-11-then-un5-12)  (m-k-iv15-11) )))
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(prove-lemma m-k-not-in-lp5-12 (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(bla 1 i k)
(union-at-n 1 i '(10 11 12))
(not (union-at-n 1 k '(5 6 7 8 9 10 11 12))))

(not (union-at-n lp k '(5 6 7 8 9 10 11 12))))
((enable bla)
(use (unlO-12-then-un8-12)  (m-k-not-in-14))))

(prove-lemma lm-b2a-i-neq-k-j-eq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(lessp k i)
(bla 1 i k)
(b2a 1 i k)
(union-at-n lp i '(10 11 12)))

(not (union-at-n lp k '(5 6 7 8 9 10 11 12))))
((enable b2a) (use (m-k-not-in-lp5-12))))

(prove-lemma b2a-i-neq-k-j-eq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(lessp k i)
(bla 1 i k)
(b2a 1 i k))

(b2a lp i k))
((enable b2a) (use (lm-b2a-i-neq-k-j-eq-k))))

:* i-j-neq-k-neq-k

(prove-lemma b2a-i-j-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member j (nset n) )
(member k (nset n))
(mrhoi n k 1 g h lp
(not (equal i k))
(not (equal j k))
(lessp j i)
(b2a 1 i j))

(b2a lp i j))
((enable b2a)))

m hp)

(prove-lemma b2a-i-neq-k  (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(lessp j i)
(bla 1 i j)
(b2a 1 i j)
(b2b 1 h i j))

(Ma lp i j))
((use (b2a-i-j-neq-k) (b2a-i-neq-k-j-eq-k))))

(prove-lemma b2a-i-eq-k (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp
(lessp  j k)
(lg n 1 g)
(b2a 1 k j)
(b2b 1 h k j))

Wa lp k j))
((use (b2a-i-eq-k-j-neq-k))))

hp)

(prove-lemma mrho-preserves-b2a ()
(implies (and (molws n 1 g h)

(member i (nset n))
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lessp j i)
(lg n 1 g)
(bla 1 i j)
Cb2a 1 i j)
(b2b 1 h i j))

(b2a lp i j))
((use (b2a-i-neq-k) (b2a-i-eq-k) )))

;::::;:::;;:; b2b ::;;:;::::;:;;::

::::;;;:;;:::.*Common in atom and mole.

(prove-lemma 19-then-un8-12  (rewrite)
(implies (at 1 i 9)

(union-at-n 1 i '(8 9 10 11 12)))
((enable at union-at-n)))

::;;:;:;:::;;: Common in atom and mole end.

(prove-lemma lg-nth-h-k (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(at h k j)
(union-at-n g (nth h k) '(0 1)))

(not (union-at-n 1 j '(5 6 7 8 9 10 11 12))))
((enable at) (use (ifl))))

(prove-lemma 19-go1 (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp
(at h k j)
(at 1 k 9)

hp)

(at 1~ k 9))
(union-at-n g (nth h k) '(0 1)))

((enable mrhoi at)))

prove-lemma 19-nth-h-k-eq-j  (rewrite)
(implies (and (at h k j)

(molwe n 1 g h)
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(at 1 k 9)
(at 1~ k 9))

(not (union-at-n 1 j '(5 6 7 8 9 10 11 12))))
((use (19-gO1) (lg-nth-h-k))))

(prove-lemma lm-j-not-in-15-12 (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lessp j k)
(lg n 1 g)
(b2b  1 h k j)
(at 1 k 9)
(at lp k 9)
(lessp (sub1 j) (nth h k)))

(not (union-at-n 1 j '(5 6 7 8 9 10 11 12))))
((enable b2b)
(use (nth-k-lt-j-or-eq-j) (19-nth-h-k-eq-j))))

(prove-lemma cond-19 (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(at 1 k 9)
(le.-p j (nth hp k)))

(lessp (sub1 j) (nth h k)))
((enable mrhoi at)))

(prove-lemma j-not-in-15-12 (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lessp j k)
(lg n 1 4)
(b2b 1 h k j)
(at 1 k 9)
(at lp k 9)
(lessp j (nth hp k)))

(not (union-at-n 1 j '(5 6 7 8 9 10 11 12))))
((use (lm-j-not-in-15-12) (cond-19))))

(prove-lemma k-in-19 (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp
(at lp k 9)
(lessp j (nth hp k)))

(at 1 k 9))
((enable mrhoi at)))

hp)

:::The order of the hints if crucial.
(prove-lemma lm-b2b-i-eq-k-j-neq-k  (rewrite)

(implies (and (molws n 1 g h)
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal j k))
(lessp j k)
(lg n 1 g)
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(b2b 1 h k j)
(at lp k 9)
(lessp j (nth hp k)))

(not (union-at-n lp j '(5 6 7 8 9 10 11 12))))
((use (j-not-in-15-12) (k-in-19))))

(prove-lemma b2b-i-eq-k-j-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal j k))
(lessp j k)
(lg n 1 g)
(b2b 1 h k j))

(b2b lp hp k j))
((enable b2b) (use (lm-b2b-i-eq-k-j-neq-k))))

(prove-lemma b2b-i-eq-k  (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(leesp j k)
(lg n 1 g)
(b2b 1 h k j))

(b2b lp hp k j))
((use (b2b-i-eq-k-j-neq-k))))

(prove-lemma not-k-in-15-12-imp (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(bla 1 i k)
(at 1 i 9)
(not (union-at-n 1 k '(5 6 7 8 9 10 11 12))))

(not (union-at-n lp k '(5 6 7 8 9 10 11 12))))
((enable bla)
(use (19-then-un8-12) (m-k-not-in-14))))

::: The order of hyptheses is crucial.
(prove-lemma lm-b2b-i-neq-k-j-eq-k (rewrite)

(implies (and (molws n 1 g h)
(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(lessp k i)
(bla 1 i k)
(b2b 1 h i k)
(at 1 i 9)
(lessp k (nth h i)))

(not (union-at-n lp k '(5 6 7 8 9 10 11 12))))
((enable b2b) (use (not-k-in-15-12-imp))))

(prove-lemma b2b-i-neq-k-j-eq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(lessp k i)
(bla 1 i k)
(b2b 1 h i k))

(b2b lp hp i k))
((enable b2b) (use (lm-b2b-i-neq-k-j-eq-k))))

:;; The position of (member k (nset n)) is
:;; crucial to trigger rholemmas.
(prove-lemma b2b-i-j-neq-k  (rewrite)

(implies (and (molws n 1 g h)
(member i (nset n))
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(not (equal j k))
(lessp j i)
(b2b 1 h i j))

(b2b lp hp i j))
((enable b2b)))

(prove-lemma b2b-i-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member j (met n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(lessp j i)
(bla 1 i j)
(b2b  1 h i j))

(b2b lp hp i j))
((use (b2b-i-j-neq-k) (b2b-i-neq-k-j-eq-k))))

(prove-lemma mrho-preserves-b2b
(implies (and (molws n 1 g h)

0

(member i (nset n))
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lessp j i)
!lg n 1 g)
(bla 1 i j)
(b2b 1 h i j,)

(b2b lp hp i j))
((use (b2b-i-neq-k) (b2b-i-eq-k))))
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:;;::;;::;:;: b3a :::::;;:::::;:::

** i-neq-k-j-eq-kI

(prove-lemma lm-b3a-k-in-19-11  (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 s)
(b3a 1 g i k)
(at 1 i 12)
(union-at-n 1 k '(5 6 7 8 9 10 11)))

(union-at-n 1 k '(9 10 11)))
((enable b3a)
(use (un5-11-then-un5-12)  (k-in-15-ll-g4-then-19-11))))

(prove-lemma b3a-k-in-19-11  (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp).- _

(at 1 k 11))
((enable mrhoi at)))

(prove-lemma lm-b3a-i-eq-k-j-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal j k))
tlg n 1 g)
(b3b 1 g h k j)
(at lp k 12)
(union-at-n lp j '(5 6 7 8 9

(at g j 4))
10

((use (b3a-j-in-15-12)  (m-k-in-111))))

ug n 1 g)
(bla 1 i k)
(b3a 1 g i k)
(at 1 i 12)
(union-at-n lp k '(5 6 7 8 9 10 11 12)))

(union-at-n 1 k '(9 10 11)))
((enable bla)
(use (lm-b3a-k-in-19-11)  (112-then-un8-12)  (m-k-in-15-11)))) (prove-lemma b3a-i-j-neq-k (rewrite)

(prove-lemma b3a-i-eq-k-j-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal j k))
(lg n 1 g)
(b3b 1 g h k j))

tb3a lp gp k j))
((enable b3a) (use (lm-b3a-i-eq-k-j-neq-k))))

** i-j-neq-k,

11 12)))

(prove-lemma m-k-in-lp9-12 (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(union-at-n 1 k '(9 10 11) 1)

(union-at-n lp k '(9 10 11 12)))
((enable union-at-n at mrhoi)))

(prove-lemma lm-b3a-i-neq-k-j-eq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(%a n 1~ gp)
(bla 1 i k)
(b3a 1 g i k)
(at 1 i 12)
(union-at-n lp k '(5 6 7 8 9 10 11

(at gp k 4))
((disable mrho-preserves-lg)
(use (b3a-k-in-19-11)  (m-k-in-lp9-12))
(use (if4 (j k) (1 1~) (g gp)))))

(prove-lemma b3a-i-neq-k-j-eq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
tlg n 1 g)
(bla 1 i k)
(b3a 1 g i k))

tb3a lp gp i k))
((enable b3a)
(use (lm-b3a-i-neq-k-j-eq-k))
(use (mrho-preserves-lg))))

;* i-eq-k-j-neq-k
(prove-lemma cond-lp12 (rewrite)

(implies (and (molws n 1 g h)
(member k (nset n))
(member j (nset n))
(mrhoi n k 1 g h lp
(at lp k 12)
(at 1 k 11))

(lessp j (nth h k)))
((enable mrhoi at)))

gp hp)

(prove-lemma b3a-j-in-15-12  (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
tlg n 1 g)
(b3b 1 g h k j)
(at 1 k 11)
(at lp k 12)
(union-at-n 1 j ’ (5 6 7 8 9 10 11

(at g j 4))
((enable b3b) (use (cond-lp12))))

(prove-lemma m-k-in-111 (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(at lp k 12))

12)))

(implies (and (molws n 1 g h)
(member i (nset n))
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(not (equal j k))
(b3a 1 g i j))

tb3a 1~ gp i j))
((enable b3a)))

(prove-lemma b3a-i-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(lg n 1 g)
(bla 1 i j)
tb3a 1 g i j))

tb3a IP gp i j))
((use (b3a-i-j-neq-k) (b3a-i-neq-k-j-eq-k))))

:* i-j-eq-k

(prove-lemma b3a-i-j-eq-k  (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(b3a 1 g k k)
(b3b 1 g h k k))

tb3a lp gp k k))
((enable b3a)
(use (if4 (j k) (1 1~) (g gp)))
(use (112-then-un9-12))))

(prove-lemma b3a-i-eq-k (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(b3a 1 g k j)
(b3b 1 g h k j))

(b3a lp gp k j))
((use (b3a-i-eq-k-j-neq-k)  (b3a-i-j-eq-k))))

(prove-lemma mrho-preserves-b3a ()
(implies (and (molws n 1 g h)

(member i (nset n))
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
tlg n 1 4)
(bla 1 i j)
(b3a 1 g i j)
(b3b 1 g h i j))

Wa 1~ gp i j))
((use (b3a-i-neq-k) (b3a-i-eq-k))))

:::::;:::;::: b3b :;::::;;:;:::::;

;:::::::;;;;;:common  in atom and mole.
(prove-lemma 110-then-unlO-12  (rewrite)

(implies (at 1 k 10)
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(union-at-n 1 k '(10 11 12)))
((enable at union-at-n)))

(prove-lemma Ill-then-un9-12  (rewrite)
(implies (at lp k 11)

(union-at-n lp k '(9 10 11 12)))
((enable union-at-n at)))

(prove-lemma Ill-then-un8-12 (rewrite)
(implies (at 1 i 11)

(union-at-n 1 i ‘(8 9 10 11 12)))
((enable union-at-n at)))

;::;;::::::::: common in atom and mole end.

:* i-neq-k-j-eq-k

(at 1 k 11)
(at lp k 11))

(not (union-at-n g (nth h k) '(2 3))))
((enable mrhoi at)))

(prove-lemma Ill-nth-h-k-eq-j (rewrite)
(implies (and (at h k j)

(molws n 1 g h)
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
tlg n 1 g)
(at 1 k 11)
(at lp k 11)
(union-at-n 1 j ‘(5 6 7 8 9 10 11 12)))

(prove-lemma lm-b3b-k-in-19-11  (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
tlg n 1 4)

tat g j 4))
((use (ill-g14)  (j-in-g4))))

(b3b 1 g h i k)
(at 1 i 11)
(lessp k (nth h i))
(union-at-n 1 k ' (5 6 7 8 9 10 11)))

(union-at-n 1 k '(9 10 11)))
((enable b3b)

(prove-lemma lm-j-in-15-12 (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
tlg n 1 g)
(b3b 1 g h k j)
(at 1 k 11)
(at lp k 11)

(use (un5-11-then-un5-12))
(use (k-in-15-ll-g4-then-19-11))))

(lessp (sub1 j) (nth h k))
(union-at-n 1 j ‘(5 6 7 8 9 10 11 12)))

(at g j 4))
((enable b3b)

rove-lemma b3b-k-in-19-11  (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(bla 1 i k)

(use (nth-k-lt-j-or-eq-j))
(use (Ill-nth-h-k-eq-j))))

(b3b  1 g h i k)
tlg n 1 4)
(at 1 i 11)

(prove-lemma cond-111 (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(at 1 k 11)

(lessp k (nth h i))
(union-at-n lp k ‘(5 6 7 8 9 10 11 12)))

(union-at-n 1 k '(9 10 11)))
((enable bla)

(lessp j (nth hp k)))
(lessp (sub1 j) (nth h k)))

((enable mrhoi at)))

(use (lm-b3b-k-in-19-11)  (Ill-then-un8-12) (m-k-in-15-l 1))) (prove-lemma j-in-15-12 (rewrite)

(prove-lemma lm-b3b-i-neq-k-j-eq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
tlg n 1~ gp)
(bla 1 i k)
(b3b 1 g h i k)
(at 1 i 11)
(lessp k (nth h i))
(union-at-n lp k ‘(5 6 7 8 9 10 11 12))

tat gp k 4))
((disable mrho-preserves-lg)
(use (b3b-k-in-19-11)  (m-k-in-lp9-12))
(use (if4 tj k) (1 lp) (g gp)))))

(prove-lemma b3b-i-neq-k-j-eq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(lg n 1 g)
(bla 1 i k)
(b3b 1 g h i k))

tb3b lp gp hp i k))
((enable b3b)
(use (lm-b3b-i-neq-k-j-eq-k))
(use (mrho-preserves-lg))))

:* i-eq-k-j-neq-k

(prove-lemma j-in-g4 (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(at h k j)
(not (union-at-n g (nth h k) '(2 3)))
(union-at-n 1 j ‘(5 6 7 8 9 10 11 12)))

(at g j 4))
((enable at)
(use (if4) (15-12-eq-15-8-or-19-12)  (if3))))

(prove-lemma 111-g14 (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(at h k !I)

(implies (and (molws n 1 g h)
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal j k))
tlg n 1 g)
(b3b 1 g h k j,
(at 1 k 11)
(at lp k 11)
(lessp j (nth hp k))
(union-at-n 1 j ‘(5 6 7 8 9 10 11 12)))

tat g j 4))
((use (lm-j-in-15-12) (cond-111))))

(prove-lemma j-leq-addlk-then-k-not-in-110 (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(member j (nset n))
(mrhoi n k 1 g h lp gp hp)
(b2a 1 k j)
(union-at-n 1 j ‘(5 6 7 8 9 10 11 12))
(not (equal j k))
(lessp j (add1 k)))

(not (at 1 k 10)))
((enable b2a) (use (110-then-unlO-12))))

(prove-lemma not-j-leq-addlk-then-k-not-in-110 (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(member j (nset n))
(mrhoi n k 1 g h lp gp hp)
(at lp k 11)
(lessp j (nth hp k))
(not (lessp j (add1 k))))

(not (at 1 k 10)))
((enable mrhoi at)))

::: The order of (member k (nset n)) and
;;: (member j (nset n)) are switched deliberately.
(prove-lemma k-not-in-110 (rewrite)

(implies (and (molws n 1 g h)
(member k (nset n))
(member j (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal j k))
(b2a 1 k j)
(union-at-n 1 j ‘(5 6 7 8 9 10 11 12))
(at lp k 11)
(lessp j (nth hp lo))

(not (at 1 k 10)))
((use (not-j-leq-addlk-then-k-not-in-110))
(use (j-Leq-addlk-then-k-not-in-110))))
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(prove-lemma lpll-then-111-or-110 (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(at lp k 11)
(not (at 1 k 10)))

(at 1 k 11))
((enable mrhoi at)))

:;;When the order of (member j (nset n)) and
::: (member k (nset n)) is switched, the order of
:;:hints must be switched, in order to make the proof
:::successful.
(prove-lemma b3b-k-in-111  (rewrite)

(implies (and (molws n 1 g h)
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal j k))
(b2a 1 k j)
(union-at-n 1 j '(5 6 7 8 9 10 11 12))
(at lp k 11)
tlessp j tnth hp k)))

(at 1 k 11))
((use (k-not-in-110))
(use (lpll-then-111-or-110))))

(lg n 1 g)
(bla 1 k j)
(b3b 1 g h k j)
(b2a 1 k j))

tb3b lp gp hp k j))
((use (b3b-i-eq-k-j-neq-k)  (b3b-i-j-eq-k))))

(prove-lemma mrho-preserves-b3b ()
(implies (and (molws n 1 g h)

(member i (nset n))
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(bla 1 i j)
(b3b 1 g h i j,
tb2a 1 i j))

tb3b lp gp hp i j))
((use (b3b-i-neq-k) (b3b-i-eq-k))))

;:; When the order of (member j (nset n) and
::: (member k (nset n)) is switched then the order of
;;;hints must be switched in order to make the proof
:::successful.
(prove-lemma lm-b3b-i-eq-k-j-neq-k  (rewrite)

(implies (and (molws n 1 g h)
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal j k))
tlg n 1 g)
(b2a 1 k j)
(b3b 1 g h k j)
(at lp k 11)
(lessp j (nth hp k))
(union-at-n 1 j '(5 6 7 8 9 10 11 12)))

tat g j 4))
((use (b3b-k-in-111) (j-in-15-12))))

(prove-lemma b3b-i-eq-k-j-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal j k))
tlg n 1 g)
(b3b  1 g h k j)
(b2a 1 k j))

Wb 1~ gp hp k j),
((enable b3b) (use (lm-b3b-i-eq-k-j-neq-k))))

prove-lemma b3b-i-j-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
(not (equal j k))
(b3b 1 g h i j))

tb3b 1~ gp hP i j))
((enable b3b)))

(prove-lemma b3b-i-neq-k (rewrite)
(implies (and (molws n 1 g h)

(member i (nset n))
(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(not (equal i k))
tlg n 1 g)
(bla 1 i j)
(b3b 1 g h i j))

tb- lp gp hp i j))
((use (b3b-i-j-neq-k) (b3b-i-neq-k-j-eq-k))))

(prove-lemma b3b-i-j-eq-k  (rewrite)
(implies (and (molws n 1 g h)

(member k (nset n))
(mrhoi n k 1 g h lp gp hp)
(lg n 1 g)
(b3b  1 g h k k))

(b3b lp gp hp k k) 1
((enable b3b)
(use (if4 (j k) (1 lp) (g gp)) (Ill-then-un9-12))))

(prove-lemma b3b-i-eq-k (rewrite)
(implies (and (molws n 1 g h)

(member j (nset n))
(member k (nset n))
(mrhoi n k 1 g h lp gp hp)


