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Extrapol ati on of Asynptotic Expansions by a

2

Modified Aitken &° -Fornula

Petter Bjgrstad, Gernmund Dahl qui st, Eric Grosse

Abstract.
A nodified Aitken formula permts iterated extrapolations to
efficiently estimate s  froms, when an asynptotic expansion

n'1+cn'2+ .

s. = s +n'k(c0+c1 ) . )

n «©

hol ds for sone (unknown) coefficients c. V& study the truncation and

3
irregular error and compare the method with other forns of extrapolation.



1. [ ntroduction.

W consider accelerating the convergence of sequences {sn}:_l
satisfying
-k - k-1
S, = Sg T Coh + O(n ) k.‘>0
where c, # 0 is unknown.

In order to study this problem consider for a noment a continuous
case. Let s(t) be a continuous function of t with an asynptotic
expansi on

s(t) =s +t—k(c +ct-l+ct-2+0(t-3)) c.#0, k>0

® 0 1 2 ¢) ’ '

W assune that s"(t) £ 0 and that termwise differentiation is |egal.
(Note that an expansion |ike N -+ﬁu'2+ cgu'h+.*a can be reduced to
this by the change of variables t = u2.) Define a new function s*(t)
by

2
* _ s'(t
s (t) - S(t) = p s"(t
Now
Cc
S (82 = KBl tTHE(1 4 o B L pmb oy (472
and
C
$"(t) = k(ktl)e t752(1 + K2 L1 4 5472y
o] k c,
Therefore
2 c
s(t)? _ @ Ky o EL 1, o2 w2 (1 -1
L &t (co+2 ¢yt T+ ot ))-(1 - = 6-t +0(t
=p @ i t'k(co+ clt—l+ O(t-z)) .

(1.2)



-k- +1 .
It follows that s* =s_+o(t™2) 1if ve take p = 5= in (1.3).
This result still holds if we replace derivatives by symetric

differences. Therefore in the discrete case we propose conputing

T R Kl (1.5)

n n K ps, - VS,

: *
(If hs, = Vs, just set sn=sn.)

Ve will show that if the asynptotic expansion
= -k -1 -2 -
sn s, tn t(cgten “+esn + 0(n 5)) » S £0, k>0 (1.6)

hol ds, then the process (1.5) can be iterated, giving the " s-fornula":
0
S = 8
n

9 i = O,l,2,-..- (1.7)

S| e

n-2
n-1

n+l

n+2

Figure 1. Iterated extrapolation process.



Note that the formula (1.3) can be used directly for the practica
computation of s -, if analytic differentiation is sinple
Oten a = s, - sp.|  can be computed directly, with Iess rounding

error than if Sh is first conputed and then differenced. This occurs

for exanmple when

n
s, = & & (1.8)

and sonetimes when s is conputed using a recursion formla. In this case

one should replace (1.5) by

a8 a
* k+1 ntl™n
Sn= R T (1.9)
n Sn y kan+l a,
[f this is to be iterated one also needs a formula for the accurate
conputation of
* *x *
an = Sn - sn_l (1 10)
Substituting (1.9) into (1.10) gives
A - ga
* k+1 n n k2
& = an[ X ®npa_-va - K 1 ' (1.11)
n n
This gives the mathematically equivalent "a-fornula":
0 0
i
1 ' ai ai
i+l k+2i+l  n+tl n s
Sn = sn *ro1 | | ) 1 = 0,1,2,... (1. 12)
dn+1”
. A 1’ v i
oIl gt kr2irl g &7 V8 ke2iwe ] L= 018
n T "nt' Tkri . T I 1 k21 RS Al Lt AR
Aan- Van




- i i+1 i i i
if ae =0, and aj " =48 |if ba_ -va_ = 0).

. i+] [
(where again S, = Sn
Note that for greatest accuracy, sli1 could be accunulated in the
other direction .

In practice the error in Asi-ﬁsrll and Aarll- vau;:1 due to rounding

and other irregular errors in s'n and a wll limt the attainable
. R £ R .

accuracy. The irregular error component in s, increases with n

and i, while the truncation error decreases. W analyze this in the

following two sections, then turn to a fornula for estimating the exponent
k which provides a check of assunptions and a possible term nation
criterion. After briefly discussing alternative techniques, we conclude

Wi th illustrations of the nethod.



2. Truncation Error.

W will now derive the leading termin the error expansion for s:- S,
assunming that an expansion of the form(1.6) holds for s, - This establishes

that the proposed nethod gains two orders for every application as indicated

in Section 1.
- -1 -2 -
s, = sm+nk(co+cln ten T+ o(n3)),co#0 »y k>0. (2.1)
Usi ng
C DG R S 59%51 nf o) (2.2)

we can expand bs, and vs, in powers of n

vs

N Egl oL+ k+15,k+2 n2 + (k1) (k;?)(kﬁ) n3)
AS . o

n

k-e( ke -1 (kt2) (kt3) n-2)

5 3
- e (k2™ P+ 52 ah
) - c3(k+5)n'k"'L +o(n~¥?y (2.3)
Now
ps, Vs, = cg k© n~ok-2 2eq ¢ k(k+1)n'2k'3
. (cé K kg“% + 2 ¢, k(k2) + cle_(k+l)2)n'2k_h+ o(n™252) (2.4)
and



c .k c .k

Ko e (#2) 1 [ s ci(k+2) ¢, (i+3) )
1- 22—t -
5 S BT

o (r2) (e3) ]n'2+ o(n'3)) . (2.5)

12

Hence
g1 0% V5, K (C 4 2cq (k+1) -1
k As_-9s_ 0 K
n n
K + 6k + 5 202(k+2) c?(\kj-'l_)2 o -3
+ c, % + R + 5 n -+ o(n>-)
c k
0
Loa®2) o [ ee)(es) | M2) (3)
- %R 12 cok(k+l)
2 2
e (k+2)
P )n'2+ O(n'B))
c2k2
0
-k -1 ([ % CJZ. o -2 -3
= n co tqn T+ (k-1) + 2 + K% (l$+2)(k-l) n“+0o(n-)].
0
This gives
* o °:2L 2% Y k-2 k-3
s, =5, +| I3 (1-k) - 2 + K1) | ° + 0O(n ) . (2.6)
0

By iterated use of (2.6) we obtain
n~i-2i-1y i=0,1,2,... (2.7)

J

i + o n-k-Ei e

Sn = Sw CO
wher e cg = ¢y cé is given by (2.6) etc. The leading termin the
[
. . . . CO -2 . . . . . 3 #
truncation error is nultiplied byT- n®initerationi , if ¢y ¥ 0,
col'
J <0, 0 =1,2,3,....



By termwise differencing of the egansion whose first termis given

by (2.7) we get

‘ . . et oo
al = yst = - cl(k+ 2i)n k-2i-1 o(n 2i 2) (2.8)
n n 0 -
and therefore
ai+l cJ.+l
n 0 k+2i+2 . -2 -3 3 . . ‘
i -1 k+ 21 n=+ 0@7) ,cH f 0, J<i (2.9)
an CO



3. The Propagation of Irregular Errors.

Usual ly the data sg , ag are subject to rounding errors or other
errors in the process where they are conputed or neasured. There nay also
be transients in the sequence, which decay more rapidly than n~k for
large n but disturb the acceleration when n is not |arge enough, see
Exanple 1. Such errors will be called irregular errors, since we do not
assume that they depend smoothly on n , in contrast to the truncation
error studied in Section 2. W shall study how the irregular errors in
the given data are propagated in the acceleration process and derive
approxi mate bounds that do depend snoothly on n .

Let r(x) , .r(y) be approximate bounds for the absolute val ue of
the irregular error in the variables x, y . If a variable is defined by
an arithnetic expression involving variables with previously known
approximte error bounds, then the approxinmate error bound of the new

variable is defined by the repeated application of the follow ng

fundamental rul es:

r(xty) ~r(x) + r(y) (3.1)
r(x-y) m~r(x) + r(y) (3.2)
r(xy) ~ |x|-z(y) + |y|-r(x) (3.3)
r(x/y) =~ r(x)/ |y| @)/ . (3.4)

The sign of approximate equality nmeans that the follow ng

sinplifications are made:



First, when an error bound depends on n , we shall consider only
the first termin its asynptotic expansion. Since usually n > 1,
this is reasonable if one also assumes that the probl em dependent
coefficients c? do not growtoo fast with j and i.

Second, the use of the asynptotic esfinates derived in Section 2 as
well as the rules (3.3) and (3.4) are based on the assunption that all
quantities are (much) larger than their irregular errors. In particular

we assune that

i+l i
]sn - sml << lsn - sm| (3.5)
wher e s; , s; 1 denote quantities containing irregular errors. This

assunption limts the nunber of extrapolations for which the theory can
be applied. Fortunately this limt also indicates where the iterations,
because of the propagated errors, do not any |onger give significant
| nprovenent s

Third, we again enphasize that we study the propagation of the initia
irregular errors only. The rounding errors commtted in the accelleration
process are assuned to be negligible. This is reasonable since in good
floating point arithnetic, no new rounding errors are introduced when two
éhnost equal nunbers are subtracted. The inherited relative error of the
result of such a subtraction will be nuch larger than the rounding errors
inthe later operations. Aso the rounding errors in the final additions
of the form si+l = s§+-nn where |7 | < |si| , are negligible.

For convenient reference we collect here sane formulas derived from

the expansions in Section 2.

10



sk -8, = n-k-Ei(cl ¥ gfn-l + O(n—g))

-k-2i-2
n

q )

a:]- =VS . = - Clé(k.'*' gi)n-k_e:l'-l +

et (le+21) (i + 21 + 1)n~%-21-2

5
1
>
(7]
1
<
17}
il

i 1 . . 1 -2
hey - va_ = (k+21+lﬂk+21+2)%1n

+

In order to sinplify the notation a bar over a variable wll

superscript i+l and the superscript i wll be omtted.

W first consider the s-fornula.

- keoi+l . 8%y - V8,

n *n ko1 Bs_ - Vs

7]
]

n

Let

r(sj)wp, , n-1< j < ntl

where we define , to be an upper bound for r(sj) . Using the rules

(3.1) to (3.4) we get

+ Q(n

-(k+21+1)a; - n~t+ k213

n—k—21-h

~k-21-3

replace

(3.6)

3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)



r Asn ’ vs‘n
BS, - VS,

(|vs,|-x(as )+ |asy | -x(vs))) . |asy -9s |+ [as, - vsy |« (r(s)) +x(vs))
(Asn-vsnf
Eu(\ASn\Jf ‘vSnD . ‘Asn-vsn“h“' . ‘Asn-vsn\
- (bs, - vsn)2
As vs
~ Iy ln—nle (3.13)
(as, - vs,)

where in the last step we used relation (3.7) and (3.9) to drop higher

order terms in nt- Using this; in (3.11) gives

- \ASnVSn‘
r(5) ~ u+ bp(keoi+l)/ (kvei) . —22—
(as, -vs,)
2
2
(k+2iL)(nk)+21+l) W (3.14)

where we used (3.7),(3.8), and (3.9) to elimnate s, . VS, and
As, =Vs, .
Repeat ed application of (3.14) gives the final approxi mate upper bound

on the error propagation.

2i
iy (2n) 0
r(s,) ~ k(1) . . . (k+2i-1) "
wher e
0 0
" = ) rTB.X ) lr(Sj) ‘
n-i <j <n+i



and r(s?) is the initial error in element j of the original sequence

(ol -

Next consider the a-fornula.

_ kepitl . _p 88 -V _ _
an - k+2:|'_ a n A_a Va. "'(k+ 21+ 2) / (k.+ 21) . a.n . (5-16)
n n
Let
r(a,j) A~ v , Nl <j <nl. (3.17)

where again vy s an upper bound for r(aj) . W get

. ha_ - Ve, pa_ - va .
- k+2i+1 n n 2 n n k+2i+2
~ ———— ——— + . — -+ — T
r(a)) ~ “Frar (2r(an) ey pe, +va, | n r(Aan.van)) wror - Fley)

2
- - a_ + va
 k+oi+1 2y . la e Van|+ha2 ba, -va, ) lAn an |
~ k+2i 3 n Aa.n-van T n Aan-va 2 " ¢

n (2o -va )

k+2i+2 8
* k+21 Y (5.18)

Aan . van

pe, -va,
using (3.13) and (3.4) to find r| ————

Using (3 . . and (3.10) to elinmnate &2, » Ve, , and pa -va in

(3.18) we obtain

2
- 2
r(a,) ~ (k+21)((;1:)+21+l) v (5.19)

Fram (1.12) we have

13



a_,.a
- , k+2i+1 n+tl n
r(sn? ~ r(sn? e [r o ]

r(s ) N k+2i+1 ) Ian_'_ll-r(ar}) + Ia,n|-r(8.n+l) . Ian+lan|'r(Aa‘n)
~"%n k+21 Ba | 5
n (aa_) |
n
2
2n
~r(s) + (En) e v
1 -
=] r(sn) + -2' r(an) (3‘20)

agai n using (3.7),(3.8), and (3.9).

Repeated application of (3.20) yields finally

i oy ,1 I (2n)3 0
rlsy) ~ r(sin) vz J.fl K(cr1)... (k23-1) Y
2i
0 1 (on) 0
~Tls)) + 2 x(k+1)... (k*2i-1) ® V (3.21)
wher e

v0 = max |z (@0) |

n-i <J< n+i J

and r(ag) is the initial error in element j of the original sequence

{a3-

Ve conclude that the a-fornmula is never significantly inferior to the

s-fornula, and if

VO = max lr(a9)] << nax lr(s9)] - p,o (3.22)

i <j < N4 i <j < nH J
the a-fornula is indeed superior. W therefore feel that the a-fornula
(1.12) might as well be used even when ag has to be conputed explicitly

0 0

0 _
by a; = §- ;1 -

14



According to the analysis given above the irregular error in the
extrapol ated values will grow very fast with nand i . Since the
truncation error decreases we should also consider the case in which
the irregular error domnates the truncation error

In Figure 2 and 3 we plot the truncation error, the irregular error
conponent, the a priori bound on the irregular error given by (3.27), and
the actual conputed error using the a-formula in Exanple 2, Section 5.
These quantities were obtained by doubling the precision of the origina
conputation. W keep n+i constant and plot the above quantities on a

0

log,, scale. The actual values for ,~ and VO (defined in (3.15) and

(3.27)) are use-d. Note that the derivation of the bound given by (3.27)
is valid only until the irregular error conponent reaches the |evel of

the truncation error. The theoretical bound corresponds quite well to the
actual béhewior of the irregular error in the region where the assunptions

for the analysis are valid.

As can be seen in Figure 2 and 3, and also fromthe exanples in
Section 5, the irregular errors level off in practice when they start
donminating the truncation error. This phenonenon becomes plausi bl e when

we note that if ds and VSn wer e independent random vari abl es ¢ and <,

uniforny distributed on (- q, 1) then

15



(This probability is relatively insensitive to the particular distribution
chosen, as long as it is symmetric around O .) The above result was

found using 10,000 random trials.

16



10

N
15 ‘--.~.
O
20 - X T Y Y Y X
1 2 3 L b 6 Il
Figure 2. The a-fornmula used in Exanple 2, Section 5.
n+i=]_5 u‘o= 9. 9 * 10-16 VO= )4- O 10_17 |

O Truncation error
O Irregular error

X Actual error
+ Expression 3.27.

17



0]

L 4

L} LJ v LJ

] 1 J
1 2 3 L 5 6 7 i
Figure 3. The a- forrrul a us?gnpllmz Section s,

n+i=30. u =T7.6 . %n0 . 408
O Truncation error |rreQularerror
X Actual error + Expression 3.27.

18



L. Estimation of k , Termnation Criterion.

Soretimes the coefficients c.J in the expansion (1.2) are so
i naccessi bl e that even verifying ¢, # 0is difficult. In such cases
an estimate of k directly fromthe data s, is helpful.

Using the expansions (2.3) and (2.5) we find that for sone constant c, ,

As
n 1 k§k+12
Bs_ - Vs, = CoK(KI) [ neok | Cmo ey

2
-1 (k-1) -k(k+2) okth  ©1 k2
*n ('co 1 T W T E

b +c, n"? + O(n-5)1

Differencing this gives

2
2c, (k+2 (kt+2
A( bsy )= o1 n-al:(k-l)(k+2) - cp( )_+ cl_)_} + o(n™)

ket 12(k+1) cok(k+1)g cozkz(k+l)

And therefore

1 -
Kk = -1 - ( o )+O(n2) (4%.1)
A ————————

Asn - Vs,

-Experinents indicate that symretrized versions perform no better than this
sinple forward difference formula. (They will all have truncation error

-2
of order n”~ @ ) Note that 841 Can replace as in (4.1).

This estimate may be applied in several ways. First, it provides
a check of the underlying hypothesis; successive estimates k. t hat
steadily increase indicate an error expansion that may be exponenti al

in-n, say, not polynonial in i

19



Next, the estimate suggest/the first nonzero termin the error
expansi on; sonetimes because of problem symmetries this may not be
obvious a priori.

Finally, it yields an appealing tern’i_nation criterion. After each
extrapolation, the estimate of k should increase by 2 , and once they
depart from the expected behavior, the sril from which they are derived
have been sufficiently contamnated by irregular error that further
extrapolation is pointless. For a somewhat simlar heuristic in adaptive
quadrature, see de Boor (1971).

Anot her nore specific termnation criterion which is easy te i nplenment
together with the recormmended a-formula, can very naturally be based
on the expected monotonicity of the sequences {si] . (For each 1i).

Suppose we are computing the sequence {Sril} from the previous
| Vnex
}

col um {s;]_ (O in practice, updating the corrections to

n=Npyinp

the original sequence {sg} using the a-formula (1.12).) Then:

. . . T
1. Find the index Ny >N = for which the elements a , n>N ,
starts having constant sign. (Say, at least three consecutive

elements, after a possible irregular sign pattern in the beginning.)

Set Nmin = Nl )
2. Find the first index N, > N, for which aNgaN2+l <o

. . 1 1
A | f N, =N__. (that is, no sign change occured) | et s, = 5N

. 2
be the estimate of s from {s'} and take
© n

T(]_(':) = |a,N2| to be an estimate (order of nagnitude only!) of

the error |si-sm| .

20



B. | f N2<Nm

o et N - m,, take si:sl:; and take

max >
o (1) _ max{la.NZ |, IaN2+l|} .

3. |If TO_(i) > TOL(i'l), accept the estimte si*'l with error

estinmate T(]_("l) , otherwise conpute a new extrapol ated colum
1+1 Nrax
Sn 3

n=N .
min

{

A FORTRAN inplenentation of this criterion running on an IBM 370/168

(precision approximately 16 deci mals) gave

s~ 0.13533528520 T 1.5 x 107

e? = 0.13533528324 (exact val ue)

0 . :
based on {srol}5 from Exanple 1 in Section 5.

n=10
whi |l e

+ 11

s~ 2.61257534869 2.0x 10"
g(1.5) = 2.61237534869 (exact val ue)

1 : :
based on {sg} ’ from Exanple 2 in Section 5.
n=1

21



5. Aternative Methods.

Fram (1.1) we can inmediately derive an "elinination formla".

*

AL
t = & +
n n+l n+l k-l
n

(5.1)

This formula, too, may be iterated to take full advantage of the asynptotic
expansion (1.2). (See for exanple, Dahlquist and BjBrck (1974).) Note

that two iterations of the above fornula correspond to one iteration

of the s-formula; both reduce the order of the truncation error by ne

using % data points. However, this method has two serious flaws.
First it is not translation invariant with respect to n . As illustrated
in the exanples bel oW, the proper choice of origin is not always obvious
in practice. Second, the rounding errors do not level off, as they do
for the s -formula. This means that a very careful ternmination criterion
nmust be used if this formula were to be applied.

Another alternative is to use some other symmetric difference formula
based on the continuous fornula (1.3). For exanple

1 2
so= s e T (8s *vs)
n -k As, - Vs,

(5.2)

has truncation error

2c

c
12 ¥ k(k+21) )n-k_g + 0(™) (5.3)

?
. (]
s*.= s + (- 9 (51{2 + Tk+2) -
® 12 K
o
which is conparable to the corresponding error (2.6) for the s-fornmula.
(Note however that the factor multiplying ¢, is larger in (5.3).) Wiich

of the two formulas will do better depends on the problem

22



ne nice feature of the s-formula (1.4) is that it can be interpreted

as a nodification of the classical Aitken extrapolation formula

2
(8s )
¥ n
S = S = (5-14')
n n Agsn

whi ch assunes an error expansion

-S = (A+ en)(Sn-Sw), ‘A|<1,En-0,n_;m_ (5.5)

(see, for exanple, Henrici (1964).)

This follows since inthelimt k= o,

2 2
o g _ Bspas 1 - (88 7) _ s T i R 0
>n 7 ®n-l n-1 2. = BSpg 2, :
n-1 n-1

The equival ence also holds of course, for the formula

2
(as.)
* kt+1 n
S T S K 5 . (5.6)
A Sn

This fornula is not symmetric and will therefore only accelerate the
convergence by one order of magnitude. (S:;= s_* on"*1y ) The I ast
formula can, however, be useful in a quite different context when conputing
miltiple roots of nonlinear equations. (See Overholt (1965).)

It should be noted that we assume the work required to evaluate s, o

i ncrease Substantia”y wth n . [f this is not the case, and any Sn can be

accurately conputed, better accuracy can be obtained by using a subsequence
of s, in the extrapolation process. For exanple one can evaluate s
only for n=mk Or n= o », k=123... , msone integer. The

s - or a-fornula can still be applied, setting k = » in cases |ike

23



k , , : S
n =2 (Atken extrapolation). In this case the elinination method

will be translation invariant and both extrapolation processes tend to be
nmore stable; the irregular error conponent will not blow up.

In the special case k = 1 , other extrapolation nethods are available;
see Joyce (1971) for a conprehensive catal E)g. Like the elinination schene

above, these other methods depend explicitly on the independent variable n

or nmore accurately on hn = |/n . Polynomial extrapolation,
o0 =
p, = s(h )
J .y
J*L 3 Pht1™ Py .
pn = Ppnt Tmo » 03
n
— -1
n+j+l

uses Neville's iterative linear interpolation to evaluate at 0 the pol ynoni al
passing through the data. For a nore conplete treatment with applications to
sunmation of series see Gander (1973). Rational extrapolation (Burlisch and

Stoer (1964)),

-1
rn = 0
r = s(h) 4 4
J J
SR = A a1 T Tn _
n n+l rJ rJ-]_ N b/ 0<J,
( n "~ "ntl n 1
\ r? rd-1
ntl “n+tl n+j+1

interpolates instead by a rational function. An alternate way to do this,
based on Thiele's iterative reciprocal differences interpolation, is the

p-al gorithm proposed by Wnn (1956), (see also Brezinski (1977), Warner (1974)):

24



Py =0
0 _
Pn ~ s(hn)
1 1
J*1 _ j-1 _ h " h
R R 5 N
pJ - pY
n+l n
Col l apsing two steps yields
Jte_ ] N
Ph = Ppa1t D
wher e
1 1 J J
N = (—= -=)ap v p
hn+j +0 hn n+l n+l
_ a0l ] J 1 1 J 1 1 J
D = Ap Ap vp. + - )Vp - (- =) Ap
n+l n+l nt+l hn+j+2 hn+l n+l hn+j+l hn n+l

Wnn notes that as convergence progresses, the first termin the denom nator
can be neglected. Substituting h = % then gives the s-formula

From this is appears that when both apply, the s-formula and the
p-algorithm (or, equivalently, rational extrapolation) wll behave comparably,
though not quite identically. The nunerical experinents presented in the

next section bear this out.

On the other hand, the range of applicability of the two methods is
different. The s-formula allows general k but requires h = % , While
rati onal extrapol ation allows general b but requires k=1 . Another

difference is that the a-fornula is able to take advantage of the accurate

series terms a_ .
n
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V¢ have been unable to devise a satisfactory scheme generalizing both
met hods. O course, elimnation can still be applied; the case of general k

and general h is handl ed by

0
=s(h )
- ? z d p'l
i+1 1<K m<1 Bowm
- 2
PX dm
-l m< 1
_ k+i
a,= -nb,) /07
- k+1
do = (hn+l— E l) / by
_ . k+i
4 = (hn-él.-- hn) / LY
However, limted nunerical experiences suggests that this my not perform
particularly well in practice for general h . (For h = Hl, the first

elimnation scheme and this one behave conparably.)

Pol ynonmi al extrapol ation can be used with general h and k [Baver,
Ruti shauser and Stiefel (1963 )1, but the trick depends on linearity of the
extrapol ation process, and therefore does not seemto carry over to rational

extrapol ati on.

Anot her possibility, which we have not investigated, would be to fit the
data by a least squares nethod. Perhaps stepwise regression based on the

asynptotic expansion would be appropriate.

VW conclude that there is still room for work on extrapolation nethods,
particularly in theoretically explaining enpirical behavior such as the

superiority of the s-formula and rational extrapolation to elimnation nethods.
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6. Examples.

Exanpl e 1.

At the nost recent Gatlinburg conference on |inear algebra, nametags
were scattered about the dining roomto encourage people to make new
acquai ntances. One evening a participant remarked: “This can't be
random -- | just sat next to this guy at lunch." Suppose that n people
are seated randomy around a circular table for two meals. \Wat is the

probability p that no one can meke such a remark'?

From a recurrence fornmula by Poul et (1919), we may conpute that

p, = P =P =0
_ 1
b5 = 15
. L
P¢ = 20
23
P = 360

p, = -l (-n® + 170 - 160" + 41557 - Bkon® + 978n - 50M)p_

+ (-’-Ln1+ + 4800 - 188n° + 2kon)p, _,

+ (2nh - 3On5 +15hn2- 300n + lll-).t.)pn

-3
2

+ (-n" + Tn - 9)Pn-l+

+ (-n2 + 5n - 5)Pn_5]

> L

J(n® - 17’ +11kn" - 38510 + 689n° - 618n + 216)

for n > 8 . (6.1)
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(In particular, P100 ~ 0.130 . In fact, the seating was not completely
random but the one incident would not be enough to establish this.)

The recurrence may be rewitten as

P,-Ppq = - [(-2nb' + 301:—:5 - 16On2 + 360n - 288)pn_l
+ (-lurlLL + 4800 - 188n° + ghon)pn_z

+ (2nh - 50n3 + 15)+n2 - 300n + lll-lt)pn_5

+ (-n° + n - 9P, 4

+ (-n2 +5n '3)Pn_5]

4

/(0 - 170 + 11 - 3850 + 68on° - 618 +216). (6.2)

. . - _ -2 . .
Since 0 <p <1, and p-p .= 0(n™), we see that Iim p, exists and an
asynptotic expansion of the form(1.2) holds with k =1 .
VW mght guess that in the limt the probability of success overal
IS just the product of the probability of success at n-1 seats, so that

n-|
[im p, = lim f%%% ) - e® -013533%5 . . . . It appears that no

n—w Il =
one has rigorously proven this yet, but we can easily check the conjecture
nunerical ly using the techniques described above. On the followi ng pages

we present the results of different extrapolation techniques applied to

S(o)

n =P, - For clarity the predicted limt e'2 has been subtracted of f

the extrapolated values, and only every second elimnation step is shown.
For nmore detail see the 'programlistings in the appendix. Estimtes (4.1)

of k based on the s-fornula are included in the nunerical results.
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second method
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7e317(~-03)

- 1235(-03)
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- } @ 122(-09)
- 1.235(~-09)
11.84 (-09)

© 44,86 (-09)

123.9 (-09)
—232. S (-09)
283.2 {(-09)
-223.5 (-09)
12546 (-=09)
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8410 (-093)
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- 1157 (-093)
235.1 (-09)
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- 16454 (-06)
1 3.93(-06)

- 9¢443(-056)
6.966(~-06)

- 54494 (-06)
1. 825(~06)
797.6 (-09)
64371 (-06)




As it happens, the coefficients C;in the asynptotic expansion may be

conputed for this problem

- -1 20 - - =7
R N L lL ey

B 6, B T, owd)

However, the anount of l|abor required for this computation nmakes the

extrapol ation schemes quite attractive.

Exanpl e 2.

To illustrate that k need not be an integer, on the following pages We

give the corresponding results for
g(1.5) = 2.6123753 L8685488
n
SIO]. = Z k—l'5
k=1

By the Eul er -Maclaurin expansi on

- - 1l -
c(1.5) = s, + n '5(2 - %n Ty gng +ees) . (6.4)

(of course with the know edge of the precise expansion (6.4) one can
conpute ¢(1.5) nore efficiently.) A nore serious application wth
fractional k occurs in contour integration (Lyness and Del ves (1967)).
Finally, we note that the s-formula has been used to conpute the
asynptotic solution of a systemof ordinary differential equations in

quantum chemstry. (Edsberg and Oppelstrup(1975).)

37



Tag =]

hﬁ’if’ﬁ’\ﬂﬁ*ﬁﬁf\f\’ﬁﬁﬁﬁ"ﬂ’\ﬁﬁﬁﬂ

NNNNNU‘NNNNNNNNNANNNNQ‘NO‘U‘NNNNU‘NU‘O‘C‘NNNNNNN
Ot OOttt OO OO ot bt s

—t ot ot ekt 2 D ot ot g et — ot st
—

RN lllllllllllllll!llllllll
t — e

P e L e e K T

— o et S S s e N AN N

s e N N S ot e T S e N
e ~ W w Wwno

QwInN W o n on < ~N—

MO NMNOmN P Q'Ul—-—-cmmwor)HNNO‘mm,\m,\lﬂNNNGd’q—mo‘_“_o,\

. [ » e o @ e ® o o 4 [] e o & o

o

GO = ONOAMAl ¢ ¢ D <A 00 N =~ = O ONNOS

QLD o N0 —I~ 0 O NoONOo — D <O AN HO©

9\ Hva'N nowum O N~V OT
1

NNNNNN@OOONOOGOOQNDNNNNNNN
0-4--—-4__‘.4..4.-4..-a,,--.-a_,.-c.—c.---,..—'—-:,..-aoo()o.-oooooo_.o—.—-q_,..q—-:.-—-n
Illl'lllllillilllllllli'lllllIllllllllllll

Vuv\_/uvv._,vvvv._,vvvvvwvvvyv\rvuv

vvvuvvuuvs’\f\/vg‘
- - o P LdaeNcdo o
¥ Ocdm o oY ~ N O0—00 TrOoN~ M
ﬂNNO@quQQmOvﬂw“OomeQMqoomoﬂﬂ¢NNNOO@HOH0w
o .- . . o . * o L. ol o e © ® o o ’ . .

NN~ W . b ) = o . .. ..
-~ OO NANLNOEOW I TOMNNTO <to_:©O Nt~ 00~ O (o0
OPPONN@NTANMm  OVHTENO e 3 SRS~ 00 -
™ o i - N O u o oo~

1 | [ [ | I T O T T O R B I B

AA-AAAAAAAAAAAAAAAHAAAAAAf\fiﬁ—\ﬂ’qh'\ﬂ’\ﬁhﬁ
OoaovoNNNNNNNNNNNNNNOOG OONNOOOQWNNNNNNNNNN
oOoOoooHﬁ~ﬂ~ﬁﬂﬂﬁﬁﬁﬁ—#oOO@OO~qOoooo—uﬂH~ﬂﬂdda
|||!I|.-lllll!llllllllllo'llllllllllllllllll
vv“vvvvvvvvvvv_;vvvﬂwvvvvlvvvv\avvvuvvwvvvvv\-/v
.00 - N~o~ " & oo o4
oO_ NS~ ) wnoomm VNTNN
w©°°ﬂo*vompwwommmw©¢m“"M‘QOONWHHNNOHOONmmmmN
. '..._-...,-.-.....o.'.-"m."_.-...---
No&o¢NﬂoquNww¢@ooﬁmmﬂ~0'v~OHH~A~~wmmomo©©oN
[TolindS\ oMM OA4MNAHLO O N OO W< O OO WONLOMN
OON  TAmM~ooM~nNANLw o< co~nOOSITIY

N
||||||| Il,'l'l’ll|||||||

AAAAAAAAAAA"A

(J\U‘NNNNNNNNNNN

AAAAAA‘—‘AAF\’-\A"\AA/‘ﬂ\r\AAAA’\f\’\A’\/\’\A’\I\A

O‘U‘U‘C‘U‘OOO‘U‘Q‘UOUOOO\O\(DOO\OO\O@O\U‘
ooooo_‘—‘rﬂ—-‘ﬂ—lr‘—‘—‘—"‘

s - formul a

VWOV O o
QOOOOQOOOOOOOOOOOOOOOOOOOOOQOO
S e A e e e A U AUUIUUIUUUSUUIUIU
VvVVVVVVVVVVUVVVVVVVVVVVVVVHVVVVVVV\,VV\.‘V\'V‘/UVV
NgT NON~NMTO OONIONMO
NWO:“ mowvmmvomwmhmwmoumpﬂodmN
— Ny U)mln@HOm(Dm(DommNmmmf\¢¢‘°m®°‘Q—i@OU)NNm,\I\I\mqu—(ﬂOO\
e e e ) .-.......!Coctcmc.......' e e e
©ownyg ¢ '¢""HOmmNHNmHmpom¢m-NNNaaﬂaaw' 'Sy O — ©
O<IN~HoON SaBB<o®
<t~ Nﬁmqqmmﬁwwﬁ'mm(\lﬂﬂﬁ ™ ; ORI Bwor
amwmvmvchT

00 ¥ N N — .
|.|||||.|||.||||l|||||||||||(||..'|.|!..|.,,|

AanﬁnﬁmAAAAAqAAAAAAﬁAAAAAAAAAﬁﬁ""‘

00000 OGTOOVOOOVVV0 GV VY00
000000000000 00000000000
A
A

ke bk te Ea el Tan il
YoV VOV OO VYV VVV VYV
OOQOOOOOOOOOOOOOOOO
l||llllllllllllllllllll’llllll

-t Nt N il S NS Nt S ot et N

(

(=0

(I |
vuvvgw\;uuuv‘-‘uvvv St
f\NOonh—JObé
Q\mﬁ,\pocm!ﬂ:ﬂﬂ
@U‘moﬂ)m\l‘\omom

B8+217(=-03)
3.586(~03)
1624 (~-03) .
1.168(=03)

RAAAI\AAA”A’\AAAAAAAAAA/\AINAA""\A’\’N’\A"Q‘\A"\A”’\’\AA’\'\AAAAA
OOO””M”mnn”mn”nmnﬂ”mmﬂnmmmmm”nnmmmmmnmﬁmn”nmﬁmnnmm
0000 ooooooooo000000000000000000000000Oo?ooooooooo
+++ 1 llllllllllllll'lll]l!lllllllllllllp R
uvw‘.‘uwvvvvwvv“wva...vvVuvv*—‘-‘gvvvuvvvvwvuvUVvV—avvv‘-'v
N0
~N 0
?Q?#mmmmNooomjmmowmwmomOomqomﬁm?mmNoomNmmwNwmm
- - - - - - L - - - - - - - - N - - - - - - - - - - * - - - - - - - - - - - - - - - - -
**«H_mmmohmmqmmmwvmﬁﬂﬂmv@wﬁvwmﬂOmomﬁomwvowmmomowﬁﬂ
?mwNw#*O@#NomNmmquHO@O@NOOﬂm#?MMNNHHHOOQQOOOOO
‘|'@wmmoo$mmm?mvvquv¢vvmmmmmm?7mmmmmmmmmmMNNNNNNN
|||||||l|||.||||||.||l'|l |||l||||||||||l'l'

aNms

NMEPVE~-DRONOT VON~DVTO
—4‘_|—4.-4—"—'-‘—-‘<\1NNNNNNNNN0’)

38



—f\-ﬂaﬁo—tn—’-n“f\n“q“‘\Aﬂgﬂﬁnﬂﬁaﬂf\ﬂﬂﬂﬁaaﬁ,‘ﬁa.—
NNNNNNNNNO‘NNNNNNNNNNNNNNNNNNNNNW(\INN NN
—‘\—I—n-l-‘vll-‘-ﬂﬂo—ld‘_'—-lo-—‘ﬂﬂ—l“ﬂ—l-‘d—l-‘—l O s T ot ot ot -t _.-n
N DR T O R IR AT T T L T T T T TN UL I e I B UL Al 9
o T g W N gy P ot Wy ot -.-wah‘vv-vvv;:v-—uu uuw;vu .,Hv..
[ '] OOt olN o1 oummo (M ™m © OoWug O « [S\Te) 7o) < —
—wmﬁvmx—cm\—i HQ_OO‘N"-V)GJ —‘m\—ioonoaOmO N ‘Dv\—iv Lo L

-0 Y@ mN ~mpcunNY e o n°ooo " - 7
e - R ESRAR "ee08 oW _ mo
l\'\mmom‘omom'\vmqu'hl\OOFOHNQC”VHOONOOQNNOOM '\ﬂ'm(\l
A dAn ANt O N e A ewHdHd N~ANONOAMAN - NPT
m Mg NN

Aﬂ—uﬁf\AﬁAﬂﬁ-ﬁﬂﬁﬂp\ﬂﬂa‘!aﬂﬂgﬂﬁhﬂqﬁﬁ“aﬂﬂﬂaﬁh
NANNNCGNNNNANNNANNNNND NNV NN NNNNNN
—c,...,.‘—‘_'-l-l-o—l—‘—.-l_.v-l.-‘...—l...-.-.-n—d‘_”-—t—c-i—-—-n—l——'lﬁ—ll-‘.——'——
[
~

Nt o G Nt NP N s W et N N g S N N it e N P . W Nt Nt W N Nt Wt gp S ot Wt g

{(-12)
{-12)

oo 1o~ ~~OO0™" 0T owo ot wgeol ov ©
LGP ON | gomoo wmg%:\'ggom‘—qg mmmmf\v’:'\f\¢©v©°"\m00.
: L] . : e - . "7 .
mmeHHN:OmZNmﬁ;N;;mmHSO;mmﬁgmgNmﬁzzgogzjz-
coO NN 4™ :NHHN- NN DN ® 3 SRR NE R

—
N T T A T T I I 1

1 40(-09)

-3

OV ey PN P P s o PN S S TNy P e g, Ny P T B T TN s, TN g, PN SN o, TN TN N
NN NNNN NN NNNNNN NN NNy NN
g S gt S St g T ot et ool gt T ] gt o gt T ol ot T gt g A o T d oy T gt i ot et T gt oot
!OlttllI!!lllll,llllll!lillllll!!!!ll
vuuh‘vvvvuv&vvvw-’-‘vv-—uvwwvuvvauvvwwh—v
o~ o m <t N
AN DI - DT R . o
SN h‘OON@QMNMOWOOF}NU\‘V”\M\-mmvm«:vvmq‘ﬁvl\m
T e s e e 8 .8 -9 . g -0 "¢
toou-\(\lc”rn‘op)cog l,"m-amo‘mm«;@(\”\‘oom,\C”‘OO'-OOHCHD:N‘O
NS N PSS T I NNNNGV“'vmowom“"—”
— N HNN AN N~
' ' |' ' ' 1 ' ' ' ' ' 1 '

.3 (-09)
6 9(—-09)
.33(-09)
G«€90(-09)

52

70 .

2 4

1.095(-09)
33
4
7
9
1
S
3
2
3

4 e322(—-09)
2102(-09)

6012
345 .4
201 «8

2

P ek kel ek X e R e PN PN
COUVLCCPTNNNNNNIVINN N
QOUOUO L™ vt % od gt ™t vl oot et i
LT T T T L T O O O O
N et o N et B Nt o W it N Y Ny Y
- ONY

onwnN

Mt QA= NGO O A
<t ® 9 o e 0 CEEEE T .
et @ L® >N~ g
-~

N PN e PN
COOMVE -V O
VCOoODULVOYCOoOLOOD
REREY R
vvuvlvv...uw
mogq—lf\l"(‘f)‘—'v
M0 ©mOWORERhMLO NP
e - -0 0D . B
@v,\_@c\mom o~
o<t <tMn VO )
owmiN o

(-09)

{(-09)

{(-09)

{-09)

(-

-09)

S e440(=09 )
a - fornula

~

.1 7(=06)
26{(—-C6)
24181 (-09)

le9205¢(

24507(-09)
1.67

46

13.
A e262(—-06)
2e974(-06)
1.569{-0€)

3¢

2

2

1

1

1
9¢328(~-CS )
7736 (—-09)
6e465(
1607(-09)
3e92€(~-CS )
3364(-09)
228G8(—-CG)

EE (-06)
9.676 (-06)

P o~ N o PN o oy, ™
C VT OIDO0
[eYaoXSNalolSNold o)
(T O I R I B
S o N oy
ohoh qonh~g
~hbolpopwom
momoomof
. . e
N@ommmm¢

)
(-06)
(-06)

-04("0())

0
(&

-~
ERY

05)
("'Of!)
(=06

(=-05K)
0
0(=-CH)

(—-06)
(—-C6)
(-00)
(-C6H)
(-05)
(—-06)
(=0«
(=06)
(-006)
556 «58 (=056 )
(=06)
(=-05)
(_
(
(—~-C5)

he ]

MANO< MOAN
©N03000003H

1
61 (-06)

.78(=06)

38 .86 (-05 )
13(-006)

.6 9(—-06)
24 (-06)
.37(-C0)
23 « 05 (=05 )
01(-06)

-
D

mwoow#mmo

3.586 (-03)
-?

le 324(-C3)
8.497 (-06)

1.168(-03)
9.060({—-05)
7.98

7.510(

HNP%DVMNHH
NﬂHHHHHHH

8.217(-03)

65 01
31.
23.
25
)

g4
mvm.un:vv
hmcnamwuuwom
MO AR A A

75.
a9,
43
34
-

N

- ﬁﬂﬂﬂﬂ‘ﬁﬂﬂﬂhﬂ‘ﬂﬂ&ﬂﬂaﬂﬂ‘ﬂaﬂﬂAﬂﬁﬁﬂhﬂH»Aﬁﬂﬂa
I Ll A i D I L et N Rt N o R e N o U N W N i Do Mot N o R RN o YN e R e R ot Nt M g

oocccooOCOCOOOOOCOCQCGOCCOGOOoooooooooeooo
(N |
L LA 4

+00)

(T 00 T T T T T o T T L O A B LY

N o W N Nt N P Nt W Ot g T St " N Nt N gy T it st S et Nt gt " N i st ot "t v S s

(-03)
(-02)
(-23)

(-03)
(

o
2

muowwowvw—m
e e - - NS
HmﬁmVNUmva
LN AW oOoTNO
o™~ ooolnntn
"'--l"'ll

.9
.0

. o o & 0 - e - @ s . - 8 g ® . 19
rﬁmﬂ(mmvmommvmoﬁ~
mm¢vmmNN—HHOOmum®®”¢
NP oMol uomma VNN NN

|

I e e e

1.066(+929)

nwmmNowmmmmwwcmmNch
oo

l«259( +00)

Ble 4

1e612(
-373 .6
-368

-49?_03

-941e4
- 47560
-404%

— 45246
-441e7
-431.3
-421.6
-412.

-4C4 40
-336

-33e5
—302.1

—mmsmusmnoummcmchrwt-wr€m¢hrrﬂ—uramohao
e = NN AN TP

39



PETDANT o TN SN TN o TN ON AN N s s o TN, Ty S PN s PN N N TN PN e o P N P~ o~
OMOOCO00O0NDOMOOCOOMOOOMMOOMNOMOMNOOOMOMOMOmMm
0000000000000 0000CO0000O0NOO0OO0V0O0O00O000O0O0
MILRE IR AR S IR 20 20 0 S B O SN B S T S O O B IR 0 B B |
PN N NSt N e i N N o W i N e et B et NP St e C WP M g o N e N o P v NP P N P
¢ VM~ SO~ NMmo ¢ O 0e © M NO M e~ ©
M NrFOD—~94~O0 OONr~ IN~O me ® VW MO o v
O—~MMNEPO— PRI ITOTNNOVNDNMN OO —~
.O..Ol...l..l.".'....
NITN~NS I METNNON~ONMM M —

m O — N —~ NN

Ut} @© < ouv)

| I 1t 1 ' |

-863 «9

TR TN NI TS IR TN TN SN NN N N NP PPN o PN ey, TN s S N o PN P P oy o Ty N P e, PN
OO0O0OMOMOOOMOOCOO0OOMMOOMMOMOOOOMOOMOMOMOMO
00QO00000000000C000000O0NO0O0000O0O0O00O00000000

MR R At R 2 R B S T B I S oy B S S I A I I A IR 2
N N Nt N ot N N Nl N el N N ol N ) it N N N i Nt o Nl Nl o " P N o P ol NP i N ot h NP Nt
oM~ O NNO M N — on m oMungde o © O ~
MNMNSO N —~NO NANNOAUN O~ N «N—~OCO QYO N N T
NOMOO~MUINVAOAOVN ~DON~DVNOONTO~OONOCNOONMNO OV
QO...Q.OOC'O'QC...OOO.'O..0'010.0.0.'0'
N M~ IO~ NNNNN— N~ O ~ON— DM~~~ ON

o O N =~ IO oM~ N (o] ¢ OV N~

© o ? < o0 < N m - « W

[ |

lake ke te R e il e ke ke K o R e I e e T R W e B R N ke i la )
OO0O00CO000OMMOO0O0O0O0O0O0OMOOOCO0O0O0OMNOOMMOOOMOMOMOMOO
000 QO000000000000O000O0VOOOO00AOVO00O000C00000000

AR E R R R R A A R R R A
Nl Nt Nt Ml N Nt o Nl NP N N N sl NP Nt Nl "t e Nl Nt i o Mo et Nl "t P Nh ) o d it o N S N N et NP
MmN Me—~NN 0T N olhNUVOM N noNm o ~« N oo
o~ NNe NUOIOOD QMMM M- N—~=N ® O O MK
TNNND—~MTOMNMPONONNON~VO~NNORVRCONTN ~OTNMNMM~OMNIN D
® 0 8 0 0 0 ¢ 00 9 P PO g P 6 S L QO P QO QO 0O OO 0 00T O QG e
ARON—~OM~ O~ ~NO—~PMNOO~NOUMOMOMN~MNN~NIT—~ONN~ONM

- (ol ~=NN - 0 o N ~ O O

N 0 ~a N = M T

| i 1

mm .
LRI I 1 I [ I | 1) ! !

PN TN SN N CNTN AN TN NN TN o TN SN N iy oy PN s Py S TN S P P P oy T P o~ P oy S g~~~

0000000000000 0O00OMOOMOMOMOOMMOOCMONoOMOMOMOOM

[eJoloRolefrdeleloloRefoRoRe o otoRoYoRoYo X oY o e JoRoloRooNoXo YooY o Yoo Yo X o Yo Ro Xo X o X o]

+++++++++++++++++'++l+!+l++’ 1++ 1+ 1 +01+1+1++1

vvvvvwvvvvvvvvvvvyvvvvvv\-&vvvuvvvvvvvvv\.avvvv
~“MNONNOMNMOMNOONDOO 40 O N O <V O~ ~ N © N~
ODAPOON—~DILIOOLONVO~OON © nw

COMNMNOVOONVNYMNIT—~NP—A«MON

® 0 0 & 5 00 9 8 50 090 g o0 »

O N

o

<

]

k - estimates

m
*
NGLIITLLILITITIONT =

N )
o

I s o R o T T B R s W W e NS N S U S S SRSy
[e}ejolofoRoJoReXefodoloNololoNoloYe o YoRo Yo oYo o NoYoNoYo Yo Yo Yoo Yoo Yoo RoYo Xe XoXoXo X X2
-OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO
R At Ak i I e R O A e R
-¢~.¢VVVVVVVVV-—VvVvVVHV\—‘VVgvuvvvvwvvvvvvvvvv‘.‘vv\—
r-‘h<td’—1NONCDWHNOO’QI\O\Dmlﬂmvéva‘)ﬂF)NNNNWOQ'O\MO\DF’H\OOOO
POFUIQI")NN"‘""""—GUOOOOOOOOOOOOOOOOOOOOOO\OOOQ‘OOOU‘—'
VONHVLLLLOLLVLDNOVOLVDODOLDDLVOVOVOYDODDINVINIOLNDTW

® 0 0 % 0 0 % ¢ 0 % 00 0 9 0 0% g 00 P8 S QT T SO GG TS G O 0O G0 9 9O

NANNNNNNNNNNNNNNNNGNNNNNNNNNNNNNNNNNNNNNNNNNNN

Laka ol e Rale e N ko Rl el I N N e T e L e Rl e e e B I S Y
MMM MMAMNNDIMMAIODMNOINEOIMANMMNOMNOIMNaNMEAMONMMNMmMR0D
0000000000000 0000000Q000000O0000VDO00O0NOOO0O000O00000
vl by vy bt r bttt r gt e e YTt et r et

MOIINNGCOM—~QOMNONINTETIMMMIMNINN N O N QOJ O ot = et ot ot ot ot et =t e g =4 ot 4
® 9 ® 0% 0 00 00 0 0% g 00 90 g 00 0 g0 0 90 e 9T e O e 09 e s e o0 e o
VOVINN =~ O000000000000000000O0V0O000V0000000000D0000
~—~00000000000O0VV000O000V00AV00000O00O0OCO00O0O0O0NOO0O00O000
VRPNV DOLODVOOVDOODODVOO

NMIVNOMNDRAO—~NMINIONDOO~«AMTNONDONO — ND2D2—=NMENOND
et A S NNNNNNNNNNNMM mNMNedsIIdtIT

ko

NM<tNO
mMEmm



£10

PN TN, TN gy o PR g, T PN g, B e, B PN gy, T S N PN Iy P T G PPN gy T g, g, PN, P BN N T gy,
0000000000000000000ACQ@O@ﬁOOOO@@@OOoOQcO
OOOOOOOOOOOOOOOOOOOO’JOOOOOOOOOOOOOCOOQOOC
REERR R R R R R R R R R O USSR e
uvuvwvv-—Vhﬂwh‘vuvyvvvvakuwuvuvv.,ﬁ'uvv.—uvy
~NO cn~mg;<co“®m ~m !;ggg g ¢gsonNOO©
ot
ggm.\vw“’.—¢gm“’v"-:c‘\"‘omhaeeNmmoo.-“’"oc’"@cn,-mmm
¢ o0 - e o0 * . - e ®ee® - @ " @ IR TN«
OOt dNePrCm0e VNONdt MmN DN D ¥ oD mzoﬂg
I L N MmOOO0L ™ Mo 0 «H_ m_ < ONO
O T o® o o wﬁ ~ N “HNN:N

nan—a,.n--—-n—A-‘-—hnﬂnhﬂaﬂh"ﬂaﬂanﬂH'\ﬂn“n—"\—ﬁah
ooooooooooomaoooooooooomooaoaomooooown@ooo
oooooooooooooo°ooooo°°oooooooooooooooooooo
|l||||l|ll|.|l||l||ll,||l|0lll.|l|110|||!|
vvuvvvmv'-‘uvhvvvv“vvvvyvkuvvvv 1 N N oy N Nl N gt P o
Hog- lnor\o ‘>N“ggowzom° ‘“Og“ﬂw :Heggog
LY : — B < <
PONTD 7 TP T LON LN " Pnan o~ ool amn0o0n B
e e e - e " T - .8 .ee .68 e - - e ® " & ..,.....‘.O’J.
cogamMr~ola~Noo="00dIN P RO TONP LTV OomnOmmem M
O N ov‘_‘ [Te) — — ~ o o~ mLDgo@l\CD ™
|.|||l|"l'||l.l|'|l t " T | 1
o)
I TN~ PN o N " P O o PN S T TN g O o PN TN O o, PN g T I PN TN oy TN o, PNy, o N o]
OO VOO 0OV OCC0CeRRRRaCaONCOR OCOR, 0000 S
C0000p000 0000000000000 COO0c000~00000000 5000 O
R R R T N o U T T T O - e B I R AR g
o o A e o N et Nt et S O Nt st N ot ot O W N o o N r S N o St et T St N bt .uvvvvvvvv
N 0OAN O 0 No NNONAaMOM OVOYLN Oy me0m +
C amnm NNl eN dnm=oMhd NAMIMMN, NN @
PN NP TR oM TONQO T QRN CO g MOme =0 Wm  Tin !0 g™ H
L8 "% e 98 g -0 -9 .0 - 8, %  g400 0000  .060s00 00 BLIEPN : G
OMO=mYMim OO ONDmn MIWITOPIV—KMANAMEY *MMC LM 09
awW M N L R e N - - ~ AN N o 1
~qN O N ™ o
I e T T T R P B I T ! T A A ! § \ \ \ [ [¢]
o
L

P P e it e kel e lakatakal R B X o B N e il T Rl Rl o X e Rk kel Rl Ealal  Sale Xl
M MUOOYVOOSOVYOOWOVECQWOOURQCOCOVWLOULARCOCRC OV LReY
QODUOQOOUOOUOOOOUOOOOUOOOOOOOUOOUQUOOUO(JQQU
T R O T T T T A T T T T T T T O I O OB Y
vauvwvvvvvvvvvwvuuvvvvawvvv.,«vvvwvvvvuvvvv

N g0~V O0 N~ © ™
NPT oINS B g N S
©U7I\HI\MQH¢NMO~NQ~Q—N®CO¢—¢
e T8 . e @ @ ® 9 o0 e 0 s . - .
-

imina

el

o.o-c-.oc'...-.
* oVt C nmnooT
NornMoaao®® )
O o o™~O©O
|

T IO 0 R T I

o

34202(-0

2eH69(—-C2

«NEG(~-0
9

©
NN OO N NP NI MO et DO IS0 S

Ts) Lo PN N~ o™
=y - TN QT ON
' (.

T T TR B B TRt

>

it

1
-ag

P R P Y ke akal Xl B Xl el ]
Bt haalaa ol ol LW N K oW a N L RV RIA BN R e R R ol ol Vol Na]
(o) =]

8 5(—0%4)

6 (—-05H)
1e%

.6 4(=09)

g ™

no Rk :
mmNONmNCOmﬂm:Nm~ﬂ0$¢Wﬂ0©mNu
- e 0 ¢ -0 -0 @ . . . .00 - g -@ " - .

Q_.:.«dmmomhOmmmeammmv—oQONgE
RN mN - OO0 "Mool ONicna g™

[ NN o oW NN T o B R Rl
I T T e A T e N N T T TR A

0
1
4
2
9157 (=05)
- 85,
-PO

P P T S e L ke talke b kalkakalal s takel s inkalaiale ke lelos
[l e e D K it et B N L N e e N ol ol o Woa N bR e Wt Mo NN N Rt N ool o Mt M aa Y p g}
CCO000000CCCoCOONOCOMNOOCCO000000000OC0000
T T T o T T T T T T P e T T O T I O T B
('8}

(-03)
(-02)
(—-03)
(-03)
(-03)
(-03)
(-03)
(-03)
(-073)

N ) N e N s o o s W e e N e N N e N o o N N N N o Nt N S N g

CGOAPONN OOV ON~GMmOO P ~NMWnoDINT O
- e ® . o ® "9 - - & .. - ® . - 0 @ & 0
MO TOOANNND et N oA
TV WE (oLtNO n~SUi—oNdoC@ T~
ODEN VO QY W g s TS M
A I T I S T B N I B A A

ocOMNMaMFMouvnoNLyIONNO T
e o8 - @ - . " g - - " @
- ONOTOMNMMMYUMNMN S -
PN~ oo Vomwmn@
R NIV N NN NP N AoV} |
[ I EEEERE B O |

le€612(+00)
2

1e259(+00)

“AMIVNOUN VDO =AM I PO T OO MNMTNONT O MtNNCNCOCC M ONT
R 4

~ro
B s s Y W W N VT S el Y o R A TV W R R e &N

L1



NP unN= SV TN WN -~ B

-~

-

2

0 _ L 6
%4 | 9 4 %4

10

- -0

ot

CPLLPOLPLULWNWUW W W AN TININ NN = e 7 0 ot = s e e oo

NOUP wivrm s WENIAD N QW NV &

e
YA

- 1.612(+400)

- 1 +259(400) - 60.14 (-03)

- 1 «066(+00) - 21455 (—-03) - 77,17 (-Q€)

-341.4 (=-02) - 10.46 (-03) — 15403 (~C6) - 1+4035(-06)

~E51e 9 (-03) - H%¢G79 (-013) - 4.,677(-05) -165,.,9 (—=09) - 1680 (-09)

-783.9 (=-0) - 3.787(-03) - 1«878(~CE€) -~ 41.72 {(-09) - 1 ,788(-09) ~337.5 (-12)
- OFx 09 {(—-07) - 2:575(=03) ~886 .1 (-09) - 13,76 (-09) -334.9 (-12) - 78461 (-12)
~-€ESe7 (-03) - le843(~-03) ~4567 .7 {-0G) - S5415(-09) -111,.,6 (-12) ? o 056(-12)
THaN7 (-03) g 1¢372¢-03) —269, 1 {(-CS) - 2.4213(-09) = 3991 {(-12) 351.1 (-12)
~€El7.0 (-0 - 1.055(~03) -163.7 (—09) WEA 95(-09) 119.2 {(-12) - 16970(-09)
~5946°6 (=-023) -8521°0 (=-CH) - 1050 2 I-€6) P9EE o0 (-12) —567.1 I-12) 6«175(-09)
~3635406 (-03) R 65 (-05) - 7030 (—-09) -442 +€ (-12) 1¢347(-09) - 1513 (~-09)
~Z%4442 (-=903) —-547.2 (-05) = 43463 (-09) -6 1406 (=-12) - 2¢704(-09) 26.84 (-09)
=525 ¢ (—073) 454,67 (-05) - 344601 -¢6) -383.3 (-12) 3.509(-09) - 25495 {(-09)
=5079 (=-03) -382.6 (-06) - 25424 (-09) 86,72 (~-12) - 1¢331(~-09) - 13.35 (-09)
=492, ¥ (-02) -225, 5 (-05) - 18479 {(—-C9) 72.08 (=12) - 54071 (=~09) 105.8 (-09)
-47840 (-03) -279 .8 (-06) - 14,24 (-09) -5€1.4 (-12) 1377 (-09) =24 7.1 (-09)
A [ (-03) Faasll 0 (—-06) = 11«01l (-0%) 762 ¢4 (~-12) - 23402 (-09) 416,9 (-09)
~452e9 (-03) =211 9 1-¢6) - BeS579(—-CG) - 1.063(-09) 30662 (-09) -571e4 (—-09)
-44147 (-03) -1£85 .4 (-0%) - 6831(-06) 1037(~-06G) - 3333 (~-09) €332, 9 (-09)
-431e3 (-02) -1€5.9 (=-06) - 3¢450(-0S) -891 .2 (-12) 27,56 (-09) -459.6 (-09)
~42T 6 (-0) -146 9 (-045) - 4.434(~C¢%) 3G4 .8 (-12) — 546837(-09) -137.1 (-09)
-412e¢5 {(-03) ~131«1% (-06) = 34624 (-09) 604 40 (-12) - 324619 (—-09) 9907 (=-09)
-404,0 (-03) -118.1 (~€56) T 2¢96€E(—-095) - | «627(-09) 58455 (—09) - 14231(-06)
~39/6 40 {(-03) -1 0S o7 {(-05) - 2e502(~-09) 94343 (-12) - 224951 -009) 6569 (—09)
- 388.5 (-023) 96 .11({=-006) = 2095(~-09) SG59 .9 (-12) - 53,11 (-09) 2.050(-06)
-38l4 (-03) - 88.00 (-006) - le737(~-C<) - 1.678(-09) 103.9 (=09) - A.502(-06)
~3Me.6 (~-03) — 8036 (-05/) - 14506(-CG) 1 ¢999(-C6G) -18243 (-07) 9, 667(-06)
~268,2 (-03) —- 7361 (—-CH) - 1.258(-069) =  4,507(-09) 40046 (-09) - 19437 (-06)
-362.1 {-023) - B7e62 {(-05) - 1.168{(—-09) 9.868(~-0G) ~67G.3 (-09) 27« 98 (-06)
—356.3 (-03) - 6526430 (-CH) -352.3 (-12) - 1067 (—09) 639.3 (-09) - 23.63 (-06)
= 3508 (-03) - 87455 (-0n) ~843441 (-12) 24708(-09) ~161.1 (-09) 4.446(-05)
-345.5 (-03) - 53.29 (-06) ~76% «4% (-12) 4.877(-09) -330.7 (-09) 164 S3(-06)
- 240,C (-303) - 49, 45 (-06) ~599, 0 (-12) - 5 e777(-09) S21.7 (=09) - 31.22 (-06)
-335.7 (-03) - 464,00 (-0%) ~573.9 (-12) S«301(=-09) -68J.4 (-09) 52.15 (-06)
~331.0C (-07) - 42487 (-05) —453 .9 (-12) - 9.612(~-09) le 29S(-06) -108¢3 (-06)
~226406 {(-03) - 404,03 (-CH) -516.0 (—-12) 2057 (-09) =~ 2820(-06) 210.4 (-06)
~322,.,3 (-03) - 37 445 (-05) -232 .7 (=-12) - 42424 (~-06) 4¢510{-05) -272.2 (-06)
-217.2 (-G3) - 35.09 (-006) —-645.1 (-12) 42 .10 {(-09) - 3¢ 169(-056) 15745 (~-06)
-31%.3 (=03) - 3Z.94 {—-05) ~350«7 (-12) 1427 (—-09) - 1.161(-06) 20449 1-06)
-219.5 (=03) - 30.97 (=CH) 70443 (=-12) - 34 .64 (-09) 954.4 (-09) 1109 {-06)
=-206e8 (-02) — 29 16 {-CO) — 55433 (~-12) - 44,59 (-09) 6e497(~06) -609.7 (-06)
~303.2 (-29) = 2749 (-05) =7013 ({-12) 100.2 (-09) - 12459 (~06) 1.077(—-03)
-299.8 (-03) - 25,96 (-06) - 1119 (-12) - 75.56 {(-09) 13,46 (-06) - 1.323(-03)
-Z296e5 (-03) - 24454 (—Cd) —372.8 (-12) Fl1.05 (—-09) - 14,74 (—-05) 1¢479(-03)
-293.3 (-03) - 2323 (-06) 226 63 (-12) -106.8 1-0971 15¢20 {-06)

—29%2 (-C3) - 224 01 (-C¥) -41%e3 (-12) 58.12 (~-09)

.IN@N.N A'OJv -~ 2N e98 a‘OG- -336.9 A'ﬂMv

~23443 (-03) - 19.83 (-053)

~-?8l1l.4 (-03)

elimination - second method
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Appendi x.

These program listings are given only to specify exactly how the
exanpl es were run, 'not necessarily to show how the extrapolation ought
to be coded. In particular, no effort to conserve storage was made
The procedures are witten in the language T , which is described in
Eric Gosse, "Software restyling in graphics and programmng |anguages”

STAN-CS-T8-663, 1978.
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poul (n,p)
¢ Poulet recurrence

integer: n
real() : p
real: fn
case
7 <n
fa:=n
p(r) = -(
((((((-En+17)*£n-116) *£n+415) *£fn-849) *£fn+9378) *£n-504) *p {n-1) +
{(((-u*fn+4g)%xfn- 188) *f n+ 24 0) *fn)*p (nN-2) +
((((2*fn~-30) *fn+154) *fn~-300) *€n+144) *p (p-3) +
((~fr+7)*£fn-9)*p (n-4) +
((-fnt5) *£fn-3)*p (n-5)
; ) / ((((((fn-17)*fn+11u)*fn-385)*fn+689)*fn-618)*fnf216)
=n
p(n) = 2 * 23,/(6*5%4%3%2)
6 = n
pP(n) := 2 * 3,/(5%4%3%2)
5 =n
p(n)y == 2 % 1,./{4*3%2)
n <o
p(n) :=0

dpoul(n,p,dp)
# Poulet recurrence for p(n) -p (n-1)
procedure: poul
integer: rn
teal() : ¢, dp

real: mn
peul(n,p)
case
7 <n
fn :2=n
dp(n) := - -1 ~
((((-2*fn+30) *£n-160) *fn+360) *£n~288) *p(n-1) t
((((-4*fn+48)*£n-188)*£fn+240) *£fn) *p (N-2) +
((((2*£fn-30) *£fn+154) *£ n-300) *£n+ 144) *p (n-3) t
({(-£fn+7) *fn-9) *p (n-4) t
((-frn+5) *fn-3) #*p(n-5)
. )/ (({{((fn=17)*£n+114) *En-385) *fn+689) *fn-618) *£n+216)
=n
dp(n) := 2 * (23.-6%3) /(6*5%4%3%))
€ =n
dp(nr) : = 2 * (3.-1%5) /(5%4%3%2)



zeta (n,p)

# zeta
integer: n
real(): p
real: £a
case
1< n
fn z=n
p(n) 1= p(n=1) + fnx%(-1_5)
..‘]:n
p(n) = 1.

dzeta{n,p,dp)
# zeta
procedure: zeta
integer: n
real(): p , dp
real: En
zeta(n,p)
case

1 <n



aform(nmax, pn,dpn,h,imax,k,e)
real(): pn, dpn, h
i nteger: nmax,imax, i, n, new
real(nmax,0:imax): a, S
real: Kk, e, af, ab

next page
put (*a-formula*)
next. line
s @ -1 (60)
a := -1 (60)
for(1l<= new <= nmax )
a (new, 0) := dpn (nev)
s(new,0) :=pn (new)
for( 0 <=i<=min (imax-1, floor {(new=-1)/2.)-1) )
n := new-i-|
af := a(a+1,i) - a(u,i)
ab := a{n,i) - a(n-1,1i)
case

a{n,i+1) := a(n,i) * (
{ (k+2%i+1.)/(k+2%*i)) * a(n,i) * (af-ab)/(af*ab)
T ((R42%i42.) /(k+2%i)) )
else
a{(n,i1+1):= 0
case
a(n+1,i) == a(n,i)
s(n,i+1) := s(n,1)
-( 1+1./(k#2%i)) * a(n,i)*a(n+1,i)/(a(n+1,i)-a(n,i))
else
s(n,i+1) = s(n,i)
for{ 1l <=n <= nmax )
put (n,s (n,0)~-e,s(n,1)-e,s(n,2)-e,sn,3)-e,s(n,l)-e,
s{n,5)-e)



rich (nmax,pn,dpn,h,imax,k,e)
real(): pn, dpn, h
integer: nmax, imax, j, n, nNew
real (nmax,0:2*imax): r
real: k, e

next page .
put (*Richardson extrapolation')
next line
r := =1(60)
for{ 1 <= new <= nnax )
r{new,0) := pn(nhevw)
for (0<=j<= min ( 2*imax-1, new2 ) |
NI =" ucw o, + .
c{n,j+1) : = c(n+1,j) + (c(n+1,3j)-c(n,J))
/ ( ((#1)/(n)) **(k+j) - 1. )
for(1<= 0 <= nnax )
put(n,c(n,0)-e,r(n,2)-e,r(n,4)~-e,r (n,6)-e,c(n,8)-e,
r{n, 10)-¢)

rich2 (rmax,pn,dpn,h,imax,k,e)
real(): pn, dpn, h
integer: nmax, imax, i, N, new
real (nmax,0:imax): T
real: k,e, dm1, d0,dpl

next page
put ('Richardson extrapolation - mark 2%)
next line
r := -1(60)
for{ 1 <= New <= nnax )
r(new, 0) :=pn(new
for{ O <=i<=wnmin(imax~-1, floor((new-1)/2.)=-1 ) )
n := new-i-I

da1 := (h(n) -hn+1))/h-D** (k+2%i)
d0 = (h(n+1)-h(n-1)) / h(n)** (k+2x%j)
dpl := (h (n=1)-h (c) )/ h(n+1) %% (k+2%*])
t{n,i+1) := ( dmi*c(n-1,i) + dO*c (n,i) + dpi*r(n+1,i) )

/ (dm1+ dO+ dpl )
for( 1 <= N <= nmax )
put(n,c(n,0)-e,r(n,1)~-e,r(n,2)-e,r(n,3)-e,c(n,4)-e,
r({n,5)-e)



poly (nmax,pn,dpn,h,imax,k,e)
real(): pn, dpn, h
integer: nmax, imax,j, n, new
real (nmax,0:2%imax): r
real: k,e

next page
put{'polynomial extrapolation?)
next line
r := -1(60)
for{ 1 C= new <= nmax )
r{new,0) := pn{(new)
for( 0<=j <=nin(2*imax-1, new-2 ) )
n ;= new-j-I
c(n,j+1) :=r(n+1,3j) + {c(n+1,3)-r(n,3))
/ (h{n)/h{n+j¢1) - 1.
for( 1 <=n<= nmax )
put(n,r (n,0)-e,r(n,2)-e,c(n,4)~-e,r(n,6)-e,r(n,8)-e,
r{(n, 10)-e)



rat (nmax,pn,dpn,h,imax,k,e)
real():pn, dpn, h
integer: nmax, imax, j, n, new
real (nmax,-1:2*imax): r
real: k,e,d

next page
put{'rational extrapolation?)
next line
r := =-1{60)
r(,-1) :=
for{ 1 <= neu <= nnax )
r(new,0) := pn{(nevw)
for{ 0 <=j <= min ( 2*imax-1, new-2) )
n :=new-j-I
case
c(n+1,j)=c(n+1,3j-1)
c(n,j+1) := r(n+1,3)
else
d := (t(n,j)-r(n+l1,j-1)) / (r(n+1,3)-c(n+1,3j-1))
c(n,j+1) := r(n+l1,3) + (c(a+1,3j)-r(n,3))
/ (d *h{n)/h(nej+1) - 1. )
for{1<= n <= nmax )
put(n,c(n,0)-e,r(n,2)-e,c(n,4)-e,c(n,6)~e,c(n,8)-e,
r{n, 10) -e)

rho(nmax,pn,dpn,h,imax,k,e)
real(): pn, dpn,
integer: nmax, indx, 3j, N, new
real (nmax,-1:2%imax):
real: k, e

next. page
put('rho algorithm?*)
next | i ne
- r = ~-1(60)
r(,-1):= 0
for( 1 <= new <=umax )
r(new,0) :=pn (new)
for(0<= | <= mn (2%imax-1, new-2 ) )
n :=new-j-I
case
r(n+1,j)=r(n,J)
t(n, j+1) :=cr{n+1, j-1)
else
£(n, j+1) := c(n+¢1,3-1) + (1/h(j+n+1)-1/h(n)) / (c(n+1,3)-r (n,3))
for(1<=n <= nmax )
put (n,rc(n,0)-e,r(n,2)-e,r(n,4)~-e,r(n,6)-e,c(n,8)~e,
r(n,10)-e)






